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FOREWORD 


Т have great pleasure in writing this foreword to the book 
‘Theory of Equations’ by Prof. M. L. Khanna, M. A., of Meerut 
College, Meerut. Prof. Khanna is an experienced teacher and 
has earned a high reputation as such by dint of his ability and 
merit. It is needless to say that any book that comes out from 
his pen will have something which every student of the subject 
will like and which will be of immense benefit to all. I have 
gone through this book and have found it of high order and I 
can safely say that it will not be inferior to any other book on 
the subject available in the market. 


He has written the book with the sole desire of helping 
the students. His method of explaining the various articles 
and his solution of many important examples will go a long way 
to make the students understand clearly the subject. I strongly 
recommend the book to all those for whom it is meant. 


Agra College, Agra Dr. M. RAY, D.Sc. 
30. 7. 55 
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PREFACE TO THE FIFTH EDITION 


I feel very happy to bring out the revised fifth (triple) edition 
of this book. This time the book has been revised very thoroughly 
with the result that many new solved examples have been intro- 
duced and the volume of the book has increased a bit. Conse- 
quently the price of the book has also been increased by a little 
amount. Iam sure that the book in the present form will be 
liked by the students and prove more useful to them. 


References of various latest university papers have been 
given along with the questions and in the end the papers have 
been added uptodate. Besides this Sagar, Rajputana, Nagpur, 
Cal. Hons, Karnatak and Vikram University papers have also 
been added. 


Any suggestion for the improvement of the book from any 
quarter will be highly appreciated. 


315, Chhipi Tank 
Jan. 1964 M. L. KHANNA 
Phone No. 2217 


PREFACE TO THE THIRD EDITION 


It gives me great pleasure in bringing out the revised third 
edition of this book. Т have thoroughly revised the book which 
has resulted in the addition of a few questions here and there. 
Great care has been taken in the printing of the book and I hope 
that this edition will be free from misprints. 

Any suggestions for improvement of the book will be 
highly appreciated. . ; 


Meerut College, Meerut M. L. KHANNA 
Oct. 1960 
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PREFACE TO THE FIRST EDITION 


This book is chiefly designed to meet the requirements 
of the students preparing for the post-graduate, B. A., B. Sc. 
and Hon’s Examinations of various Indian Universities. 
Those who offer Mathematics in various competitive examina- 
tions will find the book to be of immense value. 


The examples have been selected from various standard 
books of Indian and foreign authors on the subject and from 
various University papers. The treatment of the theory 


' which is a special feature of the book is in systematic and 


interesting manner. Even an average student shall be able 
to understand the subject independently and without any 
difficulty. 


At the end of the book Agra University papers 
(1946—55). Delhi Hon’s Examination paper (1948—54) and 
Punjab University papers (1948—54) have been added to 
give the students an idea at a glance as to the type of questions 
set in the Examinations. 


I shall feel highly rewarded if the students find the book 
useful for themselves. 


I am highly indebted to Dr. M. Ray, D. Sc. who devoted 
his precious time in going through the book and wrote the 
foreword for the same. 

Iam very much thankful to the authors and publishers 
of the various books I have freely consulted. My thanks are 
dus to the publishers and printers who have made great efforts 
in bringing the book out. 

Any suggestion for improvement of the book either from 
teachers or from students will be highly appreciated. 

Meerut College, Meerut M. L. KHANNA 
August 55 
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LIST OF IMPORTANT FORMULAE 
List A. CHAPTER I. 1—23 
General Properties of Equations 
1. Factor theorem. If о is a root of the equation 
f(x)—0, then the polynomial J (x) is divisible by (x—a) 
| (i. е, there will be no remainder). Conversely, if the 


polynomial f (х) be divisible be (x—a), then « is a root of 
the equation f (x)=0. (P. 3) 


2. In an equation with real coefficients, imaginary roots 
occur in conjugate pairs. (Р. 4) 
3. Every equation of odd degree has at least one real 

root. (P. 5) 
4. In an equation with rational coefficients irrational 
roots occur in conjugate pairs. (P. 5) 
5. Every equation of nth degree has n roots and no 
more. (Р. 5) 
6. If f(x) be divided by (x—h), then the remainder 
R=f (hb) and it will be zero if л be a root of the equation : 
d f (3) —0. | Ф. 8) 


7. The common roots of two equations f(x)=0 and 
$ (х)=0 are obtained by finding the Н. C. F. of f (x)=0 and 
Ф (x)=0. (Р. 8) 

List B. CHAPTER II. 24—52 
Relations between the roots and coefficients. 
1. If, б», 05...«, be the roots of the equation 
aox” t a1x?-1-- qax"? L... +a, 1x-- 0,0, 
then Za -(—1): E Жауаз=(—1)°-©°® А 
Ag ао 


Хол0з93—(— 13-2 sss 
ao 
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* ; Theory of Equations 
n аһ 
апа @1®ә®9з...®==(— 1) ue: (Р. 25) 
2. For the equation axt tay x8-+- ox? asx +as= 0 whose 
roots be c, B, y, 8 Ze=— 


sap= («-FB) (1-8)+08--78— 2. 


= as 
хаву=ар (y-+8)-+78 (2-+8)=— and 878—2, (P. 26) 


List C. CHAPTER III. 53—118 
Transformation of Equations 

1. Equation whose roots are reciprocal 

x= in the given 


s of the roots 


of a given equation is obtained by putting 


equation which in turn means that we take last coefficient to be 
Ist, Jast but one to be 2nd and so on, when the given SEs 
is complete. ; (P. 

2. Equation whose roots are the roots of a given um 
tion with sign changed is obtained by putting x=—y n Е 
given equation which in turm means that we change ta 
sign of 2nd, 4th, 6th... i. e. all even terms or by асац 
the sign of every alternate term beginning from the al E 


3. Equation whose roots are the roots of the given 
equation multiplied by a constant m is obtained by putting 


x= in the given equation which in turn means that we 
m 


should multiply the successive terms beginning from the 2nd 

by m, mh, mh, «e m^ respectively when the gumar 

TERM h ts of " siven 
4, Equation whose roots are the roots 

equaticn diminished (or increased) by h. Jn order to m 

Ше successive coefficients of Ше transformed e ion, 

divide the given complete equation by (х=), 
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quotient again by (x—h) and so on. The successive 
remainders that are left in the above procedure of division 
are the required coefficients. The first coefficient being the 
same as that of the given equation. (P. 62) 

5. Binomial coefficients. 

If f (x) —aox? --nayx"1 4- o азх”-®-1-.....-4„==0 be 
an equation of nth degree with binomial coefficients, then 
the equation whose roots are the roots of this equation 
diminished by A is 


As Ends 07 D pyne PESO +nA,ayt+4n=0 
where Apa and all other A’s are the values of polynomials 
with binomial coefficients of 1st, 2nd, 3rd, 4th..........: „degree 
after x is replaced by h, 
i.e., As (aox*-I-3a1x? 4-3aax-l-a3) for x=h 
=aoh®+ 3a? J-3ash 4- as. (P. 71) 
6. Important symbols. 
H-agd—ay-— | ад a 
а a 
(т:=а?аз—3авоа1аз-Е2ат = 0 Ag а, 
а ai ao 
2m а аз 
1=аоа: —401а3--З3аз?. 
=аа„аа-}-2ауазаз—аоаз?—а+аа—а3= | dn а аә 
ау йә, аз 
а аз ад 
The above symbols are for those equations which are 
with binomial coefficients. (P. 73) 
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xii Theory of Enquations 


The following points may be noted іп writing the values 
of the symbols :— " 
(i) Sum of all the +-ive coefficients 
=sum of all the —ive coefficients 
(ii) Sum of the suffixes of the letter ‘a’ in each term 
is same i.e. a3=ayaqjaq, and sum of suffixes is 


1+1+1=3 etc. 

(iii) Sum of the exponents of letters ‘a’ in each term 
is same. 

(iv) G*--AH?—a,y (HI—ay). Important. (P. 73) 


7. The cubic ayX?--3aix?--3asx--a3—0 is reduced to 
the form 2°+3Hz+G=0 where Z=A)x-+a, and the roots of 
the z-cubic are 


3 CeBr), Q6—y—9, Qy—«—p) 
where «,8,°Y are the roots of the x-cubic. 
Also z3-+-3Hz+G=a," f (x). (P. 75) 
8. The biquadratic — aox!--4a1x?-- €asx* -4a3x--24—0 
is reduced to the form 21+ 6Hz*--4Gz--ajI—3H?-—0 where 
2=а0х--а; and the roots of the z-equation are 


= Q«—8—y—), etc., 


where о, B, У, 8 are the roots of the x-biquadratic. 

Also z!--6Hz*--4Gz -ay!1—3H?—a f (x). (P. 78) 

9. Equation of squared difference. 

The equation of squared difference of the cubic 
x*--gx-4-r-—0 is 

P+ 6qy2+-9q2y+ (27r2-+-493)=0. ` (P. 171) 

If the equation whose roots are о, 6, Y be 
40X*--3aix*--3a»x--a3—0, then the equation whose roots 
are  av(«—B) etc. is 29+ 18Hz?+81H2z+27 (G^ 4-449) -0 
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where G?--4H? is dénoted by A and is called the discriminant 
of the cubic. 


10. Nature of the roots of the cubic. 


(i) G*+-4H3<0 All roots real. 

(i) | G-r4H3-0 Two imaginary. 

(ili) |G*--4H*—0 Two equal. 

(iv) G=0, H=0 All equal. (P. 113) 


List D. CHAPTER IV. 119-163 
Symmetric Functions of the Roots. 


1. Some standard symmetric functions of the roots «, B, 
ү of a cubic. 


(i) 2Zo?8—2.Xop —3opy 
6 3-8 3-1 
(ii) 2о®—=(У%»)°—2У%ер 
3 9 2.3 
(iii) Xo3— Xa. 302 — Ya? 
3 3-3 6 
(iv) 29782 — (Уо.3)%— 2ey Da, 
3 9 9.3 


(у) 2038—2X23.Xe8—oByXo. 
6 2-3 3 (P. 119) 
2. Some standard symmetric functions of the roots о, В, 
Y, 9 of a bi-quadratic. 
(i) >= dime 3a— зү; 


(ii) Xe*py—2m«.Xapy— 4oBy8, 
12 4.4 4.1 


(iii) Zap? = (2og)*— 2€ e? By c баруз, 
(iv) 238—502. 508—037, 


a 1 
(v) A po .2——4, 


(vi) Zo?82y2 — (78У): —20ВУ5.Уор. (P. 129) 
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3. Newton’s Theorem on the sum of the powers of the 
roots of an equation. 

The sum of the similar powers of the roots of an equation 
can be expressed rationally in terms .of the coefficients. 

4951 4-41— 0, 
(95271-2351 3-2a2—O0, 
Q953-1- 0159 1- a251-1- 3a3— 0, etc. 
where s, =" -- B7 4- Y74- ... (P. 147) 
List Е. CHAPTER V 164-216 

1. Solution of Cubic and Biquadratic. 

If аохЗ--3а1х?--3а»х-Еаз==А (x—p)*+B (х—4)%, then p 
and q are the roots of 


1 —x x? |=0 
ao а a2 
Q1 az аз 


and it is called Hessian of the given cubic and its value can also 
be put in the EN d пим 

aaa a (25 =) =0 for y=1, 
where / (x, y)=aox®+ 3aix*y-+ 3aaxy?+ a3y? — 0. (P. 179) 

2. Euler's solution of the biquadratic. 

If f(x)—ayx*-4-4aix?-l-6asx?--Aasx-4-a4—0 be reduced to 
the form z/--6Hz3--4Gz4-agI—3H?-—0, then Euler assumed 
z=Vp+Vq+r for its root, where p, g, г, are the roots of the 
Euler’s cubic 

G2 
e+ 3+ ( un- eT) 1—70. 
Putting /--Н=а20, we obtain the equation 
4ay03—1ag0 --J —0 


deze . : iven equation. 
which is called the reducing cubic of the given eq (Р. 190) 


CC-0.Panini Капуа Maha Vidyalaya Collection. 


! 


^ 


{ 


Digitized by Arya Samaj Foundation Chennai and eGangotri М 
List of Formulae ХУ 


3. Relations between the roots of Euler’s cubic and the 
given biquadratie whose roots are «, 8, Y, 5. 


= а g P Y—«—8), 


- (У-+а—В— —8y, 


zia. 


=% («-8—»—9y. (P. 192) 


4. Relations between the roots of reducing cubic and 
given biquadratic 
120,=(Y—«) (8B—8)— («—B) (ү—8), 
1245—(«—) (—8)— (8—1) (2—8), 
1205—(B— y) («—8)— (v —«) (8—8). (P. 196) 
5. The expression 4—43—27J? is called the discrimi- 
_nént of the biquadratic and 
аб («—8)* («—y)? (a—8)? (B—y)* (B—8)? (Y—8)?=2564. 
6. Descarte's Method :— 
A biquadratic can be reduced to the form 
zi--6Hz:--AGz--as I—3H?—0, 
and since lts 2nd term is missing ie. «+6+7+85=0 or 
&--B—-—(y--3) and in Descartes method ме put 
f (2)=(2—pz+q) (2+pz+q') and by comparing the coeffi- 
cients and then eliminating q and 4, we obtain 
(р?-Е4Н)з—4аЕЁ (p?+-4H)—16 (—ag3J) 
and putting p?-+4H=4a;70, we get the reducing cubic 
44020 — Iag9 4-J — 0. (P. 200) 


5 7. Ferrari's Method. 


If f (x)=axt-+4bx2-+ 6ex?-+-4dx-+e=0, then 
feat {(ax?-+2bx-+ c+-2a6)?—(2Mx-+ Муз}. (P. 207) 
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List F. CHAPTER VI. 217—260 
CHARACTER AND POSITION OF THE 
ROOTS OF AN EQUATION 

1. Descarte's Rule of Signs. 

An equation f (x)=0 cannot have more positive roots 
than the number of changes of signs from + to — or from 
_— to + in terms of its first member. (P. 217) 

2. Changes of sign of f (x). 

If f (a) and f (b) be of opposite signs then at least one or 
an odd number of roots of the equation f (x)=0 lie between 
aandb. Incase they are ofthe same sign then either no 
rea] root or an even number of roots of / (x)=0 lie between 
a and b. (P. 219) 

3. Every equation of even degree whose last term is 
negative and the coefficient of the first term positive has at A 


two real roots one -Five and one —ive. (P. 221 
4. Ifan equation has only one change of sign, it must 
have one +ive root and no more. (P. 222) 


5. Ifall the terms of an equation are +ive and the 
equation involves no odd powers of x; all its roots are 
complex. (Р. 222) 

6. Ifallthe terms of an equation are +ive and all 
involve odd powers of x, then zero is the only real root. 

(P. 222) 

7. Multiple roots. 

If an equation f (x)=0 has exactly m roots equal to 
«,then f(x) and its first (т—1) derivatives all vanish fer 
х=@ but the mth and all the following derivatives do not vanish. 


aw 


Conversely. If f (x) and its first (m—1) derivatives - 


vanish for x=«, then f (x)=0 has п roots equal to « The 
multiple roots of f (x)=0 are determined by finding ће Н.С.Е. 
of f (x)=0 and f" (х)=0, (P. 228) 
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xvii 
8. Iff (x) is Max. at х==®, then f“ (2)—0 and f” (о) —ive. 

If f (x) is Min. at x=, then f’ («)=0 and f” (о) -Live, (P. 243) 
9. Rolle's Theorem. 


Between two consecutive real roofs of the equation 
J (x)=0 there lies at least one Teal root of the equation 
f' (x)=0. (P. 246) 
10. Between two consecutive roots of the equation 
J’ (x)=0 there Ееѕ at the most one real root of the equation 
J(x)=0 or there may not lie any. (P. 247) 


List G. CHAPTER VIT. 261—293 
Sturm’s Theorem 
( 1. Sturm’s functions, ; 
SATO be а ку function and f” (x) be its first 
derivative and fa (х), fs (х),...... п (х) be the remainder with 
Sign changed їп the process of finding the H. C. F. 
of f(x) and f’ (x) then the (n--1) functions f (x), 7" (x), 


Ј (х), fs (х)...... Jn (x) are called Stuzm's functions and the 
(n—1) remainders with sign changed i.e. / (x), f, (x)...... Sn (х) 
are called auxiliary functions. (P. 262) 


2. Sturm's Theorem—unequal roots. 

Iff (x) isa polynomial and a and 5 be any two rea] 
numbers, then the number of distinct real roots of f (x)—0 
lying between a and b is exactly equal to the difference between 


| the number of changes of signs when x is put equal to a and 
‚ the number when x is put equal to b in the (m--1) Sturm’s 


fuctions f(x), Л” (x), fa (Orfa (x). (P. 263) 
3. Sturm's Theorem—equal roofs, 
Iff (x)—0 be an equation having equal roots and the 
Sturm's function be found as f, f", fa.....f. the last of 
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these being the H. C. F. of f (x) and f" (x), then the difference 
between the number of changes of signs when a and b are 
substituted in the functions is equal to the number of real 
roots of the equaticn f (х) —0 which lie between a and b, each 
multiple root being counted once only. (P. 263) 

4. (a) If any of Sturm's functions has its roots imaginary, : 
or is a perfect square or is always positive for real values of x, „ 
we shall stop further calculation. f 

(b) Ifthe last of the Sturm’s functions be numerical we | 


need not calculate it. : ` | 
Put f,-1=0 and find the value ofxand put it in Да; 3 


then the sign of f, will be opposite to the sign of fn-2. E | 


Mtm meet ay Beeman ll 


(c) In case there be only one +ive root then’ in order 
to find its location we need not put x=], 2, 3......in all*the 
Sturm’s functions. We shall put only in f(x) and in case for i 
any two consecutive values of x the corresponding values of © 
f(x) are of opposite signs, then the root of f(x)=0 will Пе, 
between these consecutive numbers. | (Р. 268) } 

5. Condition for all roots real. — . 96 le 

In case the equation has all its roots real then ће leading | 
coefficient of the (04-1) Sturm's functions should be +ive. 
(Р. 291). | 


List Н. CHAPTER VIII. 294-345 

Solution of Numerical Equations | 

1. An equation with integral coefficients and having unity |.. 

for the coefficient of the first term, cannot have a commensurable: | 
root which is notan integer. The integer roots of such ап; 

equation is a factor of the absolute term and is obtained by | 
Newton’s Method of Divisors. | (Р. 296). 


4 
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2. Restricting the number of trial divisors in Newton’s 
Method. i 

All those trial divisors i.e. the factors of absolute 
term which when increased by one fail to divide 7—1 
and which when decreased by 1 fail to divide f (1) should 
be rejected. (Р. 308) 

Repeated roots. — 

In case л be a double root, then /? must be a factor of 
the last coefficient and # that of the last but one. If л be 
a triple root then 4°, 4? and Л should Бе factors of last, 
last but one, and ‘last but two coefficients respectively of 
the given equation. (P. 300) 

Horner’s Method. 

See working rule. (P. 312—13, 316—19) 
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CHAPTER 1 
GENERAL PROPERTIES OF EQUATIONS 


$1. Rational, Intepral, Algebraic Functions of x. 


Algebraic function of x :—A function /(x) is said to be 
an algebraic function of x, if it involves only the operations of 
addition, subtraction, multiplication, division, involution and 
evolution with constant exponents. For example, 

охе, ants, (2x4-3) (3х-Е4), V (538 —2x-4-1), 
etc. B all algebraic functions of x. Functions of the form 
tan"! x, a**, log x, sin x, etc. are known as transcendental 
functions of x. 


Integral function of x:—A function of x is said to be 
integral function of x, if the quantity x does not occur in the 
denominator of a fraction or it never appears with —ive power. 
For example, $x*--1x--l is an integral function of x. It may 
be noted here that the fractional coefficients do not change the 
infegral character of the function. On the other hand a function 


22-547 is not ап integral function of x. 


Rational function of x :—A function is said to be rational 
function of x, if it involves only the operation of addition, 
subtraction, multiplication .and division only, ie. x or апу 
operand containing x is not subjected anywhere to the process 
of rcot extraction. Thus 3x*--V2x--5 is a rational functior 
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of x. It may be noted here that the irrational coefficients do 
not change the rational character of the function. On the 
other hand a function x?3-L-x!/2--6 is an irrational function 
of x. 


Thus f(x)eagx" -aix^71--a2x^7-4-...--a5.1x--a4 i$ said 
to be a rational, integral, algebraic function of x- -where the 
coefficients a’s are all independent of x and that the nature of 
those coefficients do not change the above character of the 
function. The above function is of nth degree (п being assumed 
-to be +-ive) is called a polynomial. — > 
Sign of the polynomial. 

For small values of x the :signi-óf - thé -polyndmial is the 


same as that of the last term (i.e. the lowest degree -term) 
in it. ‘ 


For large values of x its sign will be the same as that of 
the highest degree term in it. 


Algebraic equation. 


Лх) =0 ie. aox"-Faix"^! ах"? .. ата 
is called an equation. 

The above equation is said to be complete when it contains 
the terms involving all the powers of x from п to zero; 
otherwise it is said to be incomplete. An incomplete equation 
can be made complete by supplying the missing powers of x 
with zero coefficients, e.g., 

x4+3x2-+ 7x—9=0 
is incomplete as the term of x? is missing. It can be 
expressed as 
x1-4-0x34-3x?4-7x—9 —0 
' which is now complete. | 

Root of an equation. A value of x which when substituted 
in the equation reduces it to an identity is called a root of 
the equation. 
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Solution of an equation :— The determination of all the 
roots of a given equation means the solution of the given 
equation. 


Degree of an equation:—By degree of a given equation 
we mean the highest power of x occurring in the given 
equation. Equations of different- degrees have got different 
names, e.g. 

An equation of 1st degree is said to be linear. 

An equation of 2nd degree is said to be quadratic. 

An equation of 3rd degree is said to be cubic. 

An equation of 4th degree is said to be bi-quadratic or 

А quartic. 

An equation of 5th degree is said to be quintic. 

An equation of 6th degree is said to be sextic. 

An equation of nth degree is said to be quantic. 

Theory of Equations:— Theory of equations is that 
branch of Mathematics which deals with the solution of 
equations. 

§ 2. Various Theorems. 

2:1. Factor Theorem: // х is a root of the equation 
f(x)-—0, then the polynomial f(x) is divisible by (x—«) 

` (i.e. there will be no remainder). 

Conversely: If the polynomial f(x) be divisible by 
(x—«) then « is a root of the equation f (x)—0. 

Proof: Wearegiventhat « is a root of the equation 

f (x)=0. 
oe (X50; хушы (1) 

Now divide f(x) by (x—«) and let the quotient be denoted 

by О and remainder (which will not involve x) by R; then 
fox.) OTR er (2) 


Putting x--«, in both sides of (2), we get f(@)=R, but 
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from (1), 7 (0)=0. .. R-0 ie. there will be no remainder 
and as such f (x) is divisible by (x—«). 

Note :—It may be noted here that in case « is not a 
root of the equation ie. f(«)40, then f(«)— R where R is 
not zero and hence we conclude thaf the value of а polynomial 
when « be substituted for x is equal to the remainder which is 
left when f (x) is divided.by (x— 4). (Important) 

Converse. In this case f(x) is divisible by (x—«) i.e. 
/(х)=(х—) 0. 

Putting х=@ in both sides of above, we get /(«)=0 which 
clearly shows that « is a root of the equation f (x)=0. 


2:2. Theorem: n an equation with real coefficients, 
imaginary roots occur in conjugate pairs. 

(Agra 1953, 56, Punjab 1954, 57, 60) 
ie. if «+ib (80) be a root of the equation /(х)=0 in 
which the coefficients are real, then «—iB must also be a root 
of the equation /(х)=0. 


Since «-L- iB is a root of the equation f (x) —0. 


. Jf (er ip)—0. (1) 
Let us divide f (x) by [(x—«)--P7] i.e. [(x—9«)— P] 
or by (x—«--ig)(x—e«—iB) and let the quotient be denoted 
by Q and the remainder which will be of first degree be denoted 
by Rx+R’. 4 
0 Го) аро ВА, o. 
ог /(х)=[(х—«-ЕїВ) (х—о—ї8)] QHRIER'. а. 2-4-2) 
Putting x=«-+iß in both sides of (2), we get 
J (@+if)=0+R (4+i8)+R' 
But from (1), — f(«4-ip)—0. 
К (e ip)-- R'—0 : 
or (К. «+R')+iR . 0. ds e) 
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Equating real and imaginary parts -in (3), we get 
Ré4R',--— a eee (4) 
Rp-c0o-- rx (5) 
Now В cannot be zero for otherwise the root will be real 
and hence from (5), we get R—0 and therefore from (4) we get 
R'=0. 
Hence — f(x)—[(x—«-F i8) (x—a—i§)] О. 
From above we conclude that f(x) vanishes for x=a—if 
and as such «— 15 is also a root of the equation f (x)=0. 


Cor. Every equation of odd degree has at least one real 
root. 

We have seen that imaginary roots occur in conjugate 
pairs and their product gives rise toa quadratic factor of the 
form (x—«)*--&? of the equation f (x)=0 which being of odd 
degree must have at least one linear factor and hence one real 
root. 


2:3. Theorem. nan equation with rational coefficients 
irrational roots occur in conjugate pairs i.e. if a--V b. (b being 
not a perfect square) be a root of the equation f (x)—0, then 
(a—w b) is also a root of that equation. 

Proceed exactly as in Theorem (2) by dividing f (x) by 
(x—a)*?—b i.e. by (x—a)* —(V by* or by (x—a—Vb) (x—a--W b) 
etc. and ulimately in step (3) equate rational and irrational 
parts. _ 

" Ex.1. Correct the TAKES (if any) in the following 
statements :— . 

(a) Hf there exists no edi quantity which when substituted 
for x makes f (x) vanish then f (x) is bound to be either 
positive or negative for any real value of x. 

Since f (x) does not vanish for any real value of x and as 
such f (x)=0 has no real roots ¿e all its roots are imagin^ry. 
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Again imaginary roots occur in conjugate pairs of the form 
«:-ipand the factor corresponding to it is (x—«)?+f? which 
is bound to be +ive for all real values of x, 

Hence in place of either +ive or—ive we should have 
bound to be + ive only. 

(b) There can be equations having the following factors 
only :— 

@ — (x—3) (x—5) (х—7)°. 

Yes there can be. 

(il) (x -V(—5)—3) (x—V(—5)+3). 

The roots corresponding to the above factors are 

3—iV5 and —3+iV5. 

Since 1maginary roots occur in conjugate pairs, hence there 
must be roots 3-riV5 and —3—iV 5 
ie there must be other factors 

(x—3— iV 5) and (x--3-r i 5). 

Then the factors should be 

(x—3-+¥V —5) (x—3—4 —5) (x4+3—V—5) (x +3+V—5) 

(iti)  (x+7—5i)} (x--74-5i). 

There cannot be three imaginary roots ofa given equation 
as they occur in conjugate pairs. Hence the equation has one 
more factor x-+-7+5i which is conjugate to the other given 
factor. Hence the polynomial should be 

(x+-7—Si}? (x-+-7-+-Si)?. 
2°4. Theorem. Every equation of nth degree has n roots 
and no more. (Punjab 50) 
Let us assume here that every equation of the type 
/ (x)exaox" + a1x"71 4- Gex" 2+... +n 1X +4Gn=0 -»-(1) 
has at least one root. Let « be such a root of the equation 


f (x)=0and as such f(x) must be exactly divisible by х—од.. 


~ [Theorem (2).] 
JG) (x— a) Jı (x), where yı (x) is a polynomial 
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of(u—1)th degree. Again фу (x)=0 must havea root say o, 
and as such фу (x) must be divisible by (x— о). 
е. фа (x) = (x— 03) Va. (x) 
or : f (х)=(х—оз) (x—02)h2 (х), 
where te (x),.is:a polynomial, of (n—2)th degree. Continuing 
as above we get f (x) —(x—e3) (x—9)......(x—«,) Vn (x) where 
Yn (x) is a polynomial of (n—n) i.e. zero degree ie. it does not 
contain x which means that it isa constant. On comparing the 
coefficients of x" on both sides, we, find that 
: Qo—U, (х). 

Hence f (x)=a (x—ou) (x— a5)...... (x—e«)  ...... (2) 

Nowifx be put equal to any one of the п quantities 
1, 02...01, then f(x) vanishes and hence we can say f (x)—0 
has л roots. Again if x be given any value other than above 
n quantities, then f (x) does not vanish and as such any other 
quantity cannot be a root of the equation. Thus we conclude 
that an equation of mth degree has л roots and no more. 


. Note. In case some of the roots be equal, then the 
number of distinct factors in R.H.S. of (2) will not be л, but the. 
equation will still be said to have z roots, some of which are 
equal Thus if 

J (x) =ао (x—& 1)? (х—@»)1 (x —aa)'...... 
where p-+-g-+r-+...=n, then the equation has p equal roots of 
one kind, q equal roots of another kind and so on. 


2:5. Synthetic Division. 7o find the quoiient and re- 
mainder when a given polynomial is divided by a binomial. 

Let the polynomial be of mth degree, say 

J (x)=aox" tax" aox" +... a5 2x3 - 04 1X-I- 08 
and the binomial be (x—/) and the quotient be 

Q box" 1--bix?73-- box" 3+... Bn ox 051 
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and remainder be denoted by R. Hence we have the following 
identity : 
aox” + a1x^^71-1- qox"72 4 ,..... Qa 9X3 d-05.1X - 45 
=(x—h) (box?-1-- byx"-2 + bex"73-I- ... b, ox 3- b, 1) +R. 
Comparing the coefficients of like powers of x in both 
sides of the above identity, we have the following relations : 


Q9 bo Or Doa шы 0 боо (1) 
a=b; —Doh or by —aqi hbo. "PPS (2) 
аз== bs — Бу or be—aed-hb, = 0... (3) 
Qn-1=by_1—hby_2 ог Dy-1=An-rthdy-2 ee (4) 
Q,=R—hby-1 or R-aQrhb, 3a. з. (5) 


From the R. H. S. of the above relations we easily 
obtain all the coefficients of the quotient Q along with the 
remainder R. Theabove is exhibited below in a very simple 
way. 


h ao a az [^ PPP 05-1 а 
(DAD bih bahis Rene ee ees b, 9h b, ah 
by bz DU азлар bn-1 | R 


_ In first line we have written the co-efficients of the given 
polynomial. If we are to divide the polynomial by (x—h) we 
write / іп the corner as shown. Now multiply ао by A and we 
get ach i. e. equal to bah by relation (1) and write it below 
a. Adding a; and boh we get ai-Fbyh i.e. bi of 3rd row 
[from relation (2)]. Again we multiply bı by Л and write it below 
a» and adding we get a2+ byh i.e. bs of 3rd row [from relation (3)]. 
We continue the process and ultimately we get b,-1 in the 3rd 


row which is multiplied by л and written below a, and on 


addition we get a,4-5, i ie. equal to R of 3rd row [from 
relation (5)]. 


Note 1. In case л be a root of the equation f (x)=0 then 
R will be equal to zero. [5 2 Theorem 1] and the equation can 
be depressed by one dimension. 
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Note 2. In case h be not a root of f (x)=0 then : 
R- value of f (x) for x=h i.e, R—f (h). (V. Imp.) 
Note 3. In case the equation be not complete i.e. some 
of the powers of x from x" to x° be missing, then we should 
supply the missing terms by zero coefficients ie. if the equation 
be 2x°—3x+5=0 we should write it as 2x?--0x?—3x-+5=0 
and now we shall write the first row of the above process with. 
their respective signs. 


_ Note 4. If the division is to be done by x+h, then we 
write —/: in the left-hand corner. For the sake of example, let 
us find the quotient and remainder in the following. 


Ех. 1. Find the value of 2x!1—5x1—32x--6 when x—3 
and —4, 


We will divide by x—3 and the remainder will be the 


value of the given function for x=3. 


_3| 2 QO 3 —ф 6 
6 18 39 21 
6 13 7 i27 remainder. 


Hence quotient is 2x?--6x2-- 13x--7 and remainder is 27 
which is the value of the given quartic for x—3 and can be 
verified. 

Again if we are to find the value of above expression for 

——4 we should divide by x+4 and the remainder will be 
the value of given expression for x=—4 


—4 2 0 —§ 5 8239 6 
—8 +32  —108 560 
=g 27 —140 |566=R 
| =/(—4). 


Hence if f(x)—2x1—531—32x--6; then f (—4)— 566; 
J (3)=27 as proved above. Students can verify the above by 
actual substitution. 


Ex.2. Prove that the remainder when a polynomial F(x) 


is divided by (x—«) is f(a). Prove that when f(x) is divided 
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by (x—«) (x—B) where «4B the remainder is 
(x—B) f(«)— (x—«) SE), (M. T. 43) 


a—B 

| f e9-(x—2)0-- R. 

Putting x—« on both sides, we get f (c) —R. 

-Again when f(x) is divided by (x—«) (x—f) which is 

quadratic the remainder will be of first degree say Rıx+ Кэ. 
/(х)=(х—) (x—B) Qi+(Rix+Re). -(1) 
. Putting x—« and then x— is the above, we get 
f£ (X) Rie4- Кә and f (B) = RsB 4- Re. 


Subtracting we get m LO- 10) .-.(2) 
Raf (0) —Ra=f 0). FOO 
or LONO, NC 
Remainder is Rix-+ Re. 
E =x L074 (B) of OS = (2) by (2) and (3) 
__ (x—B) f (®)— =y " Proved. 


2:6. Common roots. Let there be two equations f(x)—0 
of degree п and ¢ (x)—0 of degree т and they have common 
YOOÍS dj, о;у...... «,, where p is less than both n and m; then 
f Gm (x—«) (х—о)...(х—%„). f (x) where f(x) corresponds 
to the product of remaining factors of f (x). 

Similarly ф (x)—(x—9) (х—оз)......(х—ә,) Ф (х). Also 
f(x) and 4 (х) have no other common factor. 

Now (х—01) (х—о)......(х— а) divides both f(x) and 
ф (x) and as such is the H. C. F. of f (х) and $ (x). Hence in 
order to find the common roots of two given equations We 
should find their Н.С.Е. Тһе ordinary procedure of 
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finding the H. C. F. is already known to the students ; we shall 
exhibit the same process in a simpler way. 


Ex. Show that x8—2x2—2x+1=0 and x!—7x?+1=0 
have two roots common. 


Note :—The letters a, b, с, ... ... denote the successive 
divisions below :— 


Quo.| 1 0—7 O 1 4thdeg. Quo. 
Оф уй ees» —d4 
2—5 —1  13rd 1—2—2 1 3rd 
2 (Б) JA um 2 i il 1 
| | —1)=1 3 —12nd |  1—3 12nd 
1 —3 1 (с) 1—31 1 
x 


Hence the Н. C. F. is x?—3x+1 which is a quadratic 
showing that the given equations have two common roots 
given by x*—3x+1=0. 

In the above process we have arranged the successive 
co-efficients of the given equation (making them complete) 
in the parallel lines. The quotients have been written in 
the extreme left and right. Tke process of division is 
continued till the remainder is of degree lower than the 
divisor. 

Note :—For the sake of convenience in division we can 
multiply or divide any of the lines by any number. 


* 


Ex. 2. Solve the equations 

F (x)=4x* 1228 —35— 15x —0 
and ф (x)z6x'--13x?—4x?—15x—0 
completely,-having given that they have common roots. 
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The Н. С. F. is 2х34-х2— 3х. Dividing both /(x) and 
ф (x) by Н. C. F., we get 

f (x) (2x3--x?*—3x) (2x+5)=x (x—1) (2х--3) (2х-Е5) 

ф (x)=(2x3-+4 x2—3x) (3x4 5) x (x—1) (2x+ 3) (3x+5). 

Негсе the roots of f (x)=0 are 0, 1, —2, —% and those 
of ¢ (x)=0, are 0, 1, — 2, — 5. 

2:7. То skow that if a relation of the form 6=% («) 
exists between the roots of a given equation f (x)=0, the 

- equation can be depressed by two dimensions. (Agra-38, Pb. 41) 


Now since « and f are the roots of f (x)=0, we have 
f(®)=0 (1) 

and /(ф=0 or f[$(49)]-0, `~ 8=% (0). (2) 

Hence « is a common root of (1) and (2) and can be 
found by the method of H. C. F. Having found the value of 
с, we can find the value of B from the given relation £— 4 (0). 
When both the roots « and B are known, the given equation 
J (x)=0 can be depressed by two dimensions by the process of 
synthetic division or actual division. 

Ex. 3. Find all the roots of the equation 

3x3—10x?-- x-2-6—0, 

having given that two of its roots are connected by the relation 
of —o.—2-—0. 


f : v ne 82 
From the given relation wc find that p= A 
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is a root of the equation, „. 303—1002+-a+6=0 . (1) 
В is a root of the equation, ;. 38°—1032?-+6+6=0 ...(2) 
Put B= pz in (2), and we get 3 (0--2)2— 10 («4-2)* 


T0? (a-1-2)4-609—0 which on simplification reduces to 
5o?--a— 6—0. -) 


The value of « is obtained by equating to zero the 
H. C. F. of (1) and (3). 


3 —10 1 6 3rd 


5 Н 

3 15 —0 5 30 5 ра жш, 

(а) 15 3 —18 (с): 5 55, 2 M 

2nd —53 23 30 6 —6 | 

—5 (d) 6 —6 6 

53 265 —115 —150 x 
(b) 265 53 —318 
.—168) ^ —168 168 
:15# EE T3 
Hence the Н. C. F. is «— 1. 
a=] and hence p— 712.3, 


The factors corresponding to these roots ате [x— 1] [x —3] 
or x?—4x--3 and the remaining factor is easily seen to be 
3x+2 and hence the third root is — 3. 


EXERCISE I 


1. Solve the equation x*--2x? —16x*—22x4-7-0 having 
given that one of its roots is 2+-V3. 
We know that irrational roots of the form a--4b occur 
in pairs. Hence if 2--3 is a root, then 2—43 is also a 
root and the product of the factors corresponding to these 
roots is 
(x—2— 3) (x—2- V3)=(x—2)?—3=x°—4x4+1. 
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Dividing L. H. S. of the given equation by x?—4x--1 we 
get the other quadratic factor as (x?+-6x-+7) which when 
equated to zero gives the other roots as 


—6::/(36—28) |. 4|» 
2 — в 


2. The equation 3x3—4x?-I-x--88—0 has опе of its roots 
2--V —7 ; solve it completely. Ans. 224—7, —8. 
3. (a) Show that the equation x94-2x»— I0x'— 12x? 4-59x* 
+10x—50=0 is satisfied by x=i—3 and x=i+2 and find the 
roots. (Punjab 1922) 
Let us suppose i—3 or —3+i is a root; then —3—i 
is also a root. Similarly if 14-2 or 24-і is a root then 2—7 
is also a root. The product of the factors corresponding to 
these roots is 
[(х-Е3)#—17°] [(x—2)?— i?*] 2 (x? --6x4-10) (32— 4x-4-5) 
—(x1--2x3—9x*— 10x-1- 50) 
and we find that it divides the L. H. S. of the given equation 
exactly without remainder giving the quotient as (x?—1) which 
corresponds to the other roots. Hence our supposition is right 
and the other roots are given by x^—1—0 i.e. х= 1. 
(b) Two roots of x5—x*-I-8x?—9x—15—0 are —* 3 and 
1-21; find the other roots of the equation. (Delhi Hons. 1960) 

Evidently other roots will be +73 and 1—2? and the 
product of the factors corresponding to these four known roots 
із (х2—3) (x?—2x--5). Ву actual division, the remaining 
factor is x+1. Hence the remaining root is — 1. 

Ans. 43, 1—2i and —1 are the other roots. 

4. Form an equation with rational coefficients which shall 
have for a root the. irrational expression Va--w b, where 
а and b are not perfect squares and hence solve the equation 
3x5—4x'—42x3--56x?--27x— 36—0 completely when 2—05 
is its root. 
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Let x=Va+Vb. Square both sides. 
x*—a—b=2V ab. Square again. 
(x?—a—b)’=4ab or x'—2x* (a+b)+(a+b)?—4ab=0 
or x4—2x? (a+b)+(a—b)?=0 


which is an equation of 4th degree as was expected, for if 
Va+Vb isaroot then Va—Vb, —Va--Vb, —Va—Vb will 
also be the roots. 


First find the biquadratic as above corresponding to th 
four roots /2—^4 5 etc. and then as usual the remaining firs 
degree factor is found out to be 3x—4 etc, 


5. (а) Form an equation of: the lowest degree with real 
and rational co-efficients, one of its roots being V 2-- V 3+. 


Let x=V24V734+% .. x—-i=V¥24-V3. Square. 
x*-F i? —2xi—5--2/ 6 


ог x*—6=2xi+2V6. Square again. 
x*— 12x?--36— —43?--24 - 8xiV 6 
Or x1—83?--12— 8xi 6 Square again. 
(x1— 8x3y*-- 1444-24 (x1— 8x2) — — 64x? (6) 
Or x®— 16x8-+-88x4+ 192x?-- 144 —0. 


(b) Form an equation with rational co-efficients which shall 
have for roots the values of the expression 61V p-- 02 q--0sV/r 
where 012=1, 0 —1, 05? — I. 

Let us suppose that x—6:W p+ 02V q +83 г. 

Square and put 012—1 etc. 

x?—( p+q+r)=20102V ( pq)--2630sV (qr) +29s61¥ (rp), 

Squaring again and putting 012=02°= 032—1, we get 

x1—2x? (p+q+r)+(p+qt+r}=4 (pq-+ar+rp) 

4-803030 (par) [01V p-l- 82V. q--60sV г]. 
[x!—2x2 ( p-I-q--r)- p*-- d*2-r*—2pq—2qr—2rp]: — 64 . par . х? 
as 8 p4- 02V q-I-03V r—x and 6;?—1 etc. 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


16 Digitized by Arya Samaj Foundation Chennai ang SSP Uf Equations 


(c) Use the fact that a cubic equation has at least one real 
root о find the real value of [27-1-V (756 )\!'З--[27— V (756)] ^. 


(I. A. S. 59) 
Let x=qil34 5113. Cube both sides. 
x3-—a-- b--3q135118 (qil3 + 5153) 
or x3—54-L-3 [272—(у756)3:° x 
or x3—544-3 (—27)'? x. 


Now real value of cube root of —27 is —3. 
. x8=54+3 (—3) x 
or `: x3--9x— 54— 0. 
Evidently x—3 satisfies it showing thereby that rcal value 
of x is 3, which is therefore the required value of the given 
expression. 


(d) Given that the equation x'—x‘'+2x°+4=-0 las опе 
root of the form 1-|-i«., find all the roots. (Т. A. S 54) 

If we put x——1 in the given equation it is satisfied and 
as such x-4-1 is a factor and the equation when divided by x-+1 
by synthetic division gives the quotient as under. 


-1| 1 =! 2 0 0 4 
=i 2 8 4 —4 
—2 4 ea 4 0 

.. quotient is x!—2x?--4x? — 4x -4—0. ... (4) 


It has a root 1-I-7« and hence 1—;« must also be its root 
and product of factors corresponding to these is 
(x—1)-re? or (x9—2x4-14-e?). 
Let the remaining factor be (x?-I-px-4-q). 
Hence we have 
(x4— 223 4- 4x? — Ax -- 4) — (x?*— 2x - 1 4- 6?) (x?2- px4- 4). 


Comparing the co-efficients of like powers of x in both 


sides —2=—2+p. .. р=0, comparing x’. ` 
Again comparing х^, x and constant we get 
1+02)-+g—2p=4, р(14-)—24=—4, 4(1+02)=4. 
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Putting p=0 we get q—2. .. 1+0?=2 or «= +1. 
Hence the factors are 
(x+1) (х°—2х-Е2) (x?+2)=0. 
. roots are—1, 1+/,+iV2. 
(e) From an equation which shall have 
w4 [Q+ 4 (Q?-- P5] Ew? 7 [Q— V (Q+ P) 
Jor a root where 3—1. 


Proceed as in part (c). If the given Toot be x, then cube 
both sides etc. - x3--3Px—2Q —0. 


*6. Prove tkat the equation 
4° B? C2 Ke 
+ ap е зү: х+/, 
where А, B, C..., a, b, c...and I. are all real numbers, has all 
its roots real. i (Delhi Hons. 58) 


Let us suppose «4-18 is an imaginary root of the above 
equation; in that case «—iB will also be a root. Возр ипе 
for x both these roots, we get 


A? 8 B С? К? 
C—ayk COF (aor C5 
=(«+1)+iB 
A? B2 С? 
апа (0а) 1б ч Шр Жср irn | 
Ше 297% =(«+1)—iß 
Subtracting the above two relations, we get 
4 4°. В? 
-2p | к=к eim сок Т" 
| Mor de 
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= ао 
GEB "ehe («=й t 
К? 

ec +! =e 
The expression within the brackets is the sum of +ive 
quantities and as such cannot be zero and hence 2i8=0 
or B=0. Therefore the given equation cannot have imaginary 
roots. Hence all its roots are real. 


(b) Show that the equation 
4° В? C2 H 
ux E Bt х— г 


or 


(Delhi Hons 60 Pb. 54) 


Proceed as in part (a). 


7. If 03, 09.1.0” be the roots of the equation 
(@i:—x) (P2—x)...(Pn—x) +. 4=0, 
Jind the equation whose roots are Bis ».. Bn. 


Since 0, @...¢%, are the roots of the given equation, 
we have 


(B,—x) (B2—x)...(8,—x) + 42 (e4 —2 («5 —x)...(«4,—x). 
` @@—х) (Ba—2)...(8, —x)— (a1 —x) (%2—x)...(%_,—x)—A 
showing that 0, 8...В, are the roots of 
(93 — x) (¢2—x)...(¢%,—x)—A=0. 
8 The equation (x—1)3--(2x—1)3+...... T(ux—1)-0 
2 
has for its root — "ED ; find the quadratic equation satisfied by the 
other two xm 
The given equation is x3,253—3x?.Xz2--3x.Xn—n—0 
oen E eT —3x [n дез) (2п--1)] 


taa ED -n0 
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. 1 2 
Since is a root of the above equation x— ml 


2 
n+1 
will divide it without remainder and hence by synthetic division 
we have 


2 ты де) One 3.п(п+1) —n 


uer n 
a —n(n-l) a 
E C ED п (п+1) X 


Hence the required quadratic equation is 


ee PO ED thn (n+1)=0 


9.(a) Prove that (1—a) (1—b) (1—c)...=n, if 1, a, b, 
c...be the roots of the equation x"—I=0. (Delhi Hons. 52) 


We have x"—1=(x—1) [(x—a) (x—b) (x+¢)......]- 


Differentiate both sides w.r.t.x, treating the R. Н. S. 
as product of two functions. 


nx"^1- ][(x—a) (x—5) (x—c)......] 
+=) 4 [(х—а) (x—5) (x—c) ...... ]. 
Putting х=1 in both sides of the above identity we get the 
required result. 


(b) If a ds... are the roots of x"4+-nax—b=0 show that 
(a1 — e) (a — a)... (93 — ty) = (%11a). 


(Delhi Hons. 1948, M. T. 1934) 
x?--nax— b (x— o3)(x— 02)... (x — €). 
Differentiating both sides we get 


rx" 1--пка==(х—®у)...(х—9„)-Е(Х—) 2 [(Х—)...(х—„)]. 
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Putting x=o; in both sides the second factor in R. H. S. 
is zero 
П011—1-1-па= (%,—4a2)...(¢—Gy). 
or п(01%-1 а) = («4 — 3)... (04 — Om). 
10. If f (х) =x5— 6x1-- 7TP+x®+x+2, find the value of 
J (70). 
Divide f (x) by x—10 by synthetic division and the 
remainder —/ (10) etc. Ans. 47112 
11. Find the quotient and remainder when 
x4+ 10x34-39x2-- 76x 4-65 is divided by x+4. : 
| Х Ans. Q—334-63?--15x-4-16, к= 1. 
12. Find the common roots of the cubics 


8x3--24x?-- 24x--9— 0 and 8x?--72x?-I-96x--45—0 
and hence find all the roots. 


The Н. C. F. of the two cubics is 4x?-l- 6x-1-3 and their 
other factors are found out „to be (2x-4-3) and (2x4- 15) res- 
pectively, etc. 


13. А root of the equation 3x3— I0x*4-7x 4- 10—0 is 
connected with a root «' of the equation x3— x*— 17x+65=0 


by the relation ««' --o —«-L- 1—0, Using this fact, solve the two i 


given equations completely. : . (Delhi Hon's. 1948 
Since « is a root of the given equation, : 
3«5— 1002+ 7a-+10=0. ...(1) 
Again «’ is a root of the 2nd equation. 
a’3__¢/2__1 Jo’ +65=0. ‚...(2) 
But from the given relation, a=, Substituting in 
(2), the value of о’ and simplifying, we get 


623-1-2262-I-27a-1-10—0. i ..-(3) 
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The H. C. F. of (1) аза (3) is found out to be 3a4+2 and 
hence «——3.  .. «’=:—5, Having found one root of 
each of the given equations, they can be depressed by one 
dimens ionand the resulting quadratics can be found giving 
the other roots. 5 Ans. [—§, 2+i], [—5, 32i]. 


14. (a) Zf the roots of the equation x1—5x3--11x*— 13x 
+6=0 be connected by the relation 28--3«—7, then find all 
its roots. (Pb. 41) 


f (0) o3 5о3--1168—13«--6=0, (1) 
f®@=f (2 2) 0. v 28434—7 


Я (5 y-s (E | EY (EE cuc (E 239) 6 " 


which on simplification reduces to 
8101—48623-1- 1 15202—12420-4+-495=0. -..(2) 


The H. C. F. of (1) and (2) is easily found out to be 
7—3.1 
2 
factors corresponding to these roots is (x—1) (x—2) i. e. 
x?—3x--2 and dividing the L. H. S. of the given equation by 
x®—3x-+2, we get the other factor as x?—2x-L-3 which when 

equated to zero gives 12-i/ 2 as the other two roots. 


«—] and hence «—1 and B= =2 and the product of 


(b) The equation x8—7x*+-36=0 has two roots whose 
difference is 5. Solve it completely. 


Let а, В be the two roots so that 
f(&—f(B)—0. Alsop—a«—5 .- B=a-+ 5. 
f (Bf +5) —(&--5)9— T(e-^- 5) 4-36, 
f (B) 03-1899 4-5&.— 14—0. (10) 
Also f (2) =а—7--36=0. (0) 
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The Н. С. F. of (1) and (2) is easily found to be («+2). 
. @=—2. 72 Bmot5=3, 
Also third root is 6. 
(с) Solve the equation x*—13x?--15x--189—0 having 
given that one root exceeds the. other by 2. (Pb. 59) 
Here P=a-+2, Proceeding as in part (b), finding the 
Н. C. F. of f(«)=0 and J (@)=0 i.e. f(«4-2)—0, we find 
== 7=~=9. 
Again if the 3rd root be say y, then 
«--B--Y-sum of roots— 13 
or T--9-FY—13; .. ү=—3. 
See also Q. 1 (d) P. 28 for alternative method. 
(d) The equation x3—5x?—4x--20—0 has two roots 
whose difference is 3. Find all the roots of the equation. 
B—«—3; .. B=«+3 etc. Ans. 2, 5, —2. 
15. The equations . 
Х%-Ерх?--4х-Ег=0 and x3+-p'x*+q'x+r'=0 
have two common roots; find the quadratic whose roots are 
these two and find also the third root of each. 


Let the two common roots be « and B and the quadratic 
factor corresponding to these be denoted by О. Ify and y’ be 
the other roots of the two cubics, then 

x°-+ px*-++ qx-+r=0=0 (x—Y) ---(1) 
and P+ p'x?+-9'x+r'=0=0 (x—Y’). ... (2) 

The coefficients of x? in Q should be unity. Subtracting 

(1) and (2), we get 
(p—p^) x-F(q—4') x+(r—r')=0=0 (y—»). 
С Now when О. (y—¥’)=0, then 7—7'=20 for otherwise 


Y-—Y' which would mean that all the three roots are equal. 


к“ 
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О=0 and hence making the coefficient of x unity а 
L. H. S. we get the required quadratic corresponding to 


2 4—9 гй у : 
хапа В as xX Бор xt E ...(3) 
r-r 

2. oB—product of the roots of (3)2 DEDA ‚..(4) 

Also o2 — product of the roots of (1)==—/ 
and оВУ' =ртойисї of the roots of (2)— =r. 

ү ‚__„(р=}) 
Hence Y=—r (2—2). and Y ——T Gap) 
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CHAPTER II 


RELATIONS BETWEEN THE ROOTS AND 
COEFFICIENTS AND ELEMENTARY 
SYMMETRIC FUNCTIONS 


$1. Relations between the roots and coefficients. 
(Agra 1962; Nagpur 1957; Pb. 1931, 34, 35, 37, 44, 51, 60, 63) 
We have already read that if « and р be the roots of a 
quadratic equation ax*+bx+c=0, then 


sum of the roots=a += 


and product of the тоо{в==оф ==. x 


We shall now establish the above type of relations between 
the rcots and coefficients of an equation of nth degree. 
Let the general equation of nth degree be 
Г) арх" ax" aox"24 ta, ix -a,—0 sof 00) 
and its roots be ол, 92, 43...0,; then clearly 
Л) К (x— а) (х a3) c aa)... (xi — o). 
Comparing the coefficients of x” in both sides of the above 
identity, we get a=, and hence í 
F(X) =p (х—оз)(х—о)(х—аз)...(х—„) 
=a [x"—xn-1 (++...) 
геле (9102--ол0з--одоз--...) 
=X" (orars 00504 -]- ...)-Ь... 
"EC 1)” (олозов...о,)]. 
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=a, [x^ — xn-1 (5 a) 4-x^-? (5 03043) — "7° (X 039993) H- ... 
+....-Е(—1)"(одозоз...®)]. 
Comparing the coefficients of like powers of x in both 
Sides, we get 
— aX 01—40; 5 2 > = (= 1)? a P 
ао a 


HX 003—485; ., X Oty Og =“? — (— 1)? a 
ао ао 


= 5 —а. а: 
MU amara ds; 7. X ааваа 080—1) E. 
ао а 


ад (— 1)"(a%0.203...¢,) =A. 
баб. G 1)" a, o9 (= 1)2%=1, 
0 0 
where X о; stands for the sum of the roots and Ў ооз stands 


for the sum of the products of these roots taken two by 
two etc, 


Rule: Ina complete equation (if the equation be not 
complete, then it should first be made complete by supplying 
the missing powers of x by zero coefficients). Sum of the 
products of the roots taken p at a time 

=(—1) coefficient of (p-+1)th term 
coefficient of 1st term 
or incasep be even i.e. (—1)?—1, we can write the above 
formula as 
coefficient of ( p+1)th term 
coefficient of Ist term 
and іп case p be odd i.e. (—1)"=—1, then we can put the 
above formula as 3 
coefficient of ( p+1)th term with sign changed 
coeti:cient of lst term 
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Deduction : (1) Ifan equation whose leading coefficient 
a be -+Live has all its roots +-ive, then 


a : TS 
z a= =-+ive; .. a must be —ive; 
0 
az : : 
У ©лбо== I zz-Ljve; .. a» must be Jive. 
0 
аз : : А : А 
x 010808 ——— —-Live; .. аз must be —ive and so on; 
0 


showing that the coefficients of the above equation should be 
alternately +ive and —ive. 


Deduction : (2) Similarly we can prove that if an 
equation whose leading coefficient ap be --іуе has all its 
roots —ive then all the co-efficients of the above equation should 
be +ive. 


$2. Particular Cases: Relations between the roots and 
coefficients of a cubic and a biquadratic equation. 


Cubic: a9x3--ax?-l- asxl- a3 — 0 roots being =, p, У. 
2) «=«-+-у=—©- 5 
ap 
X ofi—ap-- By Y«——. , 
0 
X opy-opy— ae. 
do 
Biquadratic: aoxi4-aix?J-asx? J- asx +a =O. 
BasatBpy+s=——- 
0 
a 
X op—of- ay -a8-- BY FB -Y8— 7 
(6 terms) 
or X sd (0--0)07--8)-06--У8= 8. 
(Note this form) 
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Baby —aBY +aB3+ySa+¥8b=— [= 
(4 terms) 
or - Z «Зу=о$ (Y+8)+78 @+®=—- 
(Note this form). 
р aby8=apys—" 


Note :—Before doing the examples to follow, the students 
shouid remember that if we have found a root of a given 
equation we can depress the equation by one dimension by the 
process of synthetic division (Note 1, page 8). If J be the 
sum of the two roots and m be their product, then the quadratic 
equation of which these are the roots is x?--(sum with sign : 
changed) x-+-product=0 i.e. x2—Jx-+-m=0. . | 


Examples 


1. (a) Find the condition which must be satisfied by the 
coefficients of the equation x3— px*-+-qx—r=0 when two of its 
roots «œ, B are connected by the relation «--8—0. (Punjab 1944) 

Let the roots of the equation be «, б, Y. z 

У «a= +ßB+Yy=p, but «+8=0, .. У=р. 

Now У is a root of the given equation and as such : 
УЗ—ру--47—г=0. Put the value of y. | 
p—p.p*+q.p—r=0 or pq-r is the required — - 

condition. : 

(b) The equation x8—5x?—16x+80=0 has two of its  - 

.roots equal in magnitude but opposite in sign; solve it 
completely. Ans. zk4,5. 


(с) Hatib (when a, B are real and B40) be a root of 
the equation x*+-qx-+-r=0, prove that 2« will bea root of the 
equation x°-+-qx—r=0. (Punjab 1959) _ 
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Since 2-10 is а root, .. «—if must also be a root as 
у roots occur in conjugate pairs. Let the third root 
еу 
3 аара ае 0. 
. =—2¢, 
But У is a root of the given equation. 
73-Еат-Ег=0 or (—2«)4-g (—24)4-7—0 


or —(22):—g (22)4-r—0 
or (20)8+-g (20)—r=0. 
Above shows that 2« is a root of 
x8+qx—r=0. 
(d) Solve the equation x3—13x?--15x-4-189—0 having 
given that one root exceeds the other by 2. (Punjab 1959) 
Let the roots be «, «+2 and р. 
У a«-a4-«--24-p—13 c ess less чу I 
5 а= (a+2)-+(4+2) B 08:15. 
ог a--2a--(2«--2)(11—2«) 15 by 1. 
ог 302—20a—7=0 or (34+1)(«—7)=0 .. «=7,—} 
when «—7, B=—3 and when «— — 1, B=11$ by 1. 


We shall choose that set of values which satisfies third 
relation «By—=«a (®-Е2) B— —189 and clearly the «—7, B=—3 
satisfies it. Hence the roots are 7, 9, —3. 

Note :—See also О. 14 (c) (P. 21) for alternative method. 

2. (a) · If one root of the equation x3— px?--qx—r-0 be 
(i) n times, (ii) double, (iii) equal to the other root of the 
equation, show that it may be found from a quadratic. 

Let the roots be «, na and p. "2 7 

> а=(п+-1) «-В=р; ~. В=р—(п+1) а. ...(1) 

Z ago mé--oB (л-Е1)=. (2) 

Putting the value of В from (1) in (2), we get the required 

quadratic as». &?--(n--1) « [p— (14-1) «]—q. 
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О (n+1)? 03— n62— p (n+1) «4-q—0 
or x (?- al 1) 02— p (n4- 1) «4 -q—0. ...(3) 


Having found « from above we can find В from (1). Since 
there will be two values of « and hence two of B, we should 
choose that set which satisfies the third relation 

| У apy =n28 =r. 
For (ii) and (iii) put n=2 and 1 respectively in (3). 
(b) Solve the equation 4x8+20x2—23x+6=0, two of its 


roots being equal. (Delhi Hons. 1957) 
Let the roots be «, a, В, | 
У a=244B=—5 с pe—5—2w 01 US I 
X аВ=о2--а8--а8= —23/4, bic 
or a? + 2o: (— 5—20) — —23/4 by 1. 
or 126?-:40«—23—0 ог (2«—1)(624-23)—0. 


«—1/2 and —23/6. 


Out of the above two values of « we shall choose that 
which satisfies the third relation ў 


ie. oy—o?8— —6/4 or-o? (—5—2a)=— 6/4. 
Clearly «—1/2 satisfies above, hence «=—23/6 will be 
rejected as it does not satisfy. Putting «—1 in (1) we get 
P=—6 .. Rootsare 4, 1, —6. 
(с) The cubic 2x3—9x?--12x--A—0 has two equal roots. 
Find А and solve the equation completely. 
Ans. 1,1,5 when A=—5, 
2, 2, when A=—4, 
(d) Solve the equation x*—9x*+-14x+24=0, two of its 
roots being in the ratio 3 : 2. . 
Let the roots be 3«, 2«, and f. 
v. ®а=5а-„6=9 = poor cL І 
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Z op —602--2«8--3«8— 14 

or 6o?-1-5« (9—59)—14 or 1902—450--14=0 
Or («—2)(19«—7)-0 ©. «=2, 7/19. 

Corresponding values of B by 1 are —1, 7-5. 

Out of the above two values of « we shall choose that 
which satisfies the third relation i.e. 

ay —3a. . 20. = 6028 — — 24, 

clearly the values «—2 and B=—1 satisfy the above relation. 
Hence the roots are 6, 4, —1. 

(dı) Solve the equation 


3x3—26x?--52x —24-—0 
the roots being in geometrical progression. (Delhi 63) 
Let the roots be ar, a, a/r being in G. P. 
Product of roots 43—24/[3—8 .. a=2. 
But a is a root of the given equation and hence (x—2) is 
a factor of it. Dividing by x—2 by synthetic division, we get 


E “5 52 —24 
68.240 __24 
—20 12 | 0 


we get the quadratic 3x?—20x--12—0 
(х— 6) (3х—2)=0 .. x=4, 6. 
Roots are 3, 2, 6 which are in G. P. 
(e) Find the condition that the cubic x?— pxidqx—r-—0 
may have (i) two roots equal, (ii) three roots equal. 
(Punjab 1956) 
If f (x)—0 has two roots equal to « say then it will have a 
factor (x—«)? and naturally then f'(x)—0 will have a factor 
x—a, Thus both f(x)=0 and /f'(x)—0 are satisfied 
by х=. 
7° (x)=0 is 3х2—2 px+g=0 
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03— po?-- gx—r=0, cad) 
and 302—2 ро.--0=0. -».(2) 


The required condition is obtained by eliminating « 
between (1) and (2). Multiply (1) by 3 and (2) by « and 
subtract. 


—po?-2qx—3r—0 


Or ро? —2q«4-3r-0. 
Also 302— 2pa+-g=0. 
Solving the above by cross-multiplication, we get 
ea a I 
LF spr Or—pa EE nu ...(3) 
(—24°--6рг) (—2p°+6q)=(9r— pq)? 
or 4 (q^ —3pr) (p?—3q)=(9r—pq)? 


is the required condition. 
9r—pq _ 6pr—2«* 


Note. Also equal root «—7— =: b $ 
d 2 6g—2p® qr—pq ^ б) 
In case all the roots be equal say «, а, о, then 
Za=3«=p; .. «=р|3. 
ЖеВ=3о%=а; 2. o*—q[3. 
apy-—o3—r. 
су - . q — D á о 
Now e*—(ay; 2. 4-(4) or 3q=p? (1) 
; q 
a a= s E а=” or ра=9г (2) 


Also o8.q=(07)?5 2. Р. + -(4} or 3pr=q*. ...(3) 
But if we multiply (1) and (2), we get 
34 .pq=p*. 9r or q*—3pr 


which is (3). Hence (3) is not independent. Thus any two 
of (1), (2) and (3) are the required conditions. 
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(f) If x®+3px°+3qx4+r=0 and x°-+2px+q=0 havea 
common factor, skow that 4 (pP*—4) (q?—pr)-—(pg—r)* 
(Agra 42) 
I (x)=3 (x*--2px4-q)—0. If (x—«) be a common factor 
then it satisfies both. Eliminate « as in part (a). 

Р Ө; (а) Find the condition that the roots of the equation 
X — px" + qx—r=0 may be in arithmetical progression and hence 
solve the equation хЗ— 12х°--39х— 28=0. (Pb. 40) 

Let the roots of the given equation be a—d, a, a--d, 
being in A. P. 


2a=a—d+atatd=p or За=р ог а= 5. 


But а isa root of the given equation and as such it will 


satisfy it. 
3 2 


or 2p*— 9pq+27r=0 is the required condition. 
Proceeding as above we find that a—4 isa root of the 
given equation which when divided by x—4 gives the quadratic 
equation (x*^—8x-4-7)—0 and hence the other roots are 1 and 7 
and clearly 1, 4, 7 are in А.Р. 
(b) The roots of 2x3—15x?--37x—30-—0 are іп A.P. 
Find tkem. (Raj. 55) 


Let the roots be a—d, a, a+-d 
2«—3a—15/2 .. a=5/2 which is a root. 
Dividing the given equation Бу 2x— 5 by synthetic division 
we get the quotient 


5/2| 2 —15 37 —30 

ee 5 —25 30 

=i Ue 10 

Quotient is 2x?—10x+12=0 or 2 (x—2)(x—3)20 
Hence the other roots are 2 and 3. : Ans. 3, 5/2, 2. 
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a 


(c) Solve the equation being given that one raot is half 
the sum of the other two. 


18x84+-81x*+121x+60=0 
Be 
2 
Hence о, B, У are in A. Р. and let them a—d, а, a+d. 
s X«—3a——81/]18——9|2 .. а=—3[2. 
Dividing the given equation by x+3/2 by synthetic division 
we get the quotient as 


If the roots be &, 8, Y then B= (given. 


—3[2| 18 81 121 6n 
E27 —81  —60 
EE 7! 40 o 


quotient is 18х°-Е54х--40 .or 2 (3x+5) (3x+4). 
giving the roots are —5/3, —4[3 .. Ams. —4J3, —3/2, —5]3. 
(d) Find the condition,that the roots of the equation 
x8-+ pxt+ qx8-trx?-+sx+1=0 in A. P. 
Let the roots be a—2d, a—d, a, a--d, a+2d. Clearly sum 


> р 
of the roots=5a=—p; es re 


But а isa root of the given equation which will satisfy it. 
Hence the required condition is 


— f PEN 4 — 3 ыз ° —р = 
or. 4р5—25а0р% + 125rp*— 625sp 3-31251—0. 
he Find the condition that the roots of the equation 


х%—р: 2 x—r==0 be in geometrical progression. 
‚ х%®—рх°4-@ (Agra 35, 40) 


м 
À Hence solve the equation 27x38 + 42x? — 28x—8=0. — 
Ў 
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a ; 
Let the roots of the given equation be ap, a, p? being 
in G. P. 


z Zagy—eBy —apa. 5 =r or а#=г. 


But a is a root of the given equation and as such 
a*—pa*-- qa—r-0 or —pa?+qa=0, [^ a@=r] or pa—q 
or р%а=@0% ог p'r=q? or p*r—q?=0 is the required 
condition. 

Proceeding as above we find that a=§ isa root of the 
given equation which when divided by 3x—2 gives the 
quadratic equation (9x?--20x--4)—0 and hence the other 
roots are —2 and — 2 and clearly — 2, $,—$ are in С.Р. 


(b) Ffu,8, ү are the roots of the cubic equation 
ax?-- 3bx?-1-3cx-- d—0, find the condition that they may be in 
geometrical progression. (Agra 48) 


Ans, 5°d—ac’=0. 


^ 


(c) Solve the equation 
2x3— x! —22x—24—0 
two of the roots being in the ratio of 3 : 4. (Sagar 63) 
Let the roots be 3a, 4« and p. 
X«—Ta«—8—4 - B-0-79 
X 08—12«?-2-4c--3«8— — (22)2— —11. 
Or 1222+70 ($—7«)— —11 by (1) 
74e2—']4—22—0 or (2«4-1) (37«—22)=0 
п. «——1 or 22 and corresponding values of p 
from 1 are 4 and —171/37 
oBy—12028——12. The set of values а= —1 and p=4 
satisfy and hence we reject the other set 
2. Rootsare Зо. 4а, B ie —3,—2,4. 
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5. (a) Find the condition that the roots of the equation 
x3—px*--qx—r-0 be in harmonical progression. 
(Agra 34, 37, 45; Pb. 36, 51; Delhi Hon's 52) 
Show that the mean root is 3r|q. 
Hence solve the equation 6x3— 1 1x3—3x-I-2—0. : (Pb. 54) 
Let the roots be «, 3, ү which are in H. P. and hence 


Ла Лее pnECSD- D 
a? B? ze А.Р.; йезе үү 
Ог By--oB=2ya. 


Adding үх to both sides, we get 
oB--By--y«-—3ye or q=3ya or ya=q]3. 


Again оВү=г от (1-) pzr— =Z mean root. 


But 8 is a root of the given equation and as such 


3r\3 3r V 3r 
ВЕР 
ог 2772—9раг--243=0 is Ше required condition. 
Proceeding as above, we get 3ya=SeR=—$—=—3. 
y«——4. Also oBy=—3 or (—1) B——3- 

-. В=2 іѕа root of the given equation which when 
divided by (x—2) by synthetic division gives the quadratic 
(6x*--x—1)--0 giving the roots as—$ and 4. Hence the roots 
are —3, 2, 4 which are clearly in Н.Р. for their reciprocals 
—2, 1, 3 are in A. P. 1 

Note If for every x we write 1/x in the given equation 
and simplify, then the roots of the resulting equation will be 
the reciprocal of the roots of the given equation. By doing so 
the above questions can be conveniently solved like Q. 3. 

- (See Ex. 1. $ 2, Chap. П) 

(b) Solve the equation 105x3—142x*--60x —8—0, its 
roots being in H. P. (Pb. 39) 


9 


Ans. 7, #, 3: 
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6. Find the condition that the roots of the equation 
X*--3px*--3gx-F-r—0 may be in (i) A. P., (1i) G. P. (iii) H. P. 
(Delhi Hon's 51, 54) 


ans. (i) 2p?—3pq--r—0, (ii) p*r—q?—0. 
(iti) 2q8—3pqr+r?=0. 

7. The distances of three points A, B, C on a straight line 
from a fixed origin O on the line are the roots of the equation 
ax*--3bx*--3ex--d—0. Find (a) the condition that one of the 
points A, B, C should bisect the distance between the other two; 


(b) the condition that the four points O, A, B, C should form 
a harmonic division. (Deihi Hon's 50) 


Let OA=a, OB—, OC=y so that о, 6, Y are the roots 
of the given equation. 


By the given condit'on B bisects AC. 


© АВ=ВС, Ora OB—OA=OC—OB 
20B=04+0C, or 28—a4-Y. 
i.e. о, В, Y are in A. P. etc. as in О. 3; the required condition 
is” ee 2b3—3abc--a*d—0. 
The four points О, А, B, C will form a harmonic division 
9 i 1 jos 0 
if Ой Ой (ов 
ERR ОЕ. 
1.€. OA’ OB’ ОС are in А.Р. 
ст OA, OB, OC ате іп Н.Р. 


i. е. a, P, Y the roots of given equation be in Н.Р. and 
which by proceeding as in О. 5 (a) is ad?— 3bcd-|-2c3— 0. 


-8. (a) Find the condition that the equation 
x4 px8-+ qx-r rx 4-520 ; 
should have two roots connected by the relation u+8=0 and 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


ПОРИЧЕ 


К Digitized by Arya Samaj Foundation Chennai and eGangotri 37 
Relation between the Roots and Coefficients 


determine in that case the two quadratics which shall have for 
roots (1) (о, B), and (2) (ү, 8) and hence solve completely the 


equation x*—2x3-- 4x24-6x — 21—0. (Agra 35) 
«--p—0 given. 
X«—«rp4Y45——p. 
ү+8=—р, `~ «+6=0- ...(1) 


SoB—=(a-+B) (y-+8)-+oB-+r8—=g or о8-ЕҮ8=@ ...(2) 
SoBy=a8 (y+8)+78 («--B)— —7. 
- aB (—p)=—r from (1). ©. egerlp. — ---G) 


харао ог ( Les [by (9) 

=P | а 

Tei (4) 

Substituting the values of «P and yò in (2) we get the 
required condition as RE =q or pgr—p's—r*—Q0. 


Again since «--B—0 and eB—r/p, „. © and В are the 
roots of the quadratic x*—Ox-+-r/p=0 or px+r=0. 


Also y+8=—p and =F; -. Y and $ are the roots 
{р 


roots of the equation x?—(—) xm =0 
ог rx?--prx-+ps=0. 
Now f (х)=х2—2х24-4х24-6х—21=0. 
Since 2--8--Ү--5=2 and «-+B=0 given, „. 143-922. 
Let oß=l and yS=m. 
ey of (х) =(2--0(х2—2х-+-т). 
Comparing the coefficients, we get 
l+m=4, —21=6; -. ї=—3; ^ mz. 
n (х)=(2—3)02—2х--7)=0. 
x—43,—43, 123:iV 6. 
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(b) Given that two of the roots of 
45x1—54x3—98x?-L- 150x—75=0 
are equal in absolute value but opposite in sign. Solve the 
equation completely. (M. Т. +926) 


Here «——8 i.e 0+8=0. .. y+ 0—24. 
f (x)= (x! —$4x8— 29x? ++ tx — 13) = 
=(x?-+/) (x*—24x-+ m) as in part (a). 
Comparing, we get /--m— —28 and —5$1—25 


[I=—3 2. m-e—i—23$-—35—98—3:—8. 
f G)=0 is Gà—38)G?— Hx-H)-0. 
Solving the above we get x— +2, ST Ans. 


9. (a) Find the condition that sum of the two roots of 
the equation x^--px?--qx?--rx--s—0 be equal to the sum of 


the other two roots. (Nagpur 57) 
Hence or otherwise, solve the equation 
x4—8x3-+ 21x?—20x+-5:=0, (Pb. 1916) 
&--B—r-.-8 (given) see) 
f Җ@=@-ЕЁ--Ү-+8=—р. 
К a-+p=y+d=—p/2, --.(2) 
Xop- (a+) (Y-4-8)4-a8-]- Y8—q 
ог (—p/2) (—р[2)--+®8--ү8=а 
ог : а +yð=q—p?/4= UP (3) 
4 
Xopy-op (y+8)-+y8 («-ЕВ)=—г 
or -4 [«8--y5]— —r [from (2)] 
or -5 [E |+- [from (3)] 
ог р%— 4pq+8r=0 is the required condition. 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


Relations BeliFeePYneyReommidiel Gatefficiastisai and eGangotri 39 


In the given question u--B—y--8— —p|2—4 and let op—l 
and y8-m and hence 
x1— 833-2132 —20x-- 5m (X — 4x ] (à—4x4 m). 
Comparing the coefficients of like powers of x, we get 
—4 (I+m)=—20; ~ I--m-5 and Іт= 5. 
land m are the roots of 2-——514-5=0. 
5: 05—20) 5645 
LIUC 


= 


: r ^ 5475 
Hence the two quadratics are х2—4х+ р =0 
апа xax (= 5 \=0 
which on solving give the required roots as 
3o. $45 
Qt ee Ans. 


Note. (62У 5) (1 5). 


(b) The sum of two roots of the equation 
xi— 8x8-+ 19x24- 41x -2—0 
is equal to the sum of the other two. Find ^ and solve the 


equation. (M. T. 48, Delhi Hon’s 1949, 57) 


«--p—Y--8 is given 

But 2«—8 Mo a4B=y+8=4 

Let of=/ and Уё=т 

x1— 8x3-- 1932-44 4-25 Q8 — Ax T) (x?=—4x-+m) 

Comparing the coefficient we get . 
[+m+16=19 (comparing x?) MO lẹpm=3 
—4 (I4-m)—44 or —3=a ~ l+m=3 

Also Im=2. Hence / and тате the roots of 


2—3t+2=0 ог (—2)(—1)20 .. 1-2 


f=- Ax- 2) (02—4х+1)=0 
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_44V(16—8) 444 (16—4) 
Noe 5 — 


—(22: 42), 22-43. 


(c) Find the condition that the roots of the same equation 
be connected by the relation 


(«--B) Y8—(Y4-8) o8 


«+B үд е, 
5 a ат 


n^ : Х : 
Put mci dn the given equation and proceed as in part 


(a) for the transformed equation as its roots will be reciprocal 
of the roots of the given equation. 

10. (a) Find the condition that the roots a, В, У, 8.07 
equation x4+-px8+qx?rx+s—0 should be connected by the 
relation (i) oB=Y8, (ii) ratio of two roots=ratio of the other 
two. (Agra 1944, Pb. 1934, 52) 

Hence or otherwise solve the equation 

x*+- 20x3— 210x3—540x-1-729—0. 
(i) «ß=ys given. 


But ofy8—s. .. of—Yy8—2ws, -..(1) 
Z a=a+B+y+§=—p, ...(2) 
2 oB=(«+8) (Y4-8)--«8-4-Y5—q. (3) 
2 apre (y+8)+y78 («-+p)=—r 


or Vs («+8+7-+5)=—r from (1) 
Or У (—р)=— from (2). 
d p*s—r? is the required condition. 
In the given equation, ofys=729.  .- «В=түт$=-Е27 
ог —27. Let us choose that o«8=y3——27. If «--p—1 
-and y+$=m, then 
(Х*-Е20х5—210х°— 540х--729)=(х2—1/х—27) (х2— тх—27). 
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Comparing the coefficients of like powers of x, we get 
—(I4-m)—20 or I+m=—20 
and lIm—27—27=—210 or Im=—156. 

Also comparing x, we find 27 (+m)=—540 ог I--m 
=—20 which we have already found. Here if we take 
«$—Y8—27, then the last relation will not give 1+m=—20 as 
already established. 

l and т are the roots of £24-201— 156-0. 
(t-+26) ((—6)=0; .. t=—26 and 6. 

Hence the two” quadratics giving the four roots are 
x? +26x—27=0 and x*—6x—27-0. 

Ч x=], —3..9, 027. | Ans. 

(ii) Lete/5—Y[B; .. o8—y§ and hence etc. as in (1). 

(b) Solve the equation 

A+ 15x?--70x24-120x4-64—0 
whose roots are in geometrical progression. 
e (Nagpur 61, Punjab 53, Agra 42) 

Let the roots be a, ar, ar*, аг? and let us call them 
a, Y, 8, В (Note) respectively. We find that 

«В=а (ar?), and y§=ar.ar? or oB—*3. 

But  e8y8—64. .. о8—ү$=8 or —8. 

Let «+8=/ and y--5—m. 

J Q)-G?—1x4-8) (х2—тх--8). 

Comparing the coefficients, we get 

l+m=—15, Im+16=70; .. Im=54 
and —8 (/+m)=120, i.e. ]4+-m=—15 
which is same as above. 

Note. Incase we choose of—78—-—8 then we shall get 
8 -++-m)=120, i.e. l+m=15 whereas we have already 
established that |-I-m— —15 by comparing х3, 
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Having found /--m--—15 and Іт=54 we can say that 
l and m are the roots of 2-+151+-54=0 giving /= —9, — 6. 
Р) =(х2-+9х-+8) G?--6x-r8) 
=(x+8) (x+1) (+4) (х+2)=0. 
Roots of f(x)20 are —1, —2, —4, —8 which are 
in G. P. 
(c) The ratio of two roots of the equation 
x1— 12x3--47x2— 72x 4- 36 —0 
is equal to the ratio of the other two. Solve the equation. 
(Delhi Hons. 59) 


Proceed as above. Here «/§=v/B, i.e. 08 =үд. 
Апѕ. 1, 2, 3, 6. 
(d) Solve the equation х2-4-х2—16х2—4х--48=0 having 
given that product of two of the roots is 6. 
If eB—6, then since «py8—48, ~. ys=8 and now 
proceed as in part (a) by taking «--0=/ and y+d=m so that 
x4+-x8— 16x2—4x +48 =(?—Ix +6) (x?—mx-- 8) 
and comparing the coefficients 1—5, m=—6. 
Ans. 3,2, —2, —4. 


(e) Find the condition that the biquadratic of part ( a) 
may have its roots connected by the relation ap4-1—0. 

Here oQ——1,eBy8—5; „. Ү=—5. 

Let «+f=l and Y4-6—m. 

ypx +g 4-rx- s (8 —1x—1) (#—тх—5). 

Comparing the coefficients, we get 

(1) 1+т=—р. 

(2) Im—1—s=q. -. Im=g+s-+1 

(3) m-sler. 
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From (1) and (3), we get (s—1) l=r +p. 
I=, 


ео aye SERA 
m т=—р—1= = [from (1)] 


1 


Putting the values of / and m іп (2) and simplifying, we 
get the required conditions as 

s+ 5° (g—1)-+s (p?-+-pr—2g—1)+(1+9+pr+r)=0, 

(f) The roots of equation x*—6x°+-18x*--30x+25=0 
are of the form «+i8 andB+-ia where х and В are real. Find 
all the roots. (Nagpur 61, Punjab 58) 

If a-- iB is а root then «— ip is also a root. 

Similarly if 6--іх is a root then 8—i« is also a root. 

Sum of the roots=(«+-8)+(8+e)=6, |... «4-8—3. 

Product of а= (024-0?) (62--02)=25, „. of+f?=5 

2ef—(«4-B)*—(«?--p3)—9—5—4 or «ß=2 and we 
have seen that «+6=3. 
« and f are the roots of ¢ quadratic 
1?—31--2—0 giving 1—2, 1. 
«--2 and p—1. 
Hence the roots are 2--i and 1+2i. 
11. Find the condition that the equation 
x4-+ px8+ qx?-+rx+s=0. 
may haye its roots in arithmetical progression and hence solre 


the equation x4+ 2x8—2]1x*—22x-+40=0. 
Let the roots be a—3d, a—d, аа, a+3d. Let us call 
them as «, y, 5, B respectively. (Note.) 
S0 Җ@=4а=—р, 7 а=—% (1) 


BB (A) (YTB) OB в 2а осте ыш 


or ба2— 104% д or 6. P. —104%= q. by (1) 
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d Y KO 

X аВү=ор (y--8)--Y9 («4-B)— (а%?—94) 2a+ (0—4) 2a——r 
or Да (à —54?)— — г. --.(3) 
«Вүё=(а2— а?) (a? —94d?)—5 ..(4) 


The required conditions are obtained by putting the values 
of a and d? in (3) and (4) and they.are 
p3—Apq-- 8r—0 and (369—110?) (4g-- p?) —1600s 


Here ху @=4а=—2. .. a——i 
and SoB=6a2—10d?=—21, .. 6.4421—10d* 
Or 4—9, wis d= +4, 


and hence the roots are —5, —2, 1, 4. 

11. (b) Find the conditions that the roots of the equation 
x84 px?--qx*--rx--s-0 be in harmonical progression. 

Hence solve the equation 

40x5-2-22x3—21x*— 2x-- 1=0 

given that its roots are in H. P. i (Punjab S. 1953) 

Refer note Ex. 5 (a). lfwe write 1/x for every х in the 
given equation then the roots of the resulting equation will be 
reciprocal of the roots of the given equation. The transformed 
equation is 


Ic TL DL ыр Е 
EN i i + = +s=0 
or sxt--rx3-tqx?+px+1=0. ...(1) 


Since the roots of given equation arein Н.Р., therefore 
roots of (1) are in A. P. Let them be a—3d, a— d, a-+d, a+3d. 


Let us call them «, Y, $, В (Note) 
3a=4a=— L; +, a=— 1 0) 
S AY 


x «B= («+ p) (1-8) --98--8=4/5 
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or 2a . 2a+(a?—9d?)+ (a?—d*) =q]s- 
or 


6a°— 10d?= 4, putting for a from (2) 


or pur — 84s (3) 


X ey —o (y--8)--Y8 (+B) 
7-(a*—9d*) 2a-- (02—03) 2a-: — p|s. 
or 4a (a*—5d*?)-— —pls . (4) 
«By8— (42—94) (а— 18) 1/5. ...(5) 
The required conditions are obtained on putting for a and 
d from (2) and (3) is (4) and (5) and they are found to be 


Р 23 nr 
Aene sn as] 
( i) 16s* 165° pis 


r3=4qrs— 8ps? 


and (ao 09009 ath. 3r Bg Rule 
16s? 80s? 16s? 80s? / s 


or (4gs-+r?) (3695— 11г°)== 160059. 
Writing = for x in the numerical equation, we get 
хї—2х3%—21х%4-22х-Е40=0, 


Its roots аге in А. Р. and proceeding as above, 
Sea=4a=2; 7. a=}. 
Xe3-6a?—10d*— —21, 2. 6.14-21-104? 


or 1-29 258 = т. 

ʻe roots are а— 31, a—d, а+4, a-+-3d. 
от —4, — 1, 2, 5, which are in A. P. : 

<. foots of the given equation are —1, —1, 4,4 which _ 
are in Н.Р, | ose 
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12. (a) Find the conditions that the biquadratic 
x84 px8+- gx?-+rx+s=0 
may have two pairs of equal roots and hence solve the equation 
x1—14x34-7333— 168х--144=0. 
Let the two pairs be о, P and о, P. 
X«—2 (z4-B)— —p, 2. ®}+Ё=—Р/2. 
Also product of the гооїѕ=020°==5, .". ap =N s. 


Therefore « and 8 are the roots of x?+ AE V s. 


xpi eee (o Bx + vs) 
= хрх? ( 2 +s) +pxVs+s 


Comparing the coefficients, we get 
2 : 
а= +2Уз or (4g p)? —(8V sj — 64s 


and г=р/з or г?==р°5 
are the required conditions. 
Here So=2(«+fP)=14 ~. a+p=7 
ogy8— 392—144 
op— 2-12 
quadratic having о, В as roots 
is х2—7х+12=0 
у(х) =(х2—7х 12)? 
Comparing coefficient of x on both sides we get 
—168=2 (—7) (+12). 
Clearly we should choose +12 only instead of +12 
n of @D=G2—Tx+ 125263) (х—4)*. 


Hence its roots are 3, 4, 3; 4, 


о. ч артуын 
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Ex. 12. (b) Uf 24+ 6Hz?+-4Gz+-(aei—3H?)=0 has two 


pairs of equal roots, prove that G—0 and ag1— I2H?. 
(Pb. 60, 62) 


Let the roots be c, а, B, B. 
X «—2 («+ß)=6H_.. «+В=3Н 
Let oB=A .*, z quadratic having roots «, 8 
15 z*+0z+A=0 
SJ (z) =24+6Hz?4+ 4Gz+-a2I—3H?=(z?+A)* 
Comparing 2A=6H, 4G=0, 2=a,"J—3H". 
A=3H and 9H*—ay1—3H? ;. ayjI—12H* 
Hence the required conditions are that 
G=0, and а?1=12Н° 
(c) Show that the roots of the biquadratic 
ax'+4bx3+ 4dx+e=0 
have only two distinct values 
Е аа? Sbd 
if "e bd-ae ^" 
(Delhi Hon's 49, 58, M. T. 1909) 


Since the roots are of two. distinct kinds, it means that the 
biquadratic has two pairs of equal roots œ, о, B, B. 


4b 2b 
by == 0—0 0) =——— 
= % 2 («-+8) Pa a a 
and o2p2— ©. MEE = В 
а а 
4b „,44_ е 2b ey 
xi =й Айзи үш a T (> Xe |) 


Comparing the coefficients, we get 


4р2 е 

aa] eco | s .(1) 
and NE £ ae af =. yit з 

а а а ` b ` 
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By (1), 2 ® +40 or 28. b+ atd=0. 
> a b 


2 2 
we p= ор. З сур 
е е 
от 2bd-+-ae=0 or 3bd=bd—ae. 
E 3bd ad? 
r Ет S and Fe 1: Proved. 


(d) Find the conditions that the equation 
x1--px*J-qx*4- rx -5—0 
may have all its roots equal. 
Here Ў (х) =0х— 9)“. 
Compare and eliminate « 
3p?=8q, p?=16r, p'=256s are the conditions. 


(e) If the equation x!-LaxM-bxi--cx--d-0 has three 


б 6c—8b 
equal roots, show that each of them issequal to dab 
(Sagar 62) 


If х be a triple root of f (x)=0 then « is a double root of- 
f" (x)=0 and a single root of f" (x)=0. 


o3 -1-qa3 -- bo? -- c«.-- d — 0 ..(1) 
Aa3-+-3a02-+ 2ba-+c=0 ‚..(2) 
1202+ 6ae+2b=0 
or 602+ 3ax4+b=0 = ХӨ) 
Multiply (3) by 2a and (2) by 3 and subtract 
г. 3a02+4be+3c=—0 ...(4) 


Solving (3) and (4) by the method of cross multiplication 
Ыы = «угы {сыз 
Oac—4b? 3ab-i8c 24b—9a* 
The condition is obtained by eliminating х 
and i$ Qab— 18c) e (245— 9a?) (926-740?) 
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or 3 (ab—6c)?=(8b—3a*) (9ac—4b?) 
Also from the last two ratios the value of « is 
3ab—18c —6c—ab 
24b—9g? За°—8Ь 
Note :—See also Q. 11 of multiple roots. 


13. Find the condition that the roots of the equation 
X1 px? -qx?-- rx-+5=0 be connected by the relation a84-Y8—0. 
98 +yð=0 (given). ... (1) 
Let cp—k; then yS=—k, 
Jf «-8—I and y+3=m, then 
Qc Ep qx? e rx s)=(x*—Ix-+k) (x2—mx—k). 
Comparing the co-efficients, we get 
> 1+т=—р, Im-q, k (1—т)=; 7. I—m-r[k and —k?=s. 
In order to find the condition we have to eliminate J, т 
and К between the above four relations. 
o U—m)?=(1-++-m)?—4Im. 
“2 
р —p*—4q or r=—s (p*—4q) | 
Or p’s--r?=4qs is the required condition. 
14. (a) If x-ay--atz—di, x+by+bz=b, x+-cyt+ez=c3, 
Jind the values of x, y and z.. 
From the given equations we can easily observe that a, b, c 
satisfy the cubic, P=22+ty+x or t—fz—-1y—x=0 has 
a, b, c as'its roofs. 
| 2. Da=atb4+c=z,. 
X ab=ab+be+ca=—y, 
У abc=abc=x. 
Hence the values of x, у and 2. 
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(b) If x+a,y+a,?z+at=a,! (r=I, 2, 3, 4), find x, y, z 
and t. (Delhi Hons. 50), 
As.is.part (а), a1, аз, a3,.a@4 are the roots.of” 
МА; --А22--Ау--х=0 
өг: M—AMt—Mz—Ay—x-—0: 
Ў ad1—1, Ў.а10а=—2; Ў a10»d3—J,; MAA = — X: 
15. (a) Jf %1,.02..., %, are the roots:of the equation 
x^ — px" -H pox" 2— рух" 2+... ( — 1)" p,—0; 
find the value of 
(14-21) (T--22)...(1-- an) 
(T+ оа) (1+2)... (1+ 64) — l+ 51--52 3-55 - F Sh. 
where 5,—sum of the roots taken r at a time 
—(—1)IC- Dp] CY. p.p. [P. 24]| 
Hence the required value is 1--р:-рг--...+р,.. 


15. (b) Ifc, о... are the,roots of the equation: 
x?-J-nax—b-—0, 
show that (01—02) («,—2035)...(«1—«,) —n («477 *--a). 
(Dellii Hons. 48;. M. Т..34)) 
f (к)=(х— 44) (x— 02).. .(x— 94). 
log f (x)=log (x—«1)--log (x—«)...--log (x— tp) 
Differentiating, we get р 
uf ufo) ғо) 
7 CO) ary E 
or zx"-*4-na-[(x—^z) (x— es)...(x— 947]; 
-F[other (n—1) factors of the: above type each 
of which will contain х-— «.as.a.füctor]; 
Putting x=«, in both sides, we get: 
n (03?-1-4-a) = (04 — aa) (0— 5)... (01 — 0p). 
^. Alljother factors vanish because of (x— ол) in them. 
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16. Show that all the roots of the equation 
х°--рүх"^Ї-Ерәх"^®-Ь-...-Ери-1Х-Ера=0 
can be obtaired when they are in arithmetical progression. 


(Punjab: 53, Rajputana 55, Agra 58, 59) 


The roots of the given equation being in A.P. may bé 
taken to be a, a--d, a-4-2d...a--(n-- T) d. We have to find the 
values of a and d. 

X a=nat+{1+2+344+..n—1)} d= —рї 
or na C d—-—p. C) 


Again ocf-EQ*-4- Y! — («-B-Fy)*—2 («В--ВҮ+ Te) 
i.e. X oF =(La)?—2 (208) — p?— 2ps- 
The above relation holds good for amy number of roots: 
ot att (a-+-d)?4+ (a--2d)4-...(a--(n— 1) d —pi — 2ps 
er  nat4-2ad (4--29-3--,..(n—1)--d* {P+ EF... 
+(n—1)} = p?—2p: 
pem 2n4-l 
Now Èn = and X yin ED OE D 2 
Putting n=n—1 in the above formulae, we get 
AR о 1— 1) 2n— 1 3 Ў Я 
па? 4-2ай nn) „ап @=1 0 =p’—2ps. «..(2) 


Now if we square (1) and subtract it from л times (2), 
d will be eliminated and we сап find d*. Having found d 
we can find a from (1). When «сапа d are known, all the roots 
are known: 


17. If f(x)=0 isa cubic equation whose roots are 
a, B, У and « is the harmonic mean of the roots of /'(х)=0 
skow that o? =Y.: (Vikram 63) 
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Let a, р, y be the roots of x3— px*-qx—r-0 


`” Ж@=р, У орд, оу. 
/'(х)=3л#—2рх-Еа=0 


If its roots be a, b then a+b=2p/3 and ab—q[3 


Now « being the H.M. of a, b а, €, b are in H. P. 


1 1 : 
Ог ЕП Тт? p are in A.P. or 2-11 
2ab 
or a= of 9 \.2р_ дӯ _ Хор 
a+b 2). 9^ p ie 
' а («-ЕВ-Еү)==°8-ЕВү-Еү« a? — py. 
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. CHAPTER III 
TRANSFORMATION OF EQUATIONS 


$1. In order to solve a given equation f (x) =0 we want 
to transform it into another whose roots bear a certain assigned 
relation with those of the given equation and whose solution 
шау be more convenient than that of the given equation. 
Having solved the transformed equation we can find the roots 
of the:giveii equation from the given relation between the roots 
of the two'equatioris. 


$2. To transform an equation into another whose roots 
are the reciprocals of the roots of the. given equation. 

Let f (х)=а0х"- ayx"- аз. тА +4y-1X+4,=0 be 
the given equation. If x bea “root. Of the given equation and 


у that of the transformed equation, then je or x=. 
` Hence the transformed “equation is obtained by putting 
ы inf e 0 and is therefore f 49 -)= 0, 


i. е. dos +a. se г +a. T +...аһ-1 — = ba, 


Or: à а 1+... ау hay Hae 


Rule. If the given'equation be complete (if not, it may 
be;made to take that, form) then. the above transformation is 
effected if we take the last co-efficient to be the Ist, last but 
one to be the 2nd and SO On. 

§ 21. Reciprocal equations. 

All those equations which remain unchanged when x is 
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replaced by 1/x are called reciprocal equations. These are of 
two types :—(i) those in which the coefficients of terms, equi- 
distant from the beginning and the end, are equal and of the 
same sign, and (ii) those in which these coefficients are equal 
but of opposite signs, е. Z., 

x*--623--8x?-L6x-4-1—0 is of the first type, 
and X3—4x1--7x3—'7x?--Ax — 1—0 is of the 2nd type. 


Thus we conclude that if« isa root of the reciprocal 
equation then 1/« must also be its root. Hence the roots of 


a reciproca] equation occur in pairs of «, ija, B, 1/8, ү, 1 
and so on. 


In case the equation be of odd degree then it will be seen 
that one of its roots must be either +1 or —1. In case the 
equation be of even degree and of 2nd type then it will be seen 
that x*—] will always be its factor, e. g., 


6x®-+ 5x5— 44x14 44х2— 5x — 6—0 


Or 6 (x8— 1)--5x (x*—1)—4433 (х2—1)—0 
Or (x?—1) [6 (x*2-x?4-1)2- 5x (x?+-1)—4422]=0 
Or (2—1) (6x4-+ 5x3 — 38x?-1- 5x -- 6] —0. 


Above shows that (x*—1) is a factor of the given equation. 
The equation 6x*--5x3—38x2--5x--6—0 is of even degree 
and ofthe first type, ie. the coefficients of terms equidistant 
from the beginning and the end are equal, and is called in the 


standard form to which allthe reciprocal equations can be 
reduced, 


Ex. 1 (a) Define a reciprocal equation. Solve the equation 
x1— I0x*-1- 26x? — 10x - 1—0. (Sagar 63) 


Above is a reciprocal equation. Dividing throughout by 
x? it can be written as 


(а )-10(++2 )+26=0 
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ыруын аду NELS 
Put x+—=y, 4+ —y=2 
(y2—2)—10y+26=0 ог j?—10y4-24—0 


ог (у—6)(у—4)=0 .. y=6,4 
1 

or seca Tiree) So x®=—6x+1=0 
d 32 32-242 


s+l=4 s x4Aepl-o 
x 069.213. 


(b) Solve 6х%—25х54-31х1—=3 Ix3--25x—6-—U. 
(Madras B. Sc.) 


It is a réciprocal equation of 2nd class ie. coefficients of 
terms equidistant from beginning and end are equal but of 
opposite signs. It being of even degree will have a factor х2—1 
‘as 6 (x8 —1)—25x (x!— 1)+31x2 (2—1)—0 
or (х2=—1) {6 (x*--x?-- 1)—25x (х®-4-1)+4+31х%}=0 

The first factor gives х=-&1 and the second factor can 
be written as 

6x1—2533--31x*—25x-1-6—0 


Dividing throughout by x* we get 
6 (ex) ) 437=0 
xy x 


| 1 
Put xto=y a xp) —2 
a 6(Q—2—25y*31-0 or 6/—25y425—0 
Or (3y—5) (2y—5)=0 .^ у=5 0г $ 


1 is 
when — yext =й 3x*—5x+3=0 
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when yox lg + 2xt— 5x4. 2-0 


or (2x—1) (x—2)—0 У 


Hence the roots аге +1, 2, 4, SH 


Ex.2. Find the condition that the roots of the equation 

x —Ppx*+9x—r=0 be in harmonical progression. 
(Delhi Hon's. 52, Agra 34, 37, 45, Pb. 36, 51) 
Hence solve the equation 6x*—11x*—3x--2—0. (Pb. 54) 


“Since the roots of x?—px?+qx—r=0 are in H. P., 
hence the roots of the equation —rx*--gx?—px.-1—0 ог of 


rx5—gx*-- px —1—0 are in A. P. and let us take them to be 
a— d, a and a+d. 


Уа—3а—-2; 5% a=}; but a is the root of the 


transformed equation. ' 


r (4. Ике 4. же 2. —1=0, and hence the 
3r А 3r “А 3r z JA | 
required condition is 27r*—9par--293—0. 
The transformed equation of 63—113?—3x--2—0 js 


2x*—3x*—11x--6—0 and its roots being in А.Р. may be 
taken as a—d, а, a+d, 


9 Za=3a=3/2 or a=]/2, 
and cBy=q (a*—d*)=—6/2 ог 1/2. (1/4—42)— —3 
ог 42254 ~» = 2 and hence the roots of transformed 


equation are —2, 1/2, 3, Therefore the roots of the given 
equation are — 1/2, 2, 1 [3. 


Note— See for alternative method О. 5, P. 35. 
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В Ех, 2. | Find the conditions that the roots of the equation 
X -Ерх%--х?-Егх-Ез=0 be in karmonical progression. 
Take the transformed equation and find the conditions 
that its roots may be in A. P., just as in Q. 11 (b) P. 44. 
Required conditions are r3--4grs— 8ps? 
. and (49s+-r?) (3695—1172)— 160052, 
$3. To tranform an equation into another whose roots 
are the roots of the given.equation with sign changed. 


If y be the root of the transformed equation, then у=—х. 
ог ==. Hence the transformed equation is obtained by 
putting x=—y in f (x)=0 and is therefore f (—y)=0 which 
takes the form 

aoy"—a,y""14 ga yn-3— ...... +(—1)"a,=0. 

Rule :—/f the given equation be complete (if not it may 
be made to take that form), then the above transformation is 
effected by changing the sign of 2nd, 4th, 6th i.e. all even terms 
i.e. by changing the sign of every alternate term beginning from 


the 2nd. 

Ex. 1. Form equations whose roots are the roots of thé 
following equations with iheir sign changed : 

(i) x®—5x?—7x1+3=0, 

(ii) х5—х4-х—3—0. 

(iii) —4x3--2:32—3x—5-0. 

Ans. (i) x°+5x®—7x—3=0, 

Gi) The given equation being not complete ma’ 

be written as 


– е 10. 


х5-Е0х4--0х4—х°-„х—3=0 г 


and the transformed equation therefore is ' T 
x5—0x'--0x3-Ex3-Ex--F3-0 С ^ 
Or xS8--33-Ex--32-0. ee 


(ш) —4x8—2x?—3x+5=0 or 4x3+2x2+3x—5=0, 
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Ex. 2. Solve the equation x5—3x1—5x3-- 15x*--4x—12—0 
which has got some pairs of roots equal in magnitude but 
Opposite in sign. 


The number of pairs that the equation of 5th degree can 
have is two. Since the pairs are equal in magnitude but of 
‘Opposite sign and as such if о, B.are two of its roots then —@, 
—Ё must also be roots of this equation which means о, 6 will 
also be the roots of 

x5-- 3x*— 5x3— 15x? -- 4x 4-12 —0 
ie. the equation in which the sign of every alternate term is 
changed. Thus « and В are the common roots of the given 
‘equation and the above equation and are obtained by finding 
the Н. C. F. of the two which is 
xí—5x3--4—0 or (x?—1) @?—4)=0 

and dividing the given equation by x!—5x?--4 the remaining 
factor is found to be x—3. Hence the roots of the given 
equation are +1, 2:2, and 3. 


$4. To transform a given equation into another whose 
roots are the roofs of the given equation multiplied by a given 
number m. 

If y be a root of the transformed equation, then yemx 


Or xc. Hence the transformed equation is obtained by 


putting xc. in f (x)=0 and is therefore f (2-)-o 


ie. Gg D ba) Pei ATA »+a,=0 
ог à, y^ --aymy^-i-4-aam2y"-? 4-...--m^a, —0. 


Rule :—/f the given equation be complete (if not, it may 
be made complete), then the above transformation is effected by 
multiplying the successive terms beginning from the 2nd by m, 
m, m... m” respectively. 
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Note. (i) The above transformation is very useful when 
we are dealing with equations with fractional coefficients. Wwe 
can get rid of fractional coefficients by multiplying the roots of 
the given equation by the L. C. M. of the denominators of the 
fractional coefficients. Similarly if the coefficient of leading 
term be not unity but k and we want to make it unity, then it 
can be done so by multiplying the roots of the given equation 
by k. 

Note. (ii) Ifwe have to divide the roots of the given 
equation by m, we say that we have to multiply its roots 
iby des 

m 

Ex. 1. (a) Transform the following equations into опе 
in which the leading coefficient be 1. 

(i) 2x4—5x?+3x—4=0. 

(ii) 5x3--3x3--2x—4-—0. 

(i) The given equation being not complete may be made 
complete by writing it in the form 2x4+-0x8—5x2+3x—4=0. 
In order to make the leading coefficient 1, multiply the roots of 
this equation by 2, and the transformed equation is 

2x442 (Ox8)—2? (5x) 4-2? (3x)—2* (4)=0 
or x4—10x?+ 12x—32=0, 

(ii) 23--3x*--10x— 100—0. 


(b) Transform the equation 5x8—8x2—3x+1=0 into 
another equation with integral coefficients and unity for the 
coefficient of first term. (Vikram 62) 

Let us multiply the roots by (5) in order to make the 
leading coefficient unity and the transformed equation is 

5x3—2 , 52—23. (5)2х4-(5)=0 
or x8—$x8—42x+25=0 ase) 


In order to remove the fractional coefficients let us multi- - 


ply the roots of (1) by (2). 
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X92 .2x3—15 (2)2x4-25 (2)?=0 
or x3—3x*—15x--200—0 


Ex.2. Remove the fractional coefficients from the 
equation :— 
QUE 
108 
The L. C. M. of the denominators of the fractional 
coefficients being 108, it will be very diffcult to multiply the 
roots by 108 which would be very tedious and our purpose 
can be served by multiplying the roots by a smaller number 
say m. Split the denominators into smallest factors and 
multiply the roots by m. The transformed equation is 
5 des] 
x'—m 5з — т? pc 5238 = 
It is easily clear from the above that the fractional coeffi- 
cients can: be removed if we choose m=2x3 and hence the 
transformed equation is 
x®—15x*—14x4+2=—0, 


The. following method may be used in finding the 
value of m. The exponents of 2 in order are (1,1,2). Dividé 
them by 1, 2, 3 respectively and we get the quotients as 1, }, $. 
The least integer not less than any of these quotients is 1 and 
hence 22 will be factor of m. es 


Similarly the exponents of 3 in order are (0, 2,3). 
Divide them by 1, 2, 3 respectively and we get the quotients as 
0, 1,1. The least integer not Jess than апу. of these quotients: 
is 1 and hence 3! will be a factor of m. Thus..m should be 
2! X31 i, e, 6. iil 

(UH) Transform the equation 72x3—54x3--45x—7—0 into 
another equation with integral coefficients and unity: fonuthes 
coefficients of the first term. (Vikram 63) 


> 5 
(i) we et 0. 
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The given equation is 8—3x2+8x—7=0 
3 5 7 
2.» Pta xx gO 
The indices of 2 are 2, 3, 3 and when divided by 1, 2, 3 
we get the quotients as 2, 2, 1. The least integer not less than 
any of these quotients is 2. Hence 2? is a factor of multiplier. 


Similarly indices of 3 are 0, 0, 2. Divide by 1,2, 3 and 
we get quotients as 0, 0, 2/3 and the least integer not less than- 
any of these quotients is 1. Hence 3115 afactor of multiplier. 
Therefore the multiplier m=2?x3=12. 


or ee 


Hence the transformed equation is 
x8—} x 12x°+-§ (12)?x—& (125 —0 


от pde 
1 
[ix а. Nee 

(ii] x 45 —$ 12 =0, 


Proceeding as above we have to multiply the roots by 
21х31 or by 6. 
Note. Іп this case we shall have to divide the successive 
exponents of 2 and 3 by 1,2, 3 and 4 respectively. 


Ans. x1—3x1--4x?— 27x-+108=0. .— 


(Deu meme. o 


6 60 200 2250 
If we multiply. the roots by т then the transformed . 
quation is ; TS n 


Е ES 
х-тер з sn рк 3 ант 3 a oat n EN 


Proceedings as above or otherwise, it dis. ;quite De ‘that 
т should be chosen equal to 2x3x5 i.e.30 in order to 
remove the fractional coefficients and the’ ‘transformed equation 
їв и.ч xt 15:4 1353600. 


"PESE kac S4 , 2 Е 


` 
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: 3 I3 77 
T у? та ^ = 
O) x тӯ + 59+ 1000 (РЬ. 45) 
Multiplying by 10, x“+ 30x?-1- 520x -- 770 — 0: 


5 5 13 
ee ee, = 
(vi) x gt I2 — 900 0. 
Make the equation complete and -multiply the roots: 
by m. 


3 2 
AU ER c CELER 
x S.I ө Эт EF, 
ааа ES 
+0.m*.x—m" agas oe 

It is clear that т:==22.31 5! and this value of m removes all: 
the fractional coefficients. 

Ans. x1—25x3--375x? —11709 — 0. 

(vii) The roots of the equation 81x3— 18x1— 36x 4-8 —0' 
are in H. P. Transform it into another with integral coefficients: 
and unity for the coefficient of the first term, so that the roots of 
the transformed equation bein A.P Hence solve the: equation. 

First find the equation whose roots are the reciprocals of 
the roots of the given equation and multiply the roots by 2 etc. 

Ans. x3—9x2?—9x4-81-—0. 

Its roots are in. A.. P.. whose. values.as. im О. 2 (a) P. ЗІ 
аге 9,3; —3.. 

roots of given equation. are 2. $,—3- 

$ 5. To transform a given equation into another whose: 
roots are the roots of the given equation diminished (or in- 
creased) by a constant h.. 

Let f (y= aox" tax ag 2ана 87 0 (1 


If y be a root of the. transformed equation, then: yex-h 
gr х=у-Е ЕЁ. Hence the. transformed equation is: obtained! 
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by putting x—y--h in f(x)—0 and is therefore f (y4-/)—0 
ог ао (y-4-h)"4-ax (y--h)"-*--a». (y4- h^? 4... 724,70. 

The simplification of the above equation will be difficult 
and let us suppose that this equation when. simplified and 
arranged in descending powers of y takes the form 

Aoy? - 41y?71 4- Agy"7? 4- ...-1- 45-1 3-45 —0: ...(2) 

The problem is to find Ap, Аз, 4s.....4,, Now y=x—h. 

Ao (x—h)"-+ Ax (x —h)"7t-4- Ao. (x — 1)? +... 
A,-1 (x—h)+4n=0 
er [Ao (x—h) -1+4 (x—h)-?-- А». (xh)? 3+... +An-1] 
x(x—h)-4,—0. ...(3) 


The L. H. S..of above is identical. with L. Н. S. of (1) 
and hence if f (x) be divided by (х—/), then the. remainder is 
the value. of A, and the quotient is: 

Ao (x—h)" -1-A (x—hy?4-.. +ЕАхл-т 
and the quotient when. again divided by (x—4A), leaves. the. 
remainder 4,.,. If we continue the above process, then we 
shall find 4,, 4,4.4...42, 41 and the. last quotient Ao: is clearly: 
equal to ао. 


Rule :—Jn order to find the successive coefficients: of the 
transformed equation we have to divide the given complete equa- 
tion by (x—h), the quotient again: by x—h, and so. on. The 
successive remainders that are left in the: above: procedure’ of 
division are the required coefficients, the first coefficient being 
the same as that: of the:given equation: 


Note. In ease we аге to increase the roots. by A i.e. 
diminish. by: — /, then the division is to be. done by: (x+h). 
We shall.use synthetic division as. explained on. P.7.. 


Ex. Diminish by:2 the roots: of the:equation: 
xe 3x4 2x34 15x? + 20x:— 15==0й. -(Pb..37) 
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Let the transformed equation be 
Ax + Arx4+ 42х34- A3x?-+ А,х-Е. А„=0 where Ao=m=1. 


In order to find these 4’s we have to divide the given 
equation by x—2 by the process of synthetic division and the 
remainder will be As. The quotient when again divided by 
(x—2) will leave the remainder which will be the value of A, 
and soon. The process is exhibited below :— 


221 —3 —2 15 20 —15 
EE 2-8 4. 6 
Q1 —1 —4 7 34 · [35= А5 
О Е NE 
0.2 1-2 ,3 [И0=4: 
РОК ЕА 
О.з 3 .4 [=A . 
MOSES 
Q.4 5 14=А 
2 : 
7--41 


wit J ; if 


Hence the а equation iS 
V HTx 148+ 11x24 40x4+-53=0. 
O, stands for rth quotient in the process of division. 
Ex, 2. Find the equation whose roots are the roots of the 
equation 4x5 —2x°+- 7x—3=0 each increased by 2, (РЬ. 1940) 


The equation being not complete may therefore be written 
in the form Охе ао Dd 0. 


Also i increasing, the roots by. 2: means diminishing, them’, 


by —21.e. ‘we, have “to, divide the .equation by x—(-+2) inv 
order to find the SUCCOSSIVO coefficients of the transformed , equa- 


tion whose first voefficierit Will b& Ше е % that ot the given 


equitioif?. e. Ao sz 14. мс. SEN = 
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—-24 0 =2 0 7 —3 
ay iE 16 —28 56) cS ol 
Q.1 —8 14 —28 63 18:58 
8 50. к= OT NNI 
Q.2 —16 46  —120 |303=As 
ES m 
Q.3 —24 94  |—308—4: 
2228 ECT e 
Q.4 —32 . [158-4 
Sent nme] 
—40= 4; 


Hence the transformed equation is 
4x5—40x14-158x3—308x*-4-303x — 129 —0. 


Ex.3. Diminish the roots of the equation 
5x®—13x?— 12x 4-720 by 23. 


The usual process will be very difficult if we straight off 
begin to diminish the roots by 23 because of the long multipli- 
cation involved. In such type of questions the diminishing may 
be done in two stages. We shall first diminish the roots by 20 
and then by 3 as shown below. 

20/5 _ —13 —12 7 
_100 1740 34560 
87 1728 [54567=4Ь 
3740 | 
187 [5468=А„ 
100 | 
287= А1 


Thus the equation whose roots are diminished by 20 is 
Sx3--287x*— 5468x 4- 34567 —0. 


Diminish again the roots of the above equation by 3 and 
the resulting equation obtained is 
5x3--332x?4- 7325x-1- 53689 —0. 
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Nofe—In case we are to diminish the roots by 17, then we 
should first diminish by 20 and then increase the roots of the 
transformed equation by 3 i.e. diminish by —3. 

Ex. 4 (a) . Find the equation whose roots are the roots of 
x1—533--7x1— 17x--11—0 each diminished by 4. (Agra 62) 

Let the transformed equation be 

Ау 41y? 4-42? - Asy+ 44—0 when Ав=1 
and A, Ae, As and 44 are calculated below 


41 —5 g -— e 11 
"E 4 —4 Ie vl 20 
gem 55. [9-44 
4 12 60 | 
23 175 |5554; 
A 28) <2 | 
RT rs 
4 
li—ai 


LoOyCpl1ep43y-55y—9—0 Ап. 


` (b) -Find the equation whose roots are those of 
3x3—2x?--x—9—0 
each diminished by 5. - (Agra 63) 
Let the transformed equation be 
Agy3-- Ау Asy+As=0 
where A,=3 and Ai, 4», Аз are calculated as below 
55. —2 1 —9 
15 65 330 
13 66 [321=4з 


15 140 | 
7128 (206=<Az 
15 | 
43—41 


3y?-43y?-1-206y-1-321— 0 is the required equation. 
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(с) Ifa, В,.ү аге the roots of 82— x?4+6x—1=0 find 
the equation whose roots are «+3, 84-3, Y+%- (Agra 63) 
In other words we have to increase the roots of the given 
equation by 2 i.e. diminish by — 1. 
Let the transformed equation be 
- 449)? H- 43? 2- Asy+As=0 
where 49—8 and 4i, 4» and Аз are calculated as below 


AM о, 
E EU Un 
Tug 10 |—-6—-4: 
—4 6 | 
12  [16—4s 
eet | 
—16=A, 


8y8—16y2+-16y—6=0 or 43—8y?--8y—3—0. 
Ex.5. Find the equation whose roots are the roots of · 
х5--4х3—х2--11=0 
each diminished by 3. d (Agra 55) 
Ans. 35--15x14-94x3-]-305x?- 507х--353=0. 
Ex. 6. Increase by 7 the roots of the equation 
3x14-7x3— 15x? --x—2—0. (Delhi Hons. 53) 
Ans. 3x1—71:339--720x3— 2876x-1-4058 —0. 
Ex.7. Find the equation whose. roots are the roots of 
` xt—5334-7x2— 17x 4-11 —0 
each diminished by (4). ` (Agra 62) 
Ans. xi-FIIxi--43x34-55x—9-—0. 4 e 
$6. Removal of terms :— 


Sometimes we want to get rid of a. particular term in the 
given equation. 
SF mx paix) agx fo. T du ax a=. (1) 
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We diminish the roots of f (x)=0 by a constant h and the 
resulting equation is obtained by putting y=x—h or x=y+h 
in (1) and is therefore 

а (Y+h)"+ar (+h) -+a (yh)? 2+... 

Fani (y+h)-+a,=0 
or aoy"+(naoh-+a1) у? 


4 т еи 1) ahta | yai 


4[2 (n— 2 e 2) anh? шс ah 


+(n—2) ahas re 


aoh” + a1]? 1-1 ...a5 114-a;] =0. 
Now if we want to remove any term we equate to zero the 
coefficient of that particular term which is a function of A. The 
value of Л obtained from it will give the required number by 
which the roots be diminished in order to remove any term. It 
may be noted here that if we want to remove the 2nd term 
there will be only one value of as its coefficient is a linear 
function of h. In case we desire to remove the 3rd term then 
we shall have two values of / for its coefficient is a quadratic 
function of Л and so on. 


Ex. 1. (a) Show that the same transformation removes 

both 2nd and 4th terms of the equation 
x1-- 16x32-83x? -- 152x+84=0. 

and find its roots. (Delhi Hons. 57, Pb. 34) 

In case we want to remove the 2nd term we should 
diminish the roots by ^ which may be so chosen as to satisfy 
the relation magh--a1—0 ie. 4.1.h-F16—0 ie. h=—4. 
Ít may be seen that the value of A makes the coefficient of fourth 
term zero. But we should better diminish the roots Бу —4 and 
then show that in the transformed equation the coefficient of 
fourth term is zero. 
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—4| 1 16 83 152 84 
E —4  —48 —140 —48 

2912 85855 12 | 36 

A D —12 | 

—3 3 [O(Note) 

—4 —16 | 

74 [-13 

—4 | 

0 


Hence the transformed equation is у%—13у°-Е-36==0 which 
is wanting in both the 2nd and 4th terms, 
or (#—9) (”—4)=0; „. ye3, —3, 2, —2. 

Now y=x—h=x+4; .. х=у—4 V h=—4 

Hence the roots of the given equation are 

(3—4), (—3—4), (2—4), (—2—4) ie. —1, —7, —2, —6. 

(b) Solve the equation a--20x3-- 143x?+4430x+462=0 
фу removing its 2nd term. (Delhi Hons. 59; Pb. 37) 

Hence nadi--a1—0 gives 45--20—0 and h=—S. 

Hence in order to remove the second term we should 
diminish the roots by —5 and we get 


—5 1 20 143 430 462 
fur —5 —15 340 —450 
Te 68 790 [2-24 
— 5 —50 —90 | 
710. 18 | 0—4s 
—5 == | 
-5 |—7:= 4» 
—5 | 
0 
Hence the transformed equation is y*— 7y*--12—0. 
or (y2—4)(y2—3)=0, ~~ y=2, V3. 
. But yex—h=x+5 `s =—5 .. x=y—5, 


Hence the values of x аге —3, —7, —5+43. 
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(c) Transform the equation x!--8x?-Fx—5-—0 into one 
in which the 2nd term is wanting. (Pb. 48, 50) 


Now паоһ-Еау=0 gives h=—2. Diminish the roots by 
—2 after making the given equation complete. 


Ans. y'—24y?+65y—55=0. 


Ех. 2. Transform the equation x4—4:x3—18x! —3x4-2—0 
into one which shall want the third term. (Pb. 44) 


Tn case we want to remove the third term then the value ` 


of h is obtained by п DD z 1) ao -(n— 1) ah-+az=0, where 


n=4, ао=1, а,а=—4 and а= —18 
h?—2h—3=0 ; A=—1, 3. 


If we diminish the roots by —1, the transformed equation 


is x4—8x3--17x— 8—0 and if h.be the taken equal.to 3, then 


the transformed equation is 
x1--8x3—111x— 196—0. 


Ех. 3. (a) Reduce the cubic 2x?—3x?--6x— 1—0 to the 


form z?--3Hz-rFG-—0. 
First multiply the roots by 2 in order to make the 


coefficient of leading term unity and the transformed equation — 
is yy—3y?+12y—4=0. Now diminish the roots by 1 eft 


23--92 4- 6—0. 


(b) Remove the 2nd term of the equation x?- 6x? -1 2x—19 | 


=0 and hence solve it completely. 
лауһ--ау=0 gives 3h3-6—0 i.e., h=—2. 3 
Diminish the roots by —2 and transformed equation is 
| 
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—2 1 6 12- —19 
E —8 
4 4 [== 
32 сыс __| 
2 | 0= 4s 
0 


у3—27=0 or (»—3) (y?+3y+9)=0. 
a а | 1+3 —1—ї/3 
vus (2): 
Buty-x—h-xt2, ~. x=y—2 and hence the roots 
of the given equation are 1, E ; EUR E : 
(c) Solve as above the cubic х3—12х24-48х—72=0. 
Here h=4 etc. 6, 3+iVv3. Ans. 
$ 7. Binomial Co-efficients : ; 
The successive binomial coefficients in the expansion of 
(14-x)* ате 1, nee) › no) 09 m, 1. 
and that the coefficients equidistant from the beginning and the 
end are equal. : 


n=1 coeffs. are 1 1 

п=2 » 1 2 1 

n=3 » 1 3 3 1 
п=4 „1 4 6 4 1 


We have so far written the polynomial f (x) as 
ax ag asx" -Hax H as 1x a=. 

It will be of great advantage if we take our polynomial 
which will have for its coefficients the letters ao, 01, 2; 43---0n 
multiplied respectively by the binomial coefficients in the 
expansion of u-x) i.e. by 

па) 2600-2), 1, 


— 


s RA 
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Let us denote this polynomial by ¢,. Thus 
Фһ=ах"-Епахл—1-„! @!—1) == 1) QoX? 2 -l- ...na4-1X-- An: 


Putting n—n—1, we get 
$n—1= Ax" (n— 1)аух"_?-Ь...-Е(п—1)а„-әх-Еакң-1. 
$4 —aox*-- 4ayx? + 6a2x*- 4asx 4- a, 
$3—a0X?-4-3aix? J-3asx -- as, 
ds—aoX?--2aix + a», 
$1—2aox-4-a:, 
po= M0. 
It сап be easily seen that the differential coefficient of 
Pn is n times $541 і. е., $'n=N.bn-15 $'4—4.9s, $'3—3.ds 
and $5—24, and so on. 
Lot of our botheration of simplification will be saved if 
we are to diminish the roots of a given equation if it be with 
binomial coefficients as shown below : 


f (x)= axe Ema s ост a) ax... 
-Ела„-ух-+а„=0. 
If we diminish the roots by h i. e. у=х— or x=y-+h, 
we get 
ao (у-Е%у"-Елау Qc 0) pn... 
Tene (y+h)+a,=0. 
Simplifying, we get 
40у" (naoh--nay) ye 
+(26 (= TO T Dasf4-n(— 1) ai 5 D yen. e 
which can be put in the form 


аоу"-}-п (aoh+-ax) y^71 
—1 
TEES 


[aoh? +2ah+ a] yr coo 
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Then the transformed equation is 
Ашу"-ЕпАу 142 (1) Ay"? +... EAS 1y+An=0 


Where 4g—ao and 4i, As, 45...4, are the values of фи, фз, фз... 
$a When x is replaced by Л. 


Hence if we have a cubic equation with binomial coeffici- 
ents 7. е. аох?-|-Заух*--За»х-Е-аз=0 and its roots be diminished 
by Л, then we can at once write down the transformed equation 
as z 

4oy” +3417? 4-3 42y J- 45— 0, 
where  4o—ae, A1—aoh4-a;, As—agl?--2aih--a3 and 
A37 ayl?4-3a412-4- 3as-1- a5. 

Similarly, if we have a biquadratic with binomial coeffi- 
cients i.e. a,x*-4-4aix3--6asx?--4agx--a,—0 then as a result 
of diminishing its roots by A, the transformed equation will be 

Aoy*4-441y?*- 642y?-I-4A3y 1- 4,—0 
where Ap, Ax, Аз, Аз have the same values as above and 
A= aht + 4a,h?+- 6aeh*+-4ash + Q4. 


$8. Important symbols to be committed to memory. 


When the equation is written with binomial coefficients 
then we shall henceforth use the following symbols :— 


H=ajta—a?=| ag a 


Qj а 
G—aga3—3a$01a3 4-243 —l 0 йб ау |. 
Qo ау а 


2а1 da аз 
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F=a9a,—40143+ 342". 
Ј=—аџазац4-20іазаз— ауаз? — аёаа а=) a а & 
a a a3 
da аз a4 


ау stands for coeff. of х3, ау for one-third the coefficient 
of x3, as for one-third the coefficient of x and a3 for constant 
term fora cubic with binomial coefficients and similarly for 
biquadratic with binomial coefficients. 


It may be noted that all the symbols have the following 
peculiarities :— 

(1) Sum ofall the +ive coefficients=sum of the —ive 
coeffiicients. 

(2) Sum of the suffixes of the letters ‘a’ in each term 
Js same. 
aj —a,a,a and sum of the suffixes—1--1--1—3 etc. 

(3) Sum of the exponents of the letter ‘a’ in each term 
is same. 


There also exists a very important relation between 
these symbols, 7. е. 
G:--AH? =a, (HI— a). 
The students may verify for themselves. 


$9. Reduce the cubic with binomial coefficients 1. e. 
а;х3--3а1х2--3азх--аз—0 to the form in which 2nd term may be 
wanting and the coefficient of the leading term be unity and all 
other coefficients integral. Also write down the roots of the 
transformed equation if х, P, Y be the roots of the given equa- 
tion. j (Pb. 55) 

f (x)gagx?4-3a1x*H- 3asx-4-a3— 0. - (1) 

Its roots are ©, B, Y. 


- 
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In order to remove the 2nd term let us diminish the roots 

of (1) by h; then the transformed equation is 
Ap? +3A1y2?+3Asy+As=0.- | 
If 2nd term is to be removed, then 41—&i--a:—0- 


—da 
C A= aJe-E2a eaa 8 аа a(t) а 


dod a 1H _ 
ao ao | 
= agh3-- 3a,h?+ 3ash -Fas | 


ырен» peto 


Jap 3agaxd5 1-22? Sn G 
а" ад? 


апа Ao— qo. 
Hence the transformed p is 


ay? + зй Yt 20 


ог 3 60. 3 Ro 
The roots of (2). are | 
a—h, B—h, Y—h | 
sje 22801555 I 

or ET p+ "bcd а h as 
, atta а-а aai | 
A "d ^ а d iod | 


Now we want the coefficients in (2) should be integral 
and hence we should multiply its roots by ао and the trans- 
formed equation is i 4 


23--0.as2 ag. rta © ау (84 P. 58) 
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i. e. z*+3Hz+G=0 09) 
is the required form and its roots are 
a, (S12, (аа), (1+) , 
ao ao ao 
i. €., ао®-{- 21, aß +a, ay +a. 


Hence 2=а0у= ао (x—h)=ao (х+@)=ах+а. 


If we put z=ax +a in (3) and simplify, it will be equal 
to original cubic multiplied by ao”, i. e., ао f (x). 


Again atp+y=— 22, * Ена ...(4) 


Now 2?+3Hz-+G=0 has for its roots 
Q99.-1-4, GoB 31-21, aoY-1- x 


SENEC ENS 
ЕЕ 
zi 3 2-8-7), z QB——9), z Qv—«—. ...(5) 


Ех. 1. Ifc, 6, Y be the roots of 
agx3-- Jayxx? + 3a,x-+a3=0, 
then write down the value of Xi (2a—B—Y) (28—Y—«) and 
(2«—8—) (28—Y—«) (2Y—a--B). (Agra 41) 
Let the equation be reduced to the form 
z34-3Hz4- G—0 where z—aox- tai 


and its reots ares (2a—ßB—y) etc. as in (5) above. 


Sum of the products of the roots of the transformed equa- 
tion taken two at a time=3H 


ог а X(2«—8—) (28—Ү-—%)=3Н. 
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" XQu—8—Y)08—Y—9)— тя аз (as —а\?). 


Similarly " Q«—8—1) Q8—Y—2) eM 


of the roots of the equation taken all at a time——G. 


G 
а-в) (28—1—2) Ота) 273 


UAR (ао?аз— 3ao21a3 1-24;?). 
ао 
Ех. 2. Compute Н апа G for the cubic 
x3-4-3x*--4x— 10—0. (Delhi Hons. 1955) 
Let us reduce the equation to the form 


23--3Н:2-+С=0 ...... I 


In order to remove its 2nd term diminish the roots by h 
where najit+-a,=0 or 34-+3=0 ©. һ=—1. 


— 1 3 4 , —10 
Y ° ==] . 220) = git we, 
EA BO | —12 
Sele lee 
i ea 
E | 
0 


Hence the transformed equation is z24-z—12—0. ^ ...(2) 


Comparing 1 and 2 we get 
3H=1 .. H=} and G=—12. 


Alternative :—Comparing given equation with a cubic with 
binomial coefficients i.e. ах 3a1x*-+3aex-+-as=0 we get ао=1, 
m=1, d4—$ and as=—10. Now put these values in the 
values of H and G given in § 8 P. 73 and we get 

H=} and G=—12. 
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i.e, ayxí--4a;x?--6a,x!--dasx--3,—0 to the form in which 
2nd term may be wanting and coefficient of leading term be 

| unity and all other coefficients to be integral. Also write down 
the roots of the transformed equation, if с, B, У, 8 be the roots 
of the given equation. 


f (x)=aox4+ 4arx?+ 6a9x? 4- 4asx -a4— 0. ...(1) 
Its roots are e, B, Y, 8. 


И 
| 
| | 
| § 10. Reduce the biquadratic with binomial coefficients, E 


| In order to remove the 2nd term, let us diminish the roots 
| of (1) by л; then the transformed equation is ` 
40-4 41? + 645y?-- AAsy + 44—0. 


If 2nd term is to be removed, then 41—2oh-4-41—0 ; 
a 


ае 


ao 


Go 
For this value of РЁ, A, Аз= з as in $ 9, P. 75 


and Aa=aoh*+ 4a, h+ 6a,133- 4ash-l- da 
aya«—4a9a3034- 6890123 —3a1* ( 
d ao? ` 
€ (students may verify) 
0 
р апа : Ao 740. 
' Hence the transformed equation is 
6H ,, 4G а 1—3H* o 
ау аааз © 

ГЖ . -6H , 4G  аё1—3Н° o 

or . yr? Tas a 

The roots of (2) are «—h, B—h, Y— 8—h 

aq ta „ 


tc. = 
ao j 


a 
&-]- — etc. 
Or do 
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. Е . 4 е 
Now we want that’ the coefficients 1n (2) should b 


integral and hence we should multiply its roots by а а ES 
transformed equation is ; ($4 F. 


AG 24-а0“. 
ао 

i. е., 24--6НЫ:°--4С2-}(ао?1 —3H*)=0 »(3) 
is required form and its roots are 


a (“а etc, i.e. (204-01) etc. 


Hee аё1—3Н?_ 
2 La ca z*--ag. adm 0, 


a 
Hence z=ay=4o Е х) аха, 


If we put z-—ayx-ra ів (3) and simplify, S will be 
equal to original biquadratic multiplied by аё, i. €., ao f. (x). 


4n, . cB Y 5. 
Again erpbY dim i л а Cay 
Now z4--6Hz:--4GZ4-(aI—3H?)-0 has for its roots 
(40% 3) etc. ог dg ( +2) еїс. 


Yrs 
Or ао ( «ЕЕ». еїс. 
or c 4 (3a—B—y —8) ete. 


Ex.1 if, 6,7, $ be the roots of 
age! +-4ayx*+-6a2x2+ 4asx+aa=0, 


then write down the values. of following:— 


(i) Z(3«—8—Y—9) (38—Y—8—«)J, . 

(й) X(3«—8—Y—8) (38—y—8— «) gm 
un (f3u—8—Y-—8) (8—y—8—«) (3y—8—u—B) — — 

(iii) (3«—B ) x(38—«—8—»). | 
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. Proceed exactly as in Ex. 1 P. 76 and the required values 
are 
. 6 "uL 
@ an (i) 25 G, (ii) =з} (а#1—3Н?°) 


(b) Compute Н, С, I and J for the quartic 
2x*4- 16x3—2x*—x— 12220. (Delhi Hons. 1953) 
Let we reduce it to the form 
z'--6Hz*--4Gz-F(ajI—3H?)-0 ...... I 
In order to remove the second term we should diminish the 
roots by Л where naght+a=0 is 4xX2h+16=0 and h=—2 
or we may say that Aj=a,i-++a,=0 when the equation is 


written with binomial coefficients i.e. а0=2, 401==16 .. a—4 
2h+4=0 or Л=—2. 

EROR ПОР cor mop c2 
Ера Ао — T0G 
50) 19726909953 ne 
o DIS OS | 
оч ESAE TT] 
-4 шй | 
4 |—50 
EU | 

0 


2 y*--0y3— 50y?+ 137y—118=0. 
In order to make the coefficient of leading term unity 
multiply the roots by 2 and the transformed equation is 
221--0:223— 50 (2)?z?-+ 137 (2)®z—118 (23) -0 
or z1— 100z?--548z—944—0. (2) 
Comparing 1 and 2 we get 
6H——100 .; Н=—5д=—16$. 
4G-548 >. G=137. 
aeI—3H?=—944 ог 41-2599— 944, 
and 4j-—212 у. p= tpm 7 a=, 
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Also we know that G?--4H?—ag(HI—aJ). 
Putting the values of G, H, 7 and a, in the above we get 
J—199425.. 
Alternative method. 


Comparing the given equation with a biquadratic with 
binomial coefficients i.e. aox!-1-4a1x?-1- 6asx? -A4asx-1-a4—0 we get 
09—2, m=4, a3— —1, аз=}, a4— —12. Now put these values 
in the values of G, H, 7, and J given on P. 73 $ 8 etc. 

Ex.2(a) Find the equation that the 2nd and 4th terms 
of the biquadratic agx!-|-4a1x?-I-6asx?4-4asx-l-a4—0 be removed 
by the sume transformation. i 

Let the transformed equation when the roots are 
diminshed by Л be Apy’+4A1y?+6Aay*+ 4Asy+ 440. 

If 2nd and 4th terms are removed by the same trans- 
formation, then the value of 4 which makes А vanish should 
make Аз zero.  4Aj—ayi-ba-0; ~. п=—2 and for this 
value of Л, 4-5 (P. 65). Hence G=0 is the required 

б 
condition. 

(b) Find the condition that 2nd and 3rd terms of the cubic 
a934-3ayx?4-3asx--a5—0 are removed by the same transfor- 
mation. (Pb. 55) 

H-ayis—ai-— 0. 
Ex. 3. Find the condition that the biquadratic 
1 [(--2px4- qf +m (X?+2px+q)+n 
may be capable of being put in the form 
1 [(x--p-4- (a— p) т [Gc--p'--(q—-p*)]--n. 

If we put x-+-p=z, then the transformed equation will 

not contain 2nd and 4th terms i.e. of 2° and z and hence 
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both 2nd and 4th terms are removed by the same transformation 
and as such G of the given biquadratic must vanish. 
Ex. 4. Prove that J vanishes for the equation 
m (х—п)%—п (x—m)'=0. 
On simplification the above equation reduces to the form 
x1--0x?— 6mnx?--Amn (m+n) x—mn (m?-- 1? -- mn) —0. 


From $ 8, J—| ао ау a: | and putting the values 
of ао, a; etc., we get 


Q а» аз 

а» ds G 
J=(mn)? 1 0 — тп 
0 — 1 m+n 


—1 m--n —(m?-rn? - mn) 
Now add К, to Rs and then expand etc.=0. 
$11. To form an equation whose roofs are any powers 
of the roots of a given equation.  . 
Let f (х)==(х—) (x—«2) (x— 99)...(x— Gy). 
If we are to find an equation whose roots are pth powers 
of the roots of the given equation, then we should change 


x into ax, bx, cx, dx......in the above identity where a, D, c, d... 
are the p roots of the equation x?—1=0. 


Multiply both members of the p identities thus obtained 

and we shall have 
ф (х) (x? —«?) (x? — ag?) (х?—оз?)...(х?—„?). 

Now put x?—y in both sides and the equation thus 
obtained in y will have for its roots 017, «s?...«,?. 

Ех. 1.(a) Find the equation whose roots are the squares 
of the roots of the «equation x?-|- pyx"-!-]- pox" ?+...+p,=0. 

XPH pix + pox... + p,=(x—01) (x—99)...(x—9o,) ...(1) 
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Now the roots of х2—1=0 are 1, —1. Replace x by 
1. x and —1.x in both sides of (1) and we get 
(x? 4- pox"-2-1...)-+( рах-рах" 3+...) 
==(х—у) (х—о»)...(х—®) : 
and.  (—1)" (x0 pax" -+ ...)—( pix" t +psx" +...) 
=(—1)" [(х-+-«у) (х-Е+%)...(х-Е)]. 
Multiplying both sides of the above identities, we get 
(x -- pax? pax... yi — (pix pax” >...) 
=(х4— as?) (2i — ast)... (x° 4) 
or x2" 4. (2pa—p:?) x2"-2-+-( p3i— 2pips-t-2pa) X*+... 
= (x?— a?) (x*— as)... (33 — ta). 


Itis clear that the powers of x in L. H. S. will be 
multiples of 2 and hence x? may be replaced by y and the 
required equation is 

у" Qpa— pi?) y^714- (p —2pyps-2pà) y? 
—(y— 02) (y— o4)... (Y — tn). 

Hence y"-+(2p.—pi2) y""2+...=0 is the required equation 
whose roots are a1", %”,...4;,". 

(b) Find the equation whose roots are the squares of the 
roots of the equation x*-- px?-- 9x*-+-rx+s=0. (Pb. 43) 


In practice we may however follow the method given 
below. Keep those terms of x whose powers are multiples 
of two on one side and the rest on the other side. 

x8 gx*-+-s=—x (px? +r). 
Square and put xy. 
Q?-Fay--s*—y (pyr). 

Simplifying, we get | 

ук (p?—2g) y+ (d? —2pr 4-25) y*— (—2q3) ys —0 
is the required equation. 
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(c) Ја, В, Y, 9 are the roots of the equation 
xt+px-+qx?+rx+s=0, 
find the value of 


(i) Xe, (i) xp, (Pb. 35, Agra 62) 
and (c) 2 о?р?уз. 


First find the equation as in part (b) whose roots are the 


Squares of the roots of given equation and let its roots be 
4, B, C, D. 


Hence we have to find XA, УАВ and ZABC of the new 
equation which from part (b) are respectively 
p*—2q4, q*?—2pr 4-2s and r?—2qs. 


(d) Find the equation whose roots are the squares of the 
roots of the quartic equation x^--bx?-t- cx-4-d—0. 


: Hence or otherwise show that if «, B, Y, 8 are four numbers 
such that Vo+-V¥8+V y+ 8=0, then 
64«ру8— [4% «B— (У о)2 ?—0. (РЬ. 56) 
Putting р=0, @= and r=c, s=d in part (b) etc., we get 
Yt 2by®+ (02-24) y? —(c—2bd) y--d4*—0. --(1) 
If the roots of ће given equation Бе Va, ~B, VY, V3, 
then Va-+V78+V7y7+75=0 as the term of x? is missing. 
The roots of the new equation are therefore, «, B, y, 9. Putting 
the values in the given relation from (1), 7 «= —26, Хор 2-24 
and oy8—d*, we get 
64.d?— [4. (6?4-2d)—4b?|?=64d?— 64d?=0. 
Hence proved. 
Ex. 2 (a) Find the equation whose roots are the squares 


of the roots of the equation x*--px*-I-qx--r—0 and hence find 
the value of 0262 for the given cubic, а, B, Y being its roots. 


Ans. jy3—(p*—24) 5*-- (q*à—2pr) y—ri-—0. 
3 0282 (gà 2pr)). 
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Ex. 2 (b) The equation whose roots are the squares of 
the raots of the cubic x3 —ax?--bx—1—0 is found to be identical 
with the cubic. Prove that either, (1) a=b=0, (ii) a=b=3 
or (iii) a and b are the roots of z?4-z4- 2-0. 

(Delhi Hons. 52, 59, M. T. Vikram 62) 

The equation whose roots are squares of the roots of the 
given equation is found as usual to be 

— (02—26) y?+ (6?—2a) y—1=0. 

Since it is identical with the given cubic, we have 


a’—2b=a and b?—2a=b ...(1) 
е Мше 2 — т\з a 

or жа 5 а. dui ae Syne 

or a (a°—2a*—a—6)=0. 


а (a—3) (@+a+2)=0; .. а=0, 3 or a+a+2=0. 

Similarly if we eliminate a, we will get 

b (b—3) (b?-+6+2)=0; .. b=0, 3 or 2% +25+2=0. 

Since the equations (1) are symmetrical і. е. by writing a 
for b in one, we get the other. 

Hence when a—0, 5—0; when a=3, b=3; and when 

a?-ra--2—0, then 5?--5b--2—0. .. a=b=0 or a=b=3 
ог а and b are the roots ої 2°--2-Е2=0. 

(с) show that the roots of the eq. x3—3q*x—4g?—r*—0 
differ by a constant from the squares of the correspondine] roots 
of x’ +qx+r=0. 

Let «, D, y be the roots of Sle pei pei) 

The equation in y whose roots a, 8*, y? is obtained by 

. putting y—x?, 
x (x*--g) =—ғ or Vy (y-Fg)——r. Square 
y ( у#-Е24у-ЕЧ?)=?° or y*--29y*--q*y—r*-—-0. 

Comparing this with given equation we conclude that 

its second term should be removed by h where nag-l-a1—0. 
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or 3h+2q=0 „. h=—2q/3. 
—2q/3\1 2q 4° —r 
—2q/3 —8q?/9 —2q°/27 
44]3 “э |(—24°[27—т°) 
—2413 —44[9_ | 
24[3 1-49 
—2q/3 | 
0 


Hence the transformed equation is 
2 —3q'2— dun r0 
whose roots are o2—h, 8?—A, y?—h 
or a®+2q/3, 8--2413. ү?--2413 
which differ from the squares of the roots of 
x9--qx-I-r—0 by a constant —2q/3. . 
Ex. З (a) Jf «, B, У are the roots of xi —ax*--bx—c-0, 
then prove that the area of the triangle whose sides are c, p, Y is 
+ [a (4ab—a®—8c)]*”. (Punjab 55) 
In case the triangle be right-angled, then prove that 
a (4ab—a:—8c) (dà —2b) —8c. 
We know thatif s be the semi-perimeter of a triangle, 
then its area =V [s (s—«) (5—6) (s—1)] 
—[s (52—52 («--B--Y)--s («B-I-B-1-o) —o9] ^. 


_®®Ё+7_а@ 
Now GET. i: 


af@ d a pt 
R arca=| 2 (8-3+52- )] 


=} [a (4ab—a3— 8c). | 
Again if the triangle be right-angled, then o? p1—y* 
От oF BR y= 2y? 
or («--84-Y) —2. («8--PY-3- Yo) =21* 
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or (a?—2b)=2y2 or "==; : 


But y isa root of the given equation. Therefore 
Y (¥?+5)=ay?+c. 
Putting for v2, we-get 


q*—2b N aà—2b (02—28) 
JC 2+ ee 


ог ERE 7 (33 —25)-4- c. 


Squaring 7 2 A а == (а —2b)?+ac (02—26) +c? 
ог == [а@3—2а ($—25)—8c]- c 
or а (à? —2b) (4042 —а3— 8с) = 8с. 


Ex.3. (с) Find the condition that the cubic equation 
x3— px?-+ qx—r=0 
should have a pair of roots of the form ~iz and show how to 
determine the roots in that case, (Agra 33, 37, 42) 


The third root will evidently be real and let it b B; then 
sum of the squares of the roots. 
B? («-4- i2)? + (1—ia)?=p*—2g¢ 
Or 24-20? 4- 2/202 -- 210? — 2i05— p* —2q 
Or p3—p3—24. 


But B is a root of D given equation. 
`. В (82-4) =рВ--г 

or W(p'—24) (0-24) =р (p*—24) +r; squaring. 

(02—24) (p?—4)*=P* (p?—24)?-+-2pr (p?—2q)-++r3 
or (p?—24) (p*—2qp*--a*—p*--2qp* —2pr)—r* 
or (р—24) (qà—2pr)—r — 
is the required condition. 
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Also having found В we can divide the equation by х—[Ё 
and the remaining roots can be found from the quadratic. 
Ex.4.(a) Find the equation whose roots are the cubes of 
the roots of the equation 
X" pix?! -- pax^7 24 pax^-3-- x -FPa-iX-- Pa 
(Agra 42, 51) 
XPF pix" 1+ pox"? V pax” 3+... Da aX - Pn- 
=(x— o) (x— az) (x—«3)...(x— tn) 
or (Pr+Pn-3x3+ =) FX(pa-1d-pa-4x34- 23 
+x? (р„-е-Ер»-ьх%...)=(х—0) (0—9) (x—23)...(x—94) 
or Р+Ох-ЕЁх%=(х—о) (х—%) (х—©з)...(х—©),......(1) 
where P,Q,R stand for expressions which involve powers of 
x that are multiples of 3 only. 


Now the roots of х2—1=0 аге 1, w and œ? where 
I+o+o?=0andwi=1. |. wi=w3, w=w. Replacing x by 
1.x, w. x and w*.x in the above identity, we get 

P-F Qx-- Rx*ex(x— e) (x— 2) (x— 93)... (x— t&n) ---(2) 

P+ Qwx-+ Rw*x*=(wx—) (ш®—©з) (ох— оз)...... 

(шх—„)...(3) 

P+ Qw*x+ Кох? (w*x— од) (ш®х—а) (ш®х—з)... 

(w° x— tn)... (4) 

Multiplying both sides of the above three identities, we 
get P?+ O°x8+ К%х%— 3PQ Rx? — (x3—e3)? (x3 — a)... (x?— «4?). 

The L. H. S. of above contains powers of x which are 
multiples of 3 and hence replacing x3 by y in both sides; we get 
the required equation. 

Note. (a--5b--c) (a4-bo-- co?) (a+bw?+ cw) 

=(a+b- c)(at--D3-- c? —ab—bc—ca) —a?-- b3-- c? — 3abc. 

(b) Find the equation whose roots are the cubes of the 
roots of the equation x*--px*--qx--r-—0 and if «, 6, У be the 
roots of the given equation, find the value of 2:3 and >о5[®. 

(Agra 34, 40, 52, 57) 
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When the equation is of 3rd degree we may follow the 
method given below. Keep those terms of x whose powers 
are multiples of 3 on one side and the rest on the other side. 


х%-„г=—(рх?++@Х). 
Now put х%=у or х=у!% 
у+т=—(р#?+у\°). 2200) 
Cubing both sides we get 
(+r =i pyy -3pay! y (pret ay 
Put py?+qgy!=—(y-+r) from (1). 
y*-- Gy?r -ЕЗуг®-Ег%=—[ р®%у?*-Е@%у—3рфду WHr). 
Simplifying, we get the required equation as 
y+ (p—3pq+3r) 2+ (e? —3par--3r*) y+r°=0. 
The roots of the equation are о, 6%, y7. 
Xo3— —( p?—3pg+3r) and 26393— (g?—3pqr +3r?). 
(c) If œ, B, У be the roots of the equation x+px—1=0, 


find 5363, (Pb. 33) 
Proceed as above or put q—0 and г=—1 in XB? of 
part (a). Ans. 3. 
(d) Find the equation whose roots are the cubes of the 
roots of the equation x3--3x24-2—0. (Pb. 41) 


Putxs=y .. y422—3y*5 cube 
y+3y? . 2+3y . 22--22=27у* 
от у®--33у°-+-12у4-8=0. 
(е) Find the equation whose roots are the cubes of the 
roots of the equation (i) x1—2x3—33--2x4-1—0. 
(ii) xi—:334-2x84-3x-F1—0. (Agra 42) 
() x Q34-2)—:22220—1. Put x*=y. 
ог y! (у-+2)—#"=2у—1. @) 
Cubing both sides, 
y G--29—2—3)^ 94-2) e D? Ot) =y. 
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Putting y!/3(y--2) y35—2y—1 from (1), we get 
y (--29—5?—3y (у4-2) (2y—1)=(2y—1)*. 


or у Q?-F3y*.2--3y.44- 8) -?— 653—9y?-I- 6y 
—8)7—3.4y?--3.2y—1 
or J*--6y*--12y?--8y —y?—6)3—9y*-- 6y 
: =8у3— 12у°-Ебу—1 
or J*—8y*--14y? --8y4-1—0 


(0) y*--14y?--50y?-- 6y-+1=0. 
(f) Show that the cubes of the roots of the equation 
x?-Fax?-- bx J-ab — 0. 
are giyen by the equation 
x3--a?x?-4- 53x - a35?— 0. (Agra 44) 
Putx?—y ~. y-ab--—(ay?9--byU3) cube ial 
y*--3y* . ab-- 3ya?b? -- a*b* 


Or J*-3aby*- 3a*5?y -- a*5* 
= —a*y*—b3y— 3aby(— ( у-ЕаЬ)} by (1) 
Or 3?-- a3y?-- b3y - à353— 0. j 


(0) If «is a root of the equation x*-l-ax1—6x?—ax--1—0 


Ipa. 
then show that Te is also a root. Hence show that the other 


1—« 
1 «--1 
two roots are C NEN (Pb. 58) 
Since а is а root, .. 5-L-g«3—6o?—q«-- 1—0. ...(1) 
Putting xem ; We get 


[d+ 0)*-- (1—9)*]--a (14-9) (1— 2) [(14-2)*— (1— 997] 
—6 (14-2 (1—a)?=0. 


On simplification it reduces to 1. Шоо is also а 


2 1—« 
root, ! 
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Again if we replace x by —1/x, we get the same equation 
and therefore if « is a root then —1/« is also a root and 
;£—li IEN) „=; ot 
if —— is a root theni {ifo Lec is also a root. 

Proved. 


§ 12. To find the cquation whose roots are the symmetric 
functions of the roots of a given equation. 


Let the given equation bef (x)=0 and the transformed 
equation be in y where x and y are connected by the relation 
ф (х, y)=0. From the relation we find the value of y 
in terms of x and substitute in f (x)—0 in order to get the 
transformed equation. In general we have to eliminate x 
between f (x)—0 and ¢ (х, y)=0 for getting the new equation. 


Ex.1. (dà) Jf v B, Y are the roots of the equation 
x3-+ px*4- qx r— 0, find the equation whose roots are B+Y, 
Уа, «+B, and hence find the value of 

à) EEY (т) : 
aud (ii) (++) V+) (®+Ё. (Pb. 44, 49) 


Let y=B+v=¢+B+Y—¢=—p—% 
т ===010) 


But ais a root of the given equation and hence this 
value of « will satisfy the given equation and therefore the 
required equation is 


—Q--p*--p G--p*—p (ytp)+r=0 
or J*42py*-- (7-2) y+(pq—r)=0 and let its roots B+¥ 
etc. be denoted by 4, В, C. 


5 @ х АВ=(р?--4), and Gi) 4BC—r— p4: 
(b) Find for the same cubic the equation whose roots are 


prt tet gs db . (Agra 58, Sagar 62) 
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M 1  »py+1 1—r. . 1—ғ 
US Se po germ ә es oo Se etc. 


Ans. ry*tq(1—r) +p (1—ғ)° yJ-(1—7)3—0. 
(c) Findfor the same cubic the equation whose roots are 


ALL к n dl 
B+y ? Ye? «+B 
с. с. a 
Уут рур 2р5 OF cu E 
Put the value of « in the given equation and simplifying, 
We get the required equation as 
) (r—p) Y*--(3r—2pq-k-p*) y*-- (3r— pq) y+r=0. 
(d) Find for the same cubic the equation whose roots are 
а (8+7), В (Уо), У («+ß). (Punjab 61) 
y= 8 +ay =a + y +-ya—By=—q—By 
or у=@— үг a = etc. 


Ans. y5—2qy*--(pr--q?) y--(r*—pqr)—0. 
(e) Ifa, B, ү be the roots of x3 —px?--qx—r-0 find the 
equation whose roots are 
B+y—«, y+a—B, «+6—y and deduce that 
(B-i-Y— e)(Y--«—B)(«-I-8—Y)-4pgq—p?—8r. 
(Karnatak 1963) 
y—BtY—«—a-B-c-y—2«—p—2« 7. a=(p—y)/2. 
Вибо is a root of the given equation. Hence the trans- 
formed equation is ; 
— 3 ==. IL 
Ger (ren (ар) 
(p° —3p°y+3py*—y°)—2 p( рї—2 py--2)--4q( p—y)—8r=0 
or у%—ру+у(44—р?)--(8:—4рд—рз)=0 
| ; -< (B-Ey—e)(Y4-«—B)(«--B— y) — product of all the roots 
of above —(8r— 4pq— рз). 
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(e) Find for the same cubic RE equation whose roots are 


a „зра 
ал. A. S. 59; Agra 57) 
pB+y—a 3 y-r«—p ° zy —Yy zr8—y (1: 


EET 
Here « 25 еїс. 


Ans. (p®—4pq+8r) y*-F(p?—4pq4- 127) еба 7 
r= 


(f) Find for the same cubic the equation whose roots are 
pY—o2, ya—p?*, «B—Y?. (Pb. 37, 39) 
Also find the value of 
Х (By—a2) (Ya—p?) and (By—o?) (/«—8*) (48^), 
y=By—2= («B+ BY+7a)—oB—Ya— 08 
=q—a(o+B+Y)=q+pr; -. uL. 
Ans. у2—у° (3g?—p?) +y (30 —Р?9): me EE =0. 
(i) 34—ра, (ii) g-—rp-. 
(g) Find for the sume cubic the equation whose roots are 
a?—py- p—Yy« 2—08 А ‚58 
e um (Delhi Hons. 58) 


=—@=Р® ог a-— 2. etc. as in part (f). 
Here y а yip x 


r (p--yP—4? (p--Y?--pe? (р+у)—9=0. Ans. 
(h) Find for the same cubic the equation whose roots are 


терр = BET (Sagar 1963) 
andoain ree 
Here y= p * àv Pry apy 
r+1) . AS 
or ан GU ET тл 


Bu. « is a root of given equation 
ry pr*y&r-- 1) ary кыр 
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9n ry? pr(r-- 1) y2+-gy(r+ 1)2+-(r-+1)3=0. 
(0 27, В, Y are the roots of x:—x—1-0, find the 


equation whose roots are T+? T. es LE. Hence write 


down the value of x( 7). : (Punjab 63, Agra 62) 


T 


I+a a 
Let y-p i ^ 001—9) (1-9) or а=) 
- Putting i in the given equation and simplifying we get the 
| required equation as ¥+7y?—y+1=0. 


1 
te —sum of the roots of the above equation— — 7. 


Ex.2. If c, B, y be the roots of the equation 
X'--qx--r—0, find the equation whose roots are 


(a) B+y (aes erp 


qat g tuas (Punjab 1940) 
BID at Pee 0a л ИИ 
Dip о? aT ay Tee ane Tae ep U 


, But « is a root of given equation —o3+ga+r=0. 
А 1 А 
or =a tr=0 or ry®—gy?—q=0. 
Here 23«—0 as the term of x? is absent. 
0) LI € 
уйш 1962, Punjab 1957, Арга 1941, 50) 


— 10 е Быр (Baty) aide Gn 


Y E BY BY By” 
a+B+y=0, B+y=—&% 
a3 o3 
or yell.) wht (y+2)=0. 


Also o3-: ga-I-r—0. 
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Subtracting, we get ` 
r(yta. 


—q«etr(yt1-0 or s—-7, 


But « is a root of given equation 


= (+14 ‚Оте з 


ог (уу Oo De —0. Ans. 


(c) @?-ЕЁү-ЕҮЗ, Ye Yo-- 8, о2-4-оВ-ЕЁЎ. (Punjab 1953) 
y—--Br--Y:— (93-—Br— e — BY 
=o +ya+aß—(oB+8Y +Y) _ (Note this step) 
=a. Da—Lep=0—q=—gq. 
Similarly each root is —q and hence the required equation 
is ( y+) —0. 


EE Pew EGER 
(d) тера egt (Delhi Hons. 1960) 
1 dep) See 
J— 8 ys DROP TOR гы 
w =ry. 
Also o8-+-go-+r=0 ` ^ 
or a(tgtr=0; ©. «(ntg—-r ў 
or (y+ =r or ry (P 2a d)—r 
| or i ny 2gry*--q*y—r-—0. 


2 2 2-1-p? 
о EXP, 8, =. 


Bey? of BP year ' 
. ie 


zh Ro Ys 
—2 
е ‚сз е ос 
TEE AST 
02= 1 
Also ` g3-- qu - r— 0. 
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95 a (62-Е0)-Ег=0 or a| — 20 +4 |] 
or 2g? z= 2 
P = $ 
— 1\° 
or ELE gi. (y yar 
y+1* (00:151) 
E r? (у-Е1)3-Е24° (y —1)—0. 


(f) la-+mBy, Ig--myY«, I-- mag. 
y-cle--mBy = [a+ “©” =la" Я 


k?—ya—mr=0 ог 102—уо2— тғо=0. 
Also одох -г=0 ог [03+gla+r/=0. 
Subtracting, we get yo?-- (gIH- mr) «-+-rl=0. 
Also lo2—ya—mr=0. 
Solving the above by cross-multiplication, we get 
La e бата. 1 
—mr (91+ mr)--ryl rP--mry | —y?—1 (ql+mr) * 
Eliminating «, we get ; 
г? (ту--12)2=ғ (m?r--mgl—yl) (q'?--Imr-4- y?). 
Above equation is a cubic in y and is the required 
equation, | 
or y—mqy} +(Pq+3lmr) y--(Ir—Pmq?—2Im?qr—méir2)—0 
on simplification. 
(g) « (B+), В° (y+), Y? («--8). (РЬ. 32, M. T. 32) 
=o? (B+y)=o? (Z«—«)——:0. `2  Xe—0 
But o+getr=0; .. —y+qa+tr=0 


or cP on geco) 
95 (y—ry-qy-0; “7 e——y 
сог Y—3ry?-+ (g3-+3r2) y—=0. 
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Transformation of Equations 


Ех. 3. (a) If the roots of the equation 
x3—6x?--11x—6-0 
Беа, В, Y, find the equation whose roots are No 
p2--»2, yeH, Hp (РЬ. 44, 45) 
Let us find the equation whose roots squares of the roots 


of the given equation. Put у=. 


x (2+ 11) $6 (322-1) or Vy (y+11)=6 (7+1). 
. Square y (y?-++22 y+121)=36 (¥+2y+1) 
or 2—14 y*4-49 y—36=0. NES! 
Let its roots be A, B, C which stand for о?, 0, 7. 
Let 2—9?--)2— B-- C22 A—A=14—A 
A=—(z—14) But A isa root of (1) © 
—(z—149—14 (z—14)2?—49 (2— 14)—36=0 
or 3 3z(14)-+32(14)*—(14)3+ 14(2.— 282 + 142)-1-49z 
—49 x144-36—0 
or  2—282--M?z(3—2--1)—686--36 —0 
Or 23— 2822--245:—650=0 
Alternative Method 
The given equation is (x— 1)(x—2)(x—3)=0. 
Its roots о, В. У are 1, 2, 3 
o3, p2, y2=1, 4, 9. 
p2--7*-:13, y3--02—]10, ‹2--02=5. 
If these roots be А, B, C i.e. 13, 10, 5 then : 
X 4—28, Z AB=130+50+65=245, ABC=650. 
Hence the equation is 
xi—x X A+x & AB—ABC=0. 
or x8 —28x2-+245x—650=0. 
(b) If the roots of the equation 233-32 x 4-1 —0 be 
a, B, Y, find the equation whose roots are 


1 1 1 1 1 1 
PIATE PTE Eoi 
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Let us find the equation whose roots аге 
1/a?, 1/89, 1/7? for which we put y= 1[х®. 
Put x—1/Vy in the given equation 
x (2x2+1)=—(x2+1) 


1 1 
m dine (ta) wn 
(2+y)?=y (y+1)? 
ог — 4F4yryi—yM2y'ry or Y+Y—3y—4=0 — ..(1) 


T*xe1 1 
Its roots are say 4, B, C i.e. w’ BE? ya" 


Let ith kes =B+C—A=5 ESTY 


p 
or zT == 
But Ai isa root of (1) | 
EED GHP за) 4, 


or (224-322--32--1)—2 (2+2z+1)—12(2+1)+32=0 
or 23--22—1324-19—0. 
(с) I the roots of the cubic P+ 2+ 3x41 =0 be «, В, 
Y, find е ш whose aay de 
1: .J 
pio "eB › > ya us 3- r3 end хе —> E 
е Е 1961) 
Let us find the equation whose roots are cubes of the 
roots of the given equation for which рїї x?—y — 
2. у+1=—(2у°--3уїзу ` cube 
E 3y!-E3y4- 15 — [87*4-27y4-18y {27234 Зучз)] 
ог — y*r3y*-F3y4-1— —[8y?-+27y+ 18y (— =(9+ DH 
or Y-E3y-E3y-1——8y.—27y-- 18) -18y. 


1 1 


СС-0.Рапїпї Kanya Maha Vidyalaya Collection. 


D by Arya Samaj Foundation Chennai and eGangotri 


Transformation of Equations $9 


or y®—7y2112y+1=0. -Its roots are o3, B*, 7°. 
Writing 1/y for y we get the equation 


| y+12y?—Ty+1=0 (1) 
whose roots are H ; ат 5 3 say А,В,С. 
Let Ig LAU cPRC-A-3 4-24 
or ze—12—24 s, 4--€1D. 


But A is a root of (1), hence 
EHD 12 2412)" (ase: 47 =з —0 


or [23-- id 12)+ m 127] T 
—24(2?4-24z-- 12?) —28 +10) —8= p 
or z1--2:(86—24)4-z (432—576—28) = = л" o 
|. +(1728—3456—336— —g-0 
or 2+ 122— 172z—2072= Aet id 


(d) Ifthe roots , of the equation Ree v be 
о, B, У, find the equation whose roots are 


fi) Е24-У2— 02, YF, о®--р%—ү?, 

(ii) В2--Ү?, +e, «+B. 

Proceed as in parts (a) and (b). Students ‘should be very 
careful in simplification which is quite lengthy and tedious. 

Q 22—(р? E dicU — 4p?q-- 8pr): “z+ pe— 6p*q-- 8р°г 


+8p2q?— Lepar eno. 


Gi) 22—2(р° —ф gg —4р?4--542—2рг) 2 
| — (pig —2р%--4раг—24—1)= 0. 
Ex. 4.(а) Find the equation whose roots 29 the ratios 


of the roots «, B, Y of the cubic e+qxtr=0. 5 
Gen i. x 41, 59) 
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a . 
Let gs (there will be six such ratios as 
E s os. a/0,B/,8/7,7 18,7 fes). 
“os A=B. Now" 7 (8)=0 and f(4)—0; .. Л8)=0. 
o. c f() =°+98+r=0, n 


ояе: (8) - By? -- q8y-4-r-- 0. 
: Eliminating B ‘between these two, 
p? p 1 


gr (1—y). r (у) ау) * 
ges —— yt yn EET 
4у (1t-y) Ma o EA 
Now ..717 0. 7 ege 
FL asa r (ІУ): 


CY ETA 
one 7* (1-+У+у°)5-Е+45у® (14-y)5—0 
1s the required equation of sixth degree. 
(6) If oB, Y Бе the roots of x8+px®4-qx+r=0, find 
the equation whose roots are a+ 2BY, p3--2ya, Y+ 2a. 


Let Y= e+ Dymo 28? =a dr : 
2.7 08 E 0e8—ay—2r=0, W 
Also o3 -- po?-- qa-|-r—0. "co 3) 
- Subtracting, we get ; : 
. po*-r« (q+y)+3r=0. (3) 

Again multiplying (2) by 2 and adding to (1), we get 
3«*-2pe?--(Qq—y) «—0 22) 

or E - 3c?--2p«4- (29— y) —0. ' ra 
^ Solving (3) and (4) by the method of cross-multiplication, 


0.2 


EDN Qa—y)—6pr- ар 049) 3 (Gay 
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(c) If «,B, Y be the roots of *—x*+4= 0, find the 


equation йозе roots are в—о?-}-(0®-}-[%-Е7У°), B— 22-22; 
y—yt Ec, (МЗ 


ог SPY (2p2—3q)y—(4p*r—18pqr-+24° SI y 
| 
ха=1,хоф=0, у. xe-—(xej-—2Xep—l. © 0 


Also о3—02--4=0, `7 «isa root of the given equation. 


4 
и — — — а 2 . 
0—0. g One oF ...(2) 


Let y be a root of the new equation. 


.oyou—ed GA) Ll. Toy 0) and QI 


posee DES ог a= 
18 CEST | 
Since « is a root of аты we have . 
64 
7 Gai ы ТОР" 
or 33—33 —y+19=0 


Ex. 5. If, B, Y be the roots of the cubic 
ax? +3bx*+3cx+d=0, 
prove that the equation iny whose roots are 
Ву yep eke —yt 
ВРУ 24. y+a—28 * 68—27 
is obtained by the: homographic transformation 
axy+b (x+y)+c=0 ~ (РЬ. 45, 51) 


Also find the equation їп у. 


\ 
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ae OO 
a 


у ЁУ— а E Maes area ee АДЫ КЫН АЁ 
B--y—2« О за) 


ог Зуђро-3уао2—-аоЗ 
ог ао3—3Зудо?—3 yba+d=0. 
Also а03-- 35o?-1-3ca-- d— 0. Subtracting, we get 
30° (b-+-ay) 4-3« (c4-5y)—0 
or X (b+-ay)+(c+by)=0 
i. e, 


axy+b (x+y)+c=0. 


Again x= try . Putting this value of x in the given 


equation and simplifying, we get the required equation. 
[б J *Ex. 6. Ifa, 6, Y be the roots of the cubic 
agX3 + 304 x°-+ 3asx -a3—0, 
Jind the equation whose roots are - 
@ уа, ш 
B-FY—2« * y-ra—2B * &--B—2y * 
(Punjab 51, Agra 54, 35, 40, 46, 48, 53, 56, 58) 


We have already given one method in Ex. 5; alternative 
method is given below.’ .: :- «ti is 


Diminish the roots of the given equation by A, and 


the transformed equation js ay? -341y?4-34,y--43—0 ...(I) 
($9 P. 75). 8 ч 


Its roots are «— 4i, B—h, Y—h i.e. say (a, b, c). Apply 


the condition that a, b, с are in С. P.,and the condition 


obtained as in Ex. 4 (a) Р. 33 is 418.43—а4:8—=0. 

Since a, b, c are in С.Р. .;, -b2=ac or b?=abe. 

or b=— Aa ^ ..(2)  Butbisa root of (1) 
ab +34: --34:5--45—0, 34553--3455—0 by (2) 
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or А1303 — As? ог 412 (2) ло or А43—а)422=0. 
0 
or (ао-4-ал)° (agh?+- 3a3I2-41- 3ash-- a3) . 
—ay (agh®-+2a,h+-a2)°=0. ov 


Above relation reduces to a cubic in A. But since 
о, B—h, Y —h are in С. P., 


(6—)%==(«—Л) (y—h) 


E. 

or t= ge ee root. | 

Непсе replacing h by x in (2), we get the required 

cubic. { NEM І 

Simple Form. For the sake of simplicity let us put 
ае 


а= = ay? + Dat aa = att 2a a | 
= ааз зы + Н]. 
Similarly = а Зал? Sae Наз s 
= па E 3HeEG] [see § 9, P. 75) 
and Acces ac Sait Hania | 
= Let} 6112+ 4Gz+(a I-APy- 
| [see 8. 10, P. 77]. 
Hence the required cram by (1) can be put in the form 
H 
2 чне 6]-а( а zer )= =0 
or ep Het LG) (азан занн) =O 
or G2—3H7—H—9. , 
where TUUS and x i, e. his the new root. 


СС-0.Рапїпї Kanya Maha Vidyalaya Collection. 


Digitized by Arya Samaj Foundation Сһећпаі and eGangotri 


104 Theory of Equations 


(ii) 2BY—oB—oy 2Y«—Qy—g« 2aß—ya—Yyß { 
PyY—2u° >” wy-r«—28 ° «+ß8—2Y 
(Agra 37, 45) 
Let us diminish the roots by so that the transformed 
equation is a y3-I-341 2342 y+ 43—0 ...(1) 
Where Аз, As, Аз have their usual meanings. 


Its roots are «—/5, B—h, y—h. If they are in H. P. then 
1 1 1 х 
a—h' B—h? Yh are in A.P. 
2 1. 5-1 2 XY:Le—2h 
B—h ach ¥—h 9" Bh yh FAF 
Or — 2cy—2h(Y-«)4- 219 —B(y 4- «) — h( 4- «--2) +2? 
or h(y-- «—- 28) —2ya— py — Во 
.: 2709—87 — Ва 
і У+«—26 
Had we applied that B—h, У— л, «— are in H. P. 
Or Y—h, «—h, B—h are in H.P. then we would obtain 
the value of / giving other roots. 
Now if the roots of (1) be say, а, b, c then the condition 
for them to be in Н. P. as obtained in Ex. 5 (a) p. 35 is 
20432 —3А14434-2452— Б 
ог proceeding directly since a, b, c are in H. P. 


where h is required root. 


JD UR NM PARE 
$ a p 0" A. P. or AA es 
ог 2ac=ab+be ^. 3ac=3 ab. 
or Заро 34; p—s = 
ао йо. b ад ` 


p A ; 
e Жет . But (6) is a root of (1). 
433 A3*\ C 
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or aA3°—341A243+24°=0 
Now 4;=ajh-+a, where h is a root. Replace h by x and 
put the values of Аз, de, Аз as calculated on P. 103. Hence 
the required equation in simple form is 
Z 243Hz+G\2 2+4H)\ {22+3Hz+G 
(ESSE) a a) aene 


ao ay". 


+2257)’. 
a 
which reduces to the form 
23—6H?2:i—3HGz —(G?--2H3) —0 
where 2=а0х--а and x i. e. h is the new root. 


I^ 
© 


Ex. 7. The roots of the biquadratic 
Qyx'+ 4ayx?-I-6a5x? + 4asx+as=0 
are с, 5, Y, 8; find the cubic whose roots are 
By—a8 : | Ya—pB _ ¢8—Yd 
A Y-Fa—B—8 * a B—y—8 * 
one (Punjab 53, Agra 46) 
Let us diminish the roots by А so that the transformed 
equation is j 
ar A Gay A A "1 
where А1, As, Аз, Aa have their usual meanings. 
Its roots are «—h, B—-h, Y—h, 8—h. 
If the product of two roots— product of other two 
then (a—h) (B— л) =(У— 0) (65— 1) 
oB—h («--g)-I*—y8—h (У--8)--02: 


aB—YS — h where h is the required root. Now 


ES «675 
if the roots of (1) be.say а, b, с, d then ab=cd but abcd= Аза 
ab=cd=V¥ (Ала) (2) 
x a=at+b+c+d=—4Ailay 09) 


x abe=ab (c+d)+cd (а+-5)=— 44а 
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п AA at b4e+d)——* by Q) 

Ag 4A 4А 
ог BEA ff 2 See шш) = 2 

a ( = )= pi ог 412 44—а0432=0 


Now 41=aoh-+a, where h is а root. Replace h by х and 
put the values of А1, А», 43 and 44 as calculated on Р. 103. 
Hence the required equation in simple form is 


| 
жо [z14-6Hz?--4Gz J- (a1—3 H?)] 
(= 3Hz+ Б 0 
—a)| ———5—— | = 
" a 
or 2Gz3+ (a I—12H?) 22—6HGz —G?-—0 
where z=aox-+a; and x i.e. h is the new root. 
Ех. 8. (а) Ifa, В, У be the roots of the equation ` 
aix? + Jayx?--3asx-as— 0, 
Jorm tke equation whose roots are 
(0—8) («—7»), (8—7) (B—«) (—«) (У—Ё). 
(Agra 60, 35) 
Let us remove its 2nd term by diminishing the roots of i 


the given equation by 4 i. e. -— and the new equation is 
0 
3H { 
+з - a. =0 [§ 9, P. 75]. ... (1) 


Its roots are «—/, ae Y—h say А,В,С. - 
Now «—p-(a—1)--(B—4)2-4-—B. 
Hence -we have to find the equation whose roots аге“ 
(A—B) (A—C) etc. where A, B, C are roots of (1). 
Let z=(4—B) (4— C)— 43 AB—AC:- BC, 


or 2—4?—2Z4A4B--2BC' or Az=43—4.2AB4+24ABC 
С Emu е. 
"ag. ' ao ао 
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Also 0-4 TTA, чао sis root of (1). 


Subtracting, we get 4z— -SHAG 
ag ао 
ог А (а22+6Н)= 36 3 
0 
—3G 


Са (az FGH): 
But А is a pee of ( P and as such it satisfies it. 


aye AES —0. 


or TPO SCH (az -6Hy*4-G (а22--69)8—0 
Or —2'1G?—9H (as1z*-- 36H?-- 12agz H) 
+ (922--18Наџі22--108а022Н2--216Н3)=0: 
or az? + EE сыы. 108Н%=0 
. 9H 2°— a 2 — 
o Zub uL 2, (G?--4H3)-0 


Above is the required equation. 
(b) H x8®+3Hx+G=0 has its roots а, B, Y, then show 
that the roots. of the equation 3H 9Hy—27. (С+4Н°) = 0 аге 
(«—8) («—»), (8—7) (6—2), (Y—«) (Y—8). 
(Delhi Hons. 49) 
Proceed exactly as in part (a) __ 
(c) Ifa, B, У be.the roots of cubic. x? 3x--2=0-find the , 
equation whose roots are 
(«—8) (a—Y), (6—7) (8—9), (1—«) (7—8). 
(Punjab 55) 
Hence show that the above cubic has two roots imaginary. 
Let z-—(«—) (@—Y)=0?—oB—ay-+ By 


=о%— 0р4 —— _ 
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or &z-03-—3a--2(—2) с> 2Ze8—3, «fY¥=—2 
Also 023--3«-L-2 

we get &z—-—6x—6 or «(z4-6)——6. 

—6 

z+6° 

But а is a root of x?--3x -2—0. 


(Fal +(e) +2=0 


== 


ог (z+6)>—9 (z+6)?—108=0 
or 22-922—216=0 
а= (a— E) (0—ү) (8—1) (8—0) (Y=) (Ү—Ё)=216 
Ол —(%—B)? (B— Y) (y—2)?=216 
ог. (0—6)? (B—y)? (y—2)— —216 i.e. —ive. 


Hence one of the factors іп R. H.-S. must be —ive say 


(«— 6)? is —ive i.e. «—В=рше imaginary showing that с. 


and [ are conjugate complex. Hence the given equation has 
two roots imaginary. р ^ 


Ех. 9. Jf the roots of the equation 
ax“ -na,x^- MT ue 1) аәх”-%-Е...-Еа„=0 


be in arithmetical о рр that they can be determined 


from the ехргезвіот 8. aA = Sarva) by giving r 


the values 1, 3, 5.. (n—1) ihien n is even and all- the values 0, 2, 
4, б...(п— 1) when п is odd. (Agra 46, 60) 
Case I. If 7 be odd, then | 
_ When n=3, roots will be «—8, «, a+8, i. e. 9, «+ò 
Eon. E d 


or a; atò. 
- When n=5, roots will be ®—28, «—ò, a, «+ò, «+28 
or €, OS, 0-25 
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109 
or ©, ats, oe == 1 EN 
Непсе the л roots of ae equation when п is oda ‘àre. 
о, ad, a+35.. d 3 
do ° ы " Qo ~ А 


Sum of the squares of the roots=(2A)2—22AB 
-( 7y- -2n (n—1) аз | 


ao 2! EET ao 


Or œ? (a48) («22 28)? 4- ... ; 
` +( pmi А J may? E en а» 


2 ад? 2! ао 
ог m a +++. «(r2 Y |S -ne- 027 
| Now rea” (n+1) (2n+1) 
x ‚6 БУЛУ, 1 | 
.+ Put = and а=—-2 and transpose ло? to the 
0 
R. H. S. 
n—1 ntl А : 4 
Son seep. 2,.2 2 
29. — 6 —— urs = e 
Or 52 GaN Gru n - = 5 a- 
a ee uds "n aa) 
аё (nl) —. (1) 


Hence the roots are с, a8, ak 28,.. ax) ò 

or «+0, cea , «2-2. a ‚ 43. £ 2 
0 р, 

, К ; = A av 
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а Q1 r 4 

Boy aie where r takes the values 0, 2, 4, 
do ap 


6...(n—1) when nis odd. 
Case II. If 7 Бе even, then when z—4, roots will be 
&—38, «—8, a+8, «+38 
Or ®-Е8, 0-35 ог «-3,«-(4—1)8.  . 
Hence the roots of the equation when п is even are 


atò, 0--38...0--(п— 1). 
Sum of the roots =па=— 101; ~. a= — x) 
ао ао 
Sum of the squares of the roots 
nay? 2n(n—1) ae 
RE е 
or («-&8)°-Е(«-Е38)°#-+....[«-+Е(п—1)8]° 
ma? „п (п—1) аг 
а 2! , а 
ог n2428? M Pait SE k D] 
п Вл TA 
n(n 
ag 


az 
“Da 


MTE 7 
Now transpose ио? to the other;side and put х= — Pm . 


28*[(124-22-- 321.424 (n= 1)3 
=e 42+ ed ..+(0—2))] 


= а? —1у#—л. gen 
Now 2*p4 6H... ET d. = 
=2| 1 12-L22-4-324-.. (252) | 


Putting n=n—1 and 2 in the formula of Xn, we get 


2 
n—2 л 
282 fen: nQn—1) „з m Cee | 
| 6 Е 3 
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2 э 
=п (п—1) == (n—1) 2 . 


Cancel л (n— 1) from both sides 


3 (a?—agqa2) 3 „3 (ai? — agas) — ads) 
r ee 7 . . 
OC RR Eee ovii Bon 


Hence the roots are 


Tikes) es uu —i = 
N , a> A] э ++ adt 
ao ао / 
“Ba | 
ao ao 


where r=1, 3, 5...(n— 1). when л is even. 
66 $13. Equation of Squared Differences. 
If а, B, ү be the roots of the equation 
аох?-- 321х?--3а5х--аз==0, 
find the equation whose roots are the squares of the differences 
of the roots of the given equation i.e. («—[)°, (B—»)*, (Y—«)? 
and hence discuss the natura of the roots of the given equation. 
(Karnatak 1962; M. T. 1927; Nagpur 1961; 
Punjab 1955; Agra 1959; 56, 54, 52, 44, 49) 
Ax? aix? 4- 3asx-]-a3— 0. - (1) 
Its roots аге «, p, Y 
Let us remove. the,2nd.term- of (1) by diminishing its 


roots.by Л equal d and the transformed equation.is. 
: 0: c l 


Fe e 
YG Уза . ‚..(2) 


[$9Р. 75]. 
The, горі of (2) are «— 1i, p— =, У— А, say А, B, С. 
-p= [e+= -(8—A)P=(A—B)*. . 
Hence the equation of squared difference of (1) is the 
same as the equation of squared. difference.of (2). . 
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Let the equation (2) be written as x°4-qx-+r=0, ...(3) 
3H 
where q=— апі r= whose roots are А, В and Cand we 
0 0 1 


аге to find the equation whose roots аге 


(4—B)?, (B—C)? and (C— Ау. 
| Let z=(4—B}=(4+ Bf —44B=(4+ 8} 47E. 


Now A+B+C=0; +. A+B=—C and АВС=—г. 
CH or C? —Cz--4r-—0. 
But С is root of (3); .. C?+ уы Subtracting, we get 


—C (z+q9)+3r=0 or C= —— 


ae 2+4@` 
Substituting the value of 5 in (3), we get 
: 21r 
=0. 
ero t erg 
ог` (z-Fqy--3q (Е++4)#-++27/5—=0 
ог 23--6224-94°24-(27ғ2--44%)=0. ...(4) 


. Putting the values of q and r in (4), we get the equation 
of squared difference of (2) and hence of (1) as 
2+0 MT +21 T (G+4H)=0. - (5) 
The roots of fais equation are um B)*, (8—7), (Y—a)?. 
If we multiply the roots of (5) by ap”, then the equation 
23+ 18 Hz*--81H?z-- 27 (G?+4H?)=0 ...(6) 
. will have for its roots ay? («—f)?, ag? (B— )?, ao" (Y—«@)?. 
Also from above we obtain that the product of the roots 
is av? (8—7)* (Y—«)? (о —B)*=—27 (G*--4H?) ---(7) 
AL “St шш—27/.. 
Also & («—B)*—sum of the roots of (5) 
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` —18H. —18 61 

ES ==” 

Note :— Results (4) and (7) “should be committed to 


memory. 
Discriminant :—The function AZGMH-AH 18 called RA 
discriminant of the cubic and its vanishing is the necessary ап 


sufficient condition for the cubic to have two roots.equal as . 


will be seen in next article. 


Nature of the roots. 

Case I. G?-L4H? < 0 ie. —ive. All roots real. 

If G?-+-4H? is —ive, then H should be —ive and АН? > G. 
Now when H is —ive and G?--4H? is —ive, then the terms 10 
(5) or (6) ате alternately +ive and — ive and hence the equation 
(5) must have all its roots Live [see P. 25] i.e. (p—0*, (19% 
(«—B)? are all -Five which is possible only when о, В, all are 
real quantities. ; 

Case Il. G?--4IP > 0 i.e. tive. Two roots imaginary. 


In this case product of all the roots, 
—27 үә See 
ie. (p-Yy(y—2* («bY =F (G?+4H*) which is —1ve- 


(G2+4H*)> 0. 

This is possible only if the equation has a —ive root say 
(о — 8)2= —jye:. 2. ®—Ё is pure imaginary. Hence &, B are 
conjugate complex. Hence two roots are imaginary. 

Case Ш. G?+4 3-0. ‘Two roots equal. 

i iti is clearly 

Under this condition product of all the roots. is clearly 
zero and hence either of the roots (о — 8), -= (Y—2)? is 
zero i. e. two roots are equal. Ba 

Case IV. G=0, Н=0. АП roots equal. 


In this case the equation (5) reduces to z°=0 i. e. all the 
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three roots («—0)?, (B—Y), (Y—«)? vanish and hence 
py. 
Ex.1. If-«, В, ү be the roots of the equation 
aox? + Jayx?4- 3asx 4-a3—0, 
Jind the condition that (B—1/*, (x—«)2, («—8)? be in (i) A. P. 
(ii) G. P. (Agra 33, 44) 
Ё We know that the equation whose roots аге 
a? (4—B)*, a? (B—1)*, ад (у—о)? 
is 2+ 18Hz?+81H2z-+27 (G3 --4 H3) —0. ..(L) 
Since («—)2, (B— —y), (Y—«)? are to be in A. P. or С.Р. 
then aj? («—8)2, a (8—7)?, a (y—2)* are also in A. P. and 
G. P. 


Hence the question зан to find the condition that the 
roots of (1) are in A. P. and G. P. 
А. P.—Proceeding as is Ex. 3. P. 32, let the roots be 
A—D, А; A +D. 
Sum of roots=34=— 18H. 2. A= —6H. 
Since 4 is a root of (1), it will satisfy it. 
(—6Hy--18H (—6A)?+81 A? (— —6H) 
+27 (G^ -2H3)—0 


or - 27 [G?--(—84-24—184-4) Нз|=0 
or G?+2H*=0 is the required condition. 
С. P. Proceeding as is Ex. 4 P. 33, let the roots be © 
A А 
чре А, АВ. d 
Product of roots 43— —27 КАН. е. (2) 


But А is a root of (1). 
AE oe ES y 
or — -  18HA*--81H?4—0 by (2) 
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2A=—9H or 843——729H* 


or —8 x27 (G?+-4H3)=—729H? 
or 8G?2+32H?=27H? ; 
or 8G?--5H3—0 is the required condition. 


Ex. 2. lf«,B, Бе the roots of the cubic 
x3—3 (1--a4-a*) x+(1+3a+3a"+2a°)=0, 
prove that (B—x) (Y—«) («—Ё) is a rational function of a. 
From $ 13, if x*--gx4-r—0 be the given equation, then 
the equation of squared difference is . 
y+ 6gy2-++ 9q2y +(27r?+ 497) -0 
Product of all the roots 
= (P=) (r—9)* («— B= — 072-449) 
where r=1+3a+3a?-+2a8=(1-+-a+a*) (15-24) 
and q——3 (1 +a+a°). = 
- Product=—27 (1-+а--а3)° (1+2a)} +27 x4 (1+-a+a") 
—21 (1--a-+a?)? (4--4а--402—1—4а—40) 
—81 (1--a--a$y*. 
(«—8) (8—1) (Y—9)— +9 (14+-а+4@). 
Ex.3. If«,B, v be the roots of 3x3—11x*2-8x-4—0, 
find the equation whose roots are (B—Y)*, ( y—a)?, («—B)*. 
What conclusion can be drawn about the nature of the 
roots of the given equation ? (Delhi Hons. 59) 
Multiply the roots of the given equation by 9 and the 
transformed equation is «c. 1 
333—11x9x*--8 X 81x+4x729=0 . 
x8—33x?-+216x+972=0. ; (1) 


Its roots ате 9«, 9, Ov. : 
Now diminish the roots of(1)by 11 in order to remove 
the 2nd term so that the transformed equation is given as under. 


ог 
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ДЕ = 216 972 
_п —м2 —286 
—22 —26 | 686 
jh 11 
= (SEU 
-H | 
; 0 
or -Y—147y+686=0 or у%-Еау-{Ег=0. ...(2) 


where q——147——3 x49, r=686=14 x 49. 
Its roots аге 90—11, 98—11, 9Y—11 or 4, B, C 
(A-—B?={(9¢—11)—(98—-11)}?=81 («.— B etc. 
The equation of squared difference of (2) is 
284-642°--94°2--(27/24-44°)-=0 [Result 4 P. 112] 
ог 22—18 Х 49224-9 x 9 x (49)2z-.- [27.142.492— 4.37.49?] -0. 
The last term of above is 27.49%196—4.49)—0 
—18x49z*--9 x 9 x (49)? z^ Q0. ...(3) 
Its roots are 81 («—8)*, 81 (В--ү)°, 81 \y—4)*. 
Multiply the roots of (3) by 415; we get 
18 18х49 En `81.(49)°2 
81. ENJU 


ог 3— 2а (49)? z= | : 4 
2—75 СӘ =0. (4) 
Its roots are (х—6)2, (DB—y)?, (y—«)?, and it is the 
required equation, Y 
Above shows that one value of z is zero and conse- 
quently, («—0)*—0; .. «-—B,ie. two roots of given equa- 
tion are equal. 


RENEE A 


Ех. 4. Form the equation of squared difference of — 
x*--6x?--9x--4—0. What conclusions do you draw about іе 
nature of the roots of the given equations ? (Agra 47, 41) _ 


Let us remove the second term for which we diminish the 
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roots by —2 and the transformed equation is formed as under. 


_—2| 1 6 9 4 
T2 Сез. эссп 
EE! 1 2 
n ciui 
2 |—3 
Eri 
0 
Or yi—3y42-0 (1) 
Its roots аге «—(—2), 8—(—2), Ү—(—2) > 
i. e. «--2, B+2, ү+2 іе. А, В, С 


We ате required to find the equation whose roots are 
(«—8), (p—0*, (Ү—®* 
(«—8)*—[(--2)— (82-2) —(4— B) 
z=(A—B)*=(A+B)?—4AB 

4ABC 


or z=(0—0)}—50 v X4-0 
Or Cz=C3—4 (—2) ..(2) by 1 
But C is a root of (1) 
0=C?—3C+2 (3) 


Subtracting (2) and (3), we get 
$ 6 


Putting in (3) we get 216—18(z—3)?-++2(z—3)°=0 
or 108—9(z?— 6z+9)+ (22—323.3--32.9 —21)—0 


2 = 
or 23—182 +81z 0 


Above is the required equation of squared differences whose 
one root is clearly zero. Hence («%—f)?==@ 
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“. We Le. two roots of the given equation are equal. 


Alternative :—Тһе squared difference could be directly 
written if we compare the transformed equation x?—3x--2—0 


with X*-Fqx--r-0 we get д=—3 andr=2, Also the squared 
difference equation is 


28+ 6g2?-- 9q?2-+(279r?-+ 4q3)=0 
or 25—182*-4-812--(27 x 4--4x—27)—0 
Or 23—182?--812— 0. 
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CHAPTER IV 
SYMMETRIC FUNCTIONS OF THE ROOTS 


§ 1. Def. A function of the roots of a given equation 
is said to be symmetric if it remains unchanged when any two 
roots are interchanged. Below we shall find the values of 
some symmetric functions for the cubic and the biquadratic. 
We shall try to express the given symmetric functions of the 
roots in terms of Хо, of, Xepy, yaPyd...whose values we 
can find from the given equation by § 1 P. 24. 

Ex. 1. Calculate the values of the following symmetric 
function for the cubic x8+px2+gxtr=0 whose roots are 
a, p, У. 

(Commit to memory»the results of this example.) 

v 3028, (Punjab 57) (ii) Ze. ( ii) xo. (Agra 44, 57) 
(iv) ZBY. (v) xo3)?. (vi) Xap. (vii) Хо“ (Punjab 49) 
(viii) Xc38*. (Punjab 58) (ix) 036%, (Agra 40, 52) 

(у Za38 —98 --o*y-F Bey --Ba-I-Y*«--)^0. No. of terms 6. 

Now 2a.LeB=(#+B+7) (8--ВУ--У). No. of terms 9 

—Xa39-L 3er. 
6 sel 
co х026= о Уор Зору. (Remember) 
6 3x3 3-1 
Both sides contain six terms. 
=(—p) (0—3 (—r)=3r— Ph 


below every sigma denotes the number of terms in that 


The digit 
symmetric function, 
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(ii) Хоз рвет, 
а 
Now (2х)2=(0--В--У)2—= 5024-25060. 9 terms. 
3 2x3 
Уо2—(20)2—2 (Z«p)-—p?—2q. (Remember) 
(3) 9 2х8 
Note. Above relation is true for equations of all degrees 
and will be used frequently. 
Ех, Us €, B, Y be the roots of x*—px?--qx—r-0 find 
= zag He L 28 (Sagar 63) 


ga RE o^ 
In other com we have to find the value of 
a HB +y (Xey—2YXaB  p*—2q 
ep? (ay)? r? 
(H) хаая Ep-EY. 
Now dc dtu) (22-62-15) 


=Хаз рәф, e 


the value of —— 


Хо?== De. ==. (Remember) 


3x3 


. The values of Хо? апі X?8 have already been calculated 
in (1) and (2). 
` %08=(—p) (p*—29)— (3r—pq) 
=3pq—p*—3r. See Q. 4 (b) P.88 for alternative method 
(iv) Zio? Bye Brr-F B^ra- fug apy. Xa. 


Hence “= Xe—pr. (Remember) 

(v) Хаара ed p- E By vto [See Ex. 2(a) P. 71] (Pb. 55) 

^ Now (2.8 Вав рор: 9 terms. 
X 
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Zep — (78): — 253ү (Remember) 
3 9 2x3 : 


—g*—2pr [from (iv)]. 
(vi) Xe89—e39-Ee* paty Hrt. 


"Now sxo p= (BY?) (а8--ВҮ-Е1® 


= 3058+ Zby. 
6 3 
LesB—= De®, Xap — орү.Ўх (Remember) 
=q ( du rur 
бй) Жай=(Улу—2 Qut) (p*—24y —2. (4%—2рг) 


[by (ii) and (у)] 
=p*—4 p'q--2q* Apr. 
(viii) 522°. Now Xo.22?p!—Xo3p?-L-20?P^r. 
6 3-3 6 


X32 — Xia, Xa292— a BY. Das 
=—p [q’—2pr]—(—1) 4 [by (v)] 
=— pg +2 prar 
(ix) See О. 4 (b) Р. 88 for the value of 2:99? 
Ех. 2. If, 6, ү be the roots of the equation 
ax? +-30,x? + 3aix + as=0, 
find in terms of its coefficients the coefficients of the quadratic 
equation. (Agra 41) 
(x—«)? (— Y? +(х—)# (y—2)?-+(x—y)? («—B)*—0. 
The above equation when simplified takes the form 
2D (к—8)#—2х.®« (B—y) +2 (8— 
У («—B)2— (&— B)* + (86—Y) +r — 4)" = 220? — 22b ete. 
Da (B—y) =a (B3-I-7* —28) — 2920 — берү etc. 


уо? (У) De® (B -Y*—28) 2X7 — 229 BY. 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


(Pb. 38) — 


V 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


122 Theory of Equations 


The values of all the symmetric functions have already 
been found in Ex. 1 in terms of xe, Daß and «Sy. Hence the 
equation is 

(a022— a?) x?-- (a923— аа») x-+- (a1a5— a5?) —0. 
Ех. 3. Ifa, р, ү be the roots of the cubic 
х%-Ерх#+4-ах-Ег=0, 
Jind in terms of p, q, r the values of the following symmetric 
Junctions ;— | 
j BEY He, e? ОЕТ 

(i) re = TUQUE Or (2+1. 

(Punjab 53) 

(ti) (B+y—2)®+ (y+a—B)?+(a+B—Y)8 

(ш) (BVE — oe) ap) 

ыр earl e R e E 

n yaa FE (Punjab 36) 

at py Bye Y tep 

O) -py t yta «+ 

(Agra 53, 56, Vikram 63) 
; 2ra | 2уа—$% 248—1 i 

O руа tyap аву 

(vii) « («-F-B)(e-1-»)--B(8-1- Y(8-1- 9 3-Y Gr-907-4-B) 

vm ЕСИ 

a Бү/\ Ye AY? ор (Punjab 25) 

a w* By 

62. (ст) 

(x) Ж(«—[) (Delhi 55) 

(xi) (« B+BY) (BY +y2) (Ya+aß) 

m Etr Yta | eap Dot 

Sol. (i) e +—— or » = + ) 


ya ep B 
; (Delhi 63, Punjab 53) 
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The given symmctric function on simplification reduces to 
a (£1 -Y2)--8 (0°-Ео5)-ЕУ (+B) 
“Ву 
ої SUM by Ex. 1 () =20— 
(1) (B-FY—9)9-- (Y2-«—)*- (c - 8 — Y. 
Let B+y—a=A, ү+«—В=В, «+ß—y=C. 
- Also B--C-2«, C+A=28 and A+B=2y and 44+8+C 
ma+B+y. We have to find the value of 434-B*4- C*. 
A34- B5-- C3 —(A--B4- C—3 (A+B) (B+C) (С+ А) 
2-(2«)3—3 (20) (20) (2) -24r— p°. 
(Hi) (B9—992-- (У2— 02)2-- (03 — Q3)*. 
Let us find the equation whose roots are 0, Q3, У? say 
A, B, C and by Ex.4 (b) Р. 88, the transformed equation is 
¥+(3r-+p*—3pq) + (3--gà—3pqr) y--r*—0 and we have 
to find the value of X (B—C)?. 
—2X4:—2XBC—2 [(2А3—2®2ВС]—2>ВС 
—2(24)—62BC—2 [3рд—р°— 3r} — 68r 
+4°—3раг) 
—2p8— 12p!q-- 12p?r - 18p?g?—18pqr — 64°. 
Py, tpe оза 


G) бту "rx BO (0 Qh.39) 


'The given symmetric function is 
х (2-3) (+Y). (e-I- B) 
(B) (2-9) (-ЕЁ) ` 
N'—X (824-12) (0--298) == (BHY) (02-9) 
= 2502824-27 Х02=2 (q*—2pr)--2q (1—24) 
ts (ii) and (v) on P. 120. 
by parts (ii) and (v) Wedge 


ra(B-+Y) Qm) (ate) - (Pb 55) 


ew, 
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But «+В+У=—р. 
. (@+y7)=—p—< etc. 
D'=—(p+«) (p-B) (p+) 


= —[p?-4- p?X«.-- pXe-- ofy]—=r—pq. (Pb. 38) 


Note. D'—(B-Ey) (y+a) (2-6) — Z«e8-E2«Pv 
—(3r—pq)—2r-r—pq by Ex. 1 (i) P. 120. 


(у) Em CERT. PEYe Hep 


By + ya T «--B ' (Vikram 63, Agra 53, 56) 


X(c*-F By) («--Y) («4-8) 
(+6) (B3-Y) (y-+e) * 
— 2(a*-- By) (o?--«84-Py -Y«) 
=Z (a2--By) (24-4) = Zio4-- Xo*8 y 4- gdo®+ qua, 


The given symmetric function is 


The values of all the symmetric functions involved have 


been calculated in Ex. 1, parts (iv), (viii), (ix) P. 120-121. 


and D” we have already found in (iv). _ 
Др 3p'g--5pr--g* 
: res r—pq 
In case the equati n be 
x*--qx-Fr-0 ie. p=0 then ра =. 
28y—o*?  2үх—02 298 —ү? 
(vi) Eva rra Ват" 
The given symmetric function is 
X(29y—o) (ү-+«—В) («--8—1) 
- (B-Fy—e) (Y43-«—B) (FEY 
But  o+B+y=—p. ~. а--В—тү=—(р-Е2ү). 
` Nr X (25ү—о2) (p+28) (р-Е2ү) 
= (28ү—о2) [p?-+-2p(6-+y) +487] 
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—2p*Xop — p*Zioà-- Ap. Zag(a-I-8)—2pZo* (B--Y) 
+ 830391 — 4xc?By. 


We have already calculated the values of all the symmetric 
functions in Ex. 1, 


Also Xof(z--B) 2248 and Xx*(B-I-y) —X«?8.—3r— pq 
N'—2p'q— p'(p*—2q) +2p(3r—pq)+ 8(g?—2pr)—4pr 
= —(p!—2p*q--Mpr— 847) 
D'—(—p— 20) (—p—2B) (—p—2y) 
——(p?--2p?Ya--ApXaB-- 848). = —(Apg—p*—8r) 
Ne _ p—2p?q+14pr—84* 
"Dv. 4pg —p:— 8r 
(vii) а («--В) («+y)+8 (+Y) (61-9) 3- Yr) (Ү-Е®. 
The given function is 
Zia(o*-]-Xa) —31«(o2-- q) —213-- qua 
z—(p!—3pg4-3r)—pq—2pq—p?—3r. Ех. 1 (ii1)] 


e (4-2) (1-2 or 


The given symmetric function is 
(By—o?) (ух — 6°) (e8—Y^) 
ed ptr 
By—o2=o8-+ By +ya—e—oB —үх= 508 — «50=0--ра, 
` Simlilarly Y«—6?—q--p8 and «B—y?=g--py 
Also оВү=—г. Hence the given function is 


— (rp) (q-- pP) (q--p) 


а 


— jg + gp Bat gp 28+ BY) 3 


= Flat ao—p)+ gqp'(q)-pX—r) 
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Eg: p 
ae 275 Ans. 
—P ih 
x 
sn (a ate 


a (8) е zf 1- ei 


== NERO. о 2 + ү? Я 
3 (FB (EF т ON rto 
Now ({(ү--8)%(ү--о)2) — (r?-Z«g)* —(?-- a) 
—Y--20Y +9". 
Хар(ү--6)? (y+ — xepCr*--2q*- a") 
— a Y303--2ga p 2a-4- q* Xup 
—-—r(3pq—p?—3r)--2pqr-- q? [from Ex. 1 (iii)] 
——paqr- pr +3 +g. 
Also («4-B)* (8--ү)? (Ү--‹)2—(7—р4)°. [Ex. 3 (iv) P. 124] 
(SY oU 4(g*--3r*-- p*r— par) 


«+8 (7—рф? 
3р2 — Ap*r— 4q3— 2pqr—9r? 
e (г—ра)* 
(x) (0—8)*. (Delhi 55) 


5(«—бу=х(«4—4о38-1-боёр—4®арз--8%). 


There will be three factors of the above type in the given 
sigma each of which contains five terms. Thus we have to 
account for 15 terms. 


Now 204 contains three terms and 6“ is also a part of it. 
5038 contains six terms and «f? is also а part of it. 
210?B? contains three terms. 

X(x—B)t—2201— 43.038 + 62:2? p*. 
15 2x3 6 3 


The values of the ‘above symmetric functions are calcula- 
ted i in (vii), (vi), (v) of Ex. 1. P. 120-121. 
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> Z(a—3)'=2 (pt— 4p!g--2g*--Apr)—4 (p!q—24*— pr) 
+6(q?—2pr) 
—2p!— 12p*q-- 184*. 
(xi)  («8-- By) (By+y2) (үх--о6). 
Now Ву 508 — yo » (q— ya). 
i we have to find the value of 
(4—8) (q—8v) (q—ya) 
= qi— 0°. Xop + qXo? By— op»? 
—q!—q*.q- qopy.Z«—r*—pgr—r7?*. 
Ех. 4. (а) Express XA ab and abc in terms of p,qandr 


where p—Xa, q—Xa?, = Уаз and hence find the equation whose 
roots are (a, b, c). 


== 
Za*— (Ха) 2Yab or q—p*— 2Xab; г. Xab- 2-24 
Zg?—Xa. RD. q—(2a.Xab—3abc) (Ех. 1 (1)] 
3.— 
or, r—pq—p. P3 sabc; ss = 5 


Hence the equation whose roots ате а, 5, c, is 
xi—x*Xa-rx Xab—abc-0 . 
6x3— 6px*--3 (02—40) х--(3рд— р+—2г)==0. 
(b) Prove that if Xx=0, Xxy—p, xyz=q 
and x+yz=a, y*--zx—b, z?+xy=c, 
then Уа=—р, Lab=—p*, abc=p*+-8q?. (РЬ. 59) 
La=x?+yz+y?+2x+22-+xy 
=Dx24+ Dxy=(Lx)2?—2Uxy+ Exy=— p. 
Xab-X(x*--yz) (y?+2x) in all 12 terms 
zX(x3y*--x3z 4 y3z- E xyz?) 
Xy Daz Expat 
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= (5ху)? — 2xyzZx]4- [Zx*.Xxy—xyz.Zx] 
--xyz.Ex by (iv), (v), (vi) of Ex. 1 P. 121 
Now put =x=0. 
—p?-- [(Zx)? —2Zxy] Uxy=p*—2p?=—p*. 

Now a—3x3- yz x(x4-y4-z)—xy—xz—yz-2yz 

=0--p+2yz=—(p—2yz)- 

ae abc=—(p—2yz) (p—2zx) (p—2xy) 

z—[pi—p?2Xxy4- p.Axyz.Zx—8x?y*z*] 
=—[р5—р%.2р+0—84°]==р°4-8@. 

Ex. 5. Find the value of X (ay«4-21)?. (ф—Ү}* in terms 
of the coefficients of the roots of the equation 

Qox®-+3a1x?+ 3aax-++ as=0 
whose roots are, о, B, Y. 

We know from $ 9 P. 75 that the given equation reduces 
to the form z?--3Hz--G-0 where z=aox +41. If the roots 
of (2) be denoted by 21, ze and zs then 21= 40-01, 
22=а%--а, and z3=@oY +41. 


. Z2 Zs _g and hence we have to calculate the 


ао 
у РА 
value of cre 
= Lpxatzi— 252122923) 
0 


m Lp 122)2— 2Xz,? 2225) — 25212223] 
x : 


1 18 
=a? [2.9H?]— ama 2 
аг Dz327973=212273421=0 ie Xz,—0. 


Ех. 6. If, 6, Y, 8 be the roots of the equation 
x!-- px grt rx-+s=0, 
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Jind the values of the following symmetric functions :— 
(i) Zo? (Vikram 63) (ii) Хо28, (Pb. 55) (iii) Ze*By. (Pb. 60) 
(iv) 2028? (Pb. 63, Agra 62) (v) 2038. . (vi) Хох. (Pb. 35) 


(vii) ж (vii) Уа). (ix) X(«—8)*. (Pb. 31) 


(x) X («—8)? (y—8§)%. (Pb. 52; Agra 24) 
(xi) (Py—a8) (y«— 83) («8— yò). 
(xii) (By--«3) (ye -B8) («8-- 8). (xiii) Хо?Вү. 


(xiv) X(«— p)*y28?, (Pb. 55) (xv) х3, (xvi) 2-a . 


Ans. (i) Xo«?—(X«):—2XaoB—p?—24 as in Ex. 1. 
Gi Zee (BEYE) se enter 
X 


Now Хо Хов (u--B----8) (B--ey--«8-- 8) -- 08-8) 
4x6 
—Xop-4-3Xofy. 
12 3x4 


Eo? B= Хо. XoB— 3X«fy (Remember). 
=3r— pq. = 
(iii) Уе°Вү=ө4(фү-ЕВ8--Т8)+... Tacs toes 
X: 


Now ZaLey=(at+Bty+8) («вү--а28--ү8х--Үд8) 
4х4 
=La By -Aapy8. 
; 12 4х1 
>  Ye2By= De. Xopy— 4oy8. (Remember) 
=pr—4s. 
(v) Da2B2—=a2B?+-o2y2-+ 0252+ By? + 8%? prs. 
. 6 
Now (Zap =(ep+ay+ad +BY ++ YS) 
36 6х 
— X038 4-22? By - 6x po. 
6 2x12 6х1 
Xo?g2— (Xapy*— 25028y—6afy5. (Remember) 
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74*— X(pr—4s)— 6s from (iii) —q?—2pr--2s. | 
[For alternative method sce part (c) P. 84 
(v) Za 8—o* (B+Y-+8)-+...+...+... | 
Now У 2 Уо =—=(0? 2 
m B=(0?-+ 2-1- Y? 1-85) 
X («8 -1- «4-48 4-P-- 88 4-8) — 20324-70287, 
12 13 
208—702 YeB—Ta2rBy (Remember) 
==(р#—24) q—(pr—4s) [from (ii) and (ій) 
—p*q—2q*— pr --4s. | 
(у) Bot (Le?)?— 25082 (Remember) 


=(p?—24)?—2(g?—2pr+2s) [from (i) and (iv) 
-p*—4p*q--29?-- Apr— 4s, | 


(vii) In order to calculate X we multiply 
Zepm-l. 
ы 


1 
Zap. У-у ==(о8--жү--«8-ЕВү-Е08-Еүў) 


eB « | 

a a | 

ep ] ® | 

= (zb )—> (2) . -« 

Again for x. we multiply Se and 5-1 | 


a ' 

1 EEE 
2a. X— = Д — — — — ; 
Dr Lt S EE 


43 
B > a Ж 4: ў 
zz B +4. {Ӯ 
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х4 уду РД. 20) 

В а єй 
(Remember) 
Now in order to find Zl and = we find the equation 
LRL gl lg putting x=} i in the given 


whose roots аге, Boys 
equation and the transformed equation is, | 
sxtrx3-gx?+px+1=0. 


1 =r 1 1v. | 1) 


DA PI 


БЗ s2 
z= 7 ")- === фу (2) and hence 
from (1), 


Хов _ (CERT 


= qrti—24*s— prs +4 
= ZEN AE crore 


(vii) X (x—8)—X [z5—4988 4-69 0?— 4«B? 1-8]. 
There will be six factors of the above type each containing 
five terms. Thus we have to account for 6 x 5—30 terms. 
Zat contains four terms and £* is contained in it. 
2/a3B contains twelve terms and of? is contained in it. 
Z'a?8? contains six terms. 
Я 0—30 алар 62n, 


The above sigmas have already been calculated in (iv), 


24 Apr As) 4 (p И (@—2pr+2s) ES. 
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=3p*— 16p"q+-209?+-4pr—16s. 
(ix) Z («—py—z (02-4-62—20В) i.e 6X3=18 terms 
= 320822 u8-—=3 (р®—24)—2д=3р%—84. 
X 6 


(х) 2 («—8y (уү—5)2 
=(@—)* (y—8Y*--(v— 9)? (8—8)? 
+(8—y)? («—8)* (Pb. 52) 
(6-83 228) (12--92—218)-- ...4-...27 terms 


=22'0?82 25428743 (403ү$3)—27 terms 
2x6 12 3 


=2 (¢?—2pr+2s)—2 (pr—4s)+12s 
—2q*—6pr--24s by parts (iii) and (iv). 
(xi) (By—«8) (y«— 88) («8—Y8). 


By actual multiplication we get the given function to be 


equal to 8 terms Хоруз 2озВү$ 


—(Z'apy)—2«8y85.2ap—80Y8202 
=r—2qs—s (p?—2q)=r?—p’s. 
Note. 2a782/2—(Lapy)?—2abysraB (Remember) 
(Vikram 63) 
(xii) (Вү--о5) («-1-88) («8-1-Y8). 
- AS above the given function is 
Хоту Z'o3By8 
—(r*—2qs)-4-s (p1—29)— r* — 4sq-t-p?s 
(xiii) 233ү. This sigmas contains 12 terms. 
22009 aby = (2+ BE 924-84) (авү--ар3--үда--үд8) 
= ХозВү-- Za?0y8 
12 4 
Хозвү= Zo, Xoy—opY82o. 
=(р%—24) (—r)—s (—p) 
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=ps+2qr—p*r. 
(xiv) 2 («—ру°ү?8, (Pb. 55) 
The given sigma can be written as 


a282y28?, X. Cu ME (= tà x3 


Above sigma will clearly contain 3x6=18 terms for 
which we have to account for 
all зх 1—22 

a 


3x4 


a 


|= [354-2548]. — (0) 
6 2 


boo 


1 1 
where 4, B, C, D stand for зву? and as such they 


are the roots of an equation obtained by writing I for x in the 


given equation. Hence А, B, C, D are roots of 
sxt+-rx3-+ qx? - px 11-0. ...(2) 


Z4—QAp—224B—7.—2. and ЎАВ=. 
S S S 


Putting in (1), we get 
2 
2 (о —В)2у222—5* | 3 (5—2)-2 ]ean-tas 


s 
бу 22 х (6+5) | | 
6 (++ E) 
+8 (жакут)! 
eM] 
43 (ie Leg) 


—Z-lu-4-Z4Ga—a 
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-(-£) (—5)-4— P —4. 


As in last part, 2 g^ AMIGA 
=(p?—29) (22 )-4 as in (xiv). 


Ех. 7. (a) If а, ф, У, 5 be the roots of the equation 
xi px8+9qx*+rx+s=0, find the equation whose roots are 
ВУ-Е08, Ya--B8, «B-1-y8 and hence find the value of 
(«-P) («-Е7) («4-8) (B+) (B-+8) (Y+8). 
(Delhi 57, I. A. S. 51) - 
Let the roots be denoted by А, B, C. 
ZA-—Zoc—q. 
ХАВ=(ВУ--ад) Qra-EB8)4-... .-...Le. 12 terms 


= 98у рг 45, [Ex. 6 (iii) P. 129]. (РЬ. 1928) 


ABC=By actual multiplication as in part (xii) P. 132. 
=Z apy? + «388 etc. 
=(r?—2qs)+-s ( p? —29) —r?—4qs-- p*s. 
Hence the equation is х3— (24) x--(ZAB) х—АВС=0 
ог x°—9x*+-(pr—4s) x—(p*s—4gs+-r2)=0 09 
Taking the product of (9-1-8) with the factor which contains 


other roots, we get 
(+B) (Y+8)=(Yo-+B3)+ (BY 4-98) — 43- B. 
Thus we have to find the value of (4+B) (B+C) (C4- A). 
A+B=(A+B+C—C)=q—C from (1). 
Hence we have to find the value of (g— 4) (q— В) (q—C) 
! —q—44--qZAB—ABC 
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=@0—4°.@-Е4 (pr—4s)—(r—4gs-+p’s) 
=рф?==г?*=—р°з, 
(b) For the biquadratic of part (a), find the value of 
(7—9) (B—8)—(«—8) (у—8)} (&—8) (7У—8)—(8—7) (6—8) 
{(6—7) (к—8)—(У—о) (8—8). 
Let A=SY+05, B—y«4- B9, C=oB+78. 
A— B—8y --«8— ya— p8e- 8 (y—3)—« (У—8) 
=—(У—$) («—). 
B—C-Yya-F-p8—o8—y5—Y («—8)—B («—9) 
=—(B—¥) (2—8). 
Сс—А=ор$--Уу8—6У—о8=‹« (8—8)—» (—3) . 
=—(у—) (6—8). . 
Hence we have to evaluate 
(—C+A+A—B) (—A+B4B—C) (—B+C+C=4) 
=(34—2 A) (3B—Z4) (3C—2A) 
But Z4-Za«8—q from part (а) 
Hence we have to find the value of 
—(q—34) (q—3B) (q—3C) 
== —[42— 43.32 44-092 AB— 21A BC). 
The values of ХА, ХАВ and ABC are calculated in part (a). 
Required value is 
—142—34.74-94 (pr—4s)—27 (p*s—4qs-t *)] 
—24—9pqr— 1295-2 Tp*s4- 21r. 
(с) Jf о, В, Y, 9 be the roots of с2х5— 202х34-2х—1=0 
find the value of Z (=V) (902—8): 
Let y=x* so that c2y2— 1=2x (cy—1), Square. 
(gy? —1)1—4y (Cy— 1)? or сїу*—40%у3-Е6с%у*—4у +1=0 


Ans. 


Ans. 


6 » 4 SUSE 
or e A ano. 
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Its roots are o2, 82, 7°, 8° say a’, B’, у’ 3°, 

Hence we are to find the value of . 

2 (p'—y'y («/—85^?? which by Q. 6 part (X) P. 132 

—22/9/29/2 —  Y29'yy! +3 (4«'B^y'8") 

=2 (q*—2pr-4-2s)—2 (pr—4s)-- 12s 

—2q*— 6pr 4-24s 

=2 (6/c*)*—6 (—4) (—4/с")--24.1/с9—0, 

(d) Ffa, В, Y, 8 ае the roots of the equation x4-+ px? 
Fx? -rx--5— 0, find the relation among the coefficient when 


the roots are so related that ®—8, 2—8, Y—8 are in Harmonical 
Progression. 


According to the given condition, 


Se Reece |e aa) a | 
B—8 a—5 y—§ B—$ 
a—B Ву 

= 8—5 

ог 00—098 — By += a8 «cy — 884-5 

or 2ya--288—«84-B 4-8 --p3 


Or in terms of the notation of part (a), 2B=A+C where 
A=fY-+-08 etc. and А, B, C are the roots of 
x*— qx? (pr—4s) x—(p*s—4qs--r?)=0 [by part (а)]. 
Since 2B=A+C, ~. 3B=A+ В-ЕС=а; .. В= |3. 
Hence the required condition is 
que qM q 2 2) 

(4) «(3-092 onset) 
or 9par —7295—27p*s —2771—293—0, 

(e) If «and «' are the roots of the equation ax*--2bx 
--c—0 and B, В' are the roots of the equation py?+2qy-+-r=0, 
Prove that og, a8’, «В and «'B’ are the roots of the equation 

(apz*--2bqz - cr)? —4 (ca— b?) (pr— 42)22—0, 

(M. T. 1945) 
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Ба 02. on! cla PEE, B8'—rlp. 


Let the given roots be denoted by 4, B. Cand D. Then 
the required equation is 


24— 733144223 AB—z ABC+-ABCD=0. 2260) 
хаанаар (аа) (8) 400, 0) 


2 AB=(4+B) (C+D)+AB+CD. 
=«.(B-+B’).a’ (B-+B’)+-0288’ + ap^ 
=ах" (8-Е8')°-ЕВВ' (4-2)! 2227) 


c 44° 4b* 2c 
a'p = 
1 
=й [4асй?--4Б%рг —2acpr]. ...(3) 


ZABC—AB (C+D)+CD (44-B) 
=0288 0 (B-I- B^) J- o"288' {a . (B-I-8)) 


=a! BB (PHB) {a-a} 
aci aus 4bq 4Abcar 
= a . р „ ap азр? б »--(4) 
АВСр=о?а' р? pa Cr (5) 
e. . dip* «е6 


Hence from (1) Бу the help of (2), (3), (4) and (5) the 
required equation is 
4bq 


24—23, у ДА [4acq*+- AP*pr—2acpr) 


| em я Фора = 
or [а@р®24—Аарра??--АБ%д%:] 


Tz [4acq? 4-45? рг—2асрг— 46%] —4Ьсдғ .z+c22=0, B 
We have added and subtracted the underlined terms. Я - 
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(ар22— 2bqzP -- c?r*-- 2er (арг? —2bqz) 

+22 [44° (ac—b*)+-4b? pr—2acpr— 2асрг] 
or. (apz?—2bqz--cr-4-z? [44 (ac—b*)—4pr (ac —5*)] —0. 
or (apz?—2bqz-+cr)?—4z* (ac— b?) ( pr—4?) —0. 

Ex. 8. If «, B. Y, 8 are the roots of u=x'+9x*+rx+s=0, 
show that the equation whose roots are ВУ--98, Y«--p3, «B+-78 
is x3 —qx?--4sx--4qs—r?—0 and that if xı is a root of this 
equation, then 

=| у? РХ -2 rx 3 
ex xe) (х eae) 
where M add № are the roots of 9 —x14-5—0, (Agra 39) 

The first part follows by putting p—0 in the result of 

Ex. 7 (a) P. 1.4. 
u=xt 4- qx? -rx4- 5-0. 

It does not contain the term of x? and hence sum ofthe 
four roots is zero. lf sum of two is b, then sum of the other 
two is —b. 


ug(x?- bx 4-1) (3 — bx). ...(1) 
Comparing the coefficients of like powers of x, we get 
MAÀ.—P—q or Xà-dA-—DM-M. ...(2) 
b (—X)-—r.- or м=м= ...(3) 
№А=5 ог A5 ...(4) 
М№ом (А2) = (Qa H) — 412 
or F=(etm)—4s 


Sh eee 2 
or Gah ag CM) 4s from (2) 


or Atr)? — q Arth) — 4s (Ar +A2)+4gs—r°=0. . 
2. (А) is а root of x3—gx?—4sx--4qs— 1? —0. 
But the root of the equation is given to be x1. 
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A1 T-33—2x,. ...(5) 
Also №\=5; .. А and Ag are "itg roots of the equation 


MA be £t Ил 
xı+s=0. Also from (3), b= EY, = MM 


Substituting the value of b in(1), we get the required 
result. 


Ех. 92 Jf о... ®„ be the roots of the equation 
x^ pix" 1 pox”? ...-- pa ix-Epa-0, find the values of the 
following symmetric functions :— 


() X 124-052 (Bombay 61; Agra 43, 53, 58; 
0105 Nagpur 57; Delhi Hons. 51, 54, 60) 
(ii) E A (iii) Z (щ—оу? озо... 
2 
(iv) Z 2 (Авга:51) (v) Z miu, 
ye «10203 (Agra 42, 34) (уй) Х а? (Agra 40, 
Delhi Hons. 48, 58) 
2 
(viii) A = б (іх) 27 012090304 (х) 2 a4, 


2L g2 
Sol (i) х ай у (2+5) 


КЕ 1 

=a (2 БЕЛЕ "ER =} 
1 

e (а к) 


Adding, we get the value of given sigma as 


3/032: L _n=(—p:) ( =рез\_ п= Pia y. 


Pn 
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x Be ue are the roots of 
01 Ko C 


Pax” -Pa-1X* 1 T-...-- pix 1—0. 
Gi) 275. (Punjab 59) 
For calculating z^ p we multiply Z« and Zu і; 
Хоа. COE ыз 
=) i +3 ay 
ха, ESO 2924 di 


(аја. 


1 0109 01 


A; ge are the roots of the equation 
Qj 9. о 
рьх”-Ер„-1х”^ї-+}-...-Ерух+{-1==0, 
" 01 -1 5Pn-2)| Рп-1 
хр (252 22 Pn eem Pn 
— Ёп-1Ра—Р1Р°п-а+1-2Рурп-ЗРп,, 
EN 
(Ui) 2 (01—02)? «s04...*.. 
Now 2 (0—9)? озод... 
У (v, —«а)? 
0105 


em [2 fee] 


Now we have n roots and we are taking two roots at a 
time i.e. there will be "C, combinations and hence in the 


FS (10.901304. Cn 


symmetric function 2 will occur "C, times and the value 
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4 
of 2 = аа - is already found in part (i). 
Hence ma —n—2 1 G-D um 1) | 
Pn . 


2 =(= 1)" pees, Ans. 
5 (rA c 
HUN c (Agra 51) 


pat iu а.а) tg 


3p L (ааз. r.en )— Ap 
ба 


= Ха EL Ze =(ра—2рз) (= er Е 
=p— Pn-1 (ра 2—2ра) 
Рп 
() Ха. a. 
The sum of the poWers in the above sigma is 2+1=3 
and we know that in the case of a cubic 
2023=2 a.2ap—3aBy 
or Za d= Хој. A 0.1% g— 3019308. (Ex. 1 (i) P. 119] 
Since the equation is of nth degree we write 
203205 = Хот. ооз — 321040503 
=(—p1)pa—3(—ps)=3ps—pips- 
(vi) Хо20203. (Agra 42, 34) 
The sum of the suffixes is 4 and we know that in a 
biquadratic 
ХозВу= Хо. Хову — 408у5  [Ex. 6 (iii) P. 129] 
or Хоу2озаз = 20203950 — 401030304, 
Since the equation is of mth degree we write 
Холодов = Уб. Холодов — 420 90304 
=(—p1) (—p3)—4p1—pipa—pa- 
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(vii) Zesfus?, (Agra 40, Delhi Hons. 48, Delhi 58) 
The sum of the suffixes is 4 ane we know that ina 
biquadratic 


Mefp— (Xapy—22«?9y—6egy8 [Ех. 6 (iv). P. 129] 
—(Xop)1—2(Xa.Zafy —4«py8)—6apy8 
—(Zap)? —2X«.Xopy 4-2«py8 
ог Zaa —(2o49,)? —22/42/09593-]- 201999394. 
Since the equation is of nth degree we write the above as 
Za O92 — (2104 01g)? — 22 6.21 01033 -- 22763039924 
=(p2)?—2 (—p1) (—рз)--2р: 
=po?—2pips+ 2ps. 
(viii) z2, 


u _ IPSI 1 
mcm hatt) 
1 1 
H(z Ao \+( «ELI Jr 
1 
Ба ал 
== zi а 1 " 9 
= ins -22 = {(2'04)?—22'03%}—n 


= (2 appa Pes) (p12—2p2)—n from part (ii) 


BENZ —2p) Ж —2рирп-°)_ 
Р 


— п. 


(ix) 502020304. 


. Here sum of the powers is five and it can be easily 
verified that if the equation were of fifth degree, then 


2104.2] 03090304 = 270:3?050304-]- 50309030405. 
Б.Б 5:4 Bel : 


-. inan equation of nth degree, we have 
jog? aus == 2703.27 0, 050304— 5270405030405 
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=(—p1) (ра) —5 (—ps)=Sps—PiPs- 
(x) Жем, (Delhi 56) 
Zia 1— (22,292 —2 0120,2 
—(pi?—2ps)*—2 (ps?—2p1ps+2pa) by part (vii) 
=pı“— 4p" pz+ Ap? —2p$ -- Apips —4pà 
=рү1—4р{?рә-1-2рә?--4р1рз— 4р4. 
Ncte. See alternative method in Ex. 1 P. 148. 
Ex. 10. (a) Prove for the equation of Ex. 9, the 
following relation :— 
(+7) (029+ I)... (2,3 4- 1) 5 (1— pa-pi— ...)2--( pi— Pat -- л 
and hence prove that 
(22-- 7) (+1) (12-1) (8#-Е1)=(1—-Ь5)*--(р—г)° 
where а, B, У, $ are the roots of the biquadratic — 
x! - px?-- 9x?-+rx+s=0 (Agra 1941, 49) 
X" pix" "11 pax™ 24... py AX - Pn 
=(X— &)s(x —a)...(x—«,). 
In the above identity put x equal to the roots of the 
equation /?--1—0 i.e. +i. Putting x—i, we get 
i? p,i"71-F poin-?-- ... pg 3H +Pn 
—(i—«) (ics)... (i-«,). 


= (лла) 
=(— 1)” (e1—i) (в«а—ї)...(а„—1) 
or i"(1—pi—pspa-bpa..) — 
| =(—1)" (0—0) («a—i)...(«4—i) 
or i? ((1—pa-- pa...) —i ( р1—рз-Ерь...)} 


=(— 1)" (1—17) («4—1)...(«,— i). 
Putting х= —7 and proceeding as above, we get 
(Hi {1—ра+Ер...)+Е1 (ipa pi--)] 
кш («1-Е7) (¢2-ri)...(%,+2). 


СС-0. Panini Kanya Maha Vidyalaya Collection. 254 ЖЕЕ ik d 


Digitized by Arya Samaj Foundation Chennai and eGangotri Я 
144 Theory of Equations 


Multiplying both sides of the above identities, we get 
(—i)" {(1—po-tps...)2—i? (px—ps--Ps---)) 
=(— 1)? (a21) (®?-Е1)...(®?-+Е1) 

(1—po+- pa... 2+ ( p1—P3- ps---)* 
— (232-1) (a-- 1)... (63-1). 

Неге x!-+-px3--gx?-++rx+s=(x—2) (x—B) (х—7) (х— 8) 
Putting x—i and —i in succession we get 
(1—q+s)—i (p—r) =(i—4) (i—8) G—») 4—9) 

and (1—q--s)--i (p—r)—-(—1Y (i+) G-+8) (14-7) (1-4-8) 
Multiplying we get 
(1—q- Fs? (p—ry?— (02—02) (02—69) (*»*) (2—8) 
or (1—g-s-F(p—ry (9-1) (84-1) (+1) (+1) 
Alternative Method. Find the equation whose roots 
are «7-1 1, etc. by putting 
z=x2+1 or x-—w(z—l) 
and simplifying, we get the equation inz whose absolute term 
is our required value. 
(b) If «, B, У, 8 be the roots of tke equation 
x4— 7x8+- 8x2?—5x+10=0, 
find the value of (2+2) (@?-+-2) (»*-1-2) (8°+-2). 
(Nagpur 1961, Agra 1945) 
x4— 7x34 8x?—5x-+10=(x—«) (x—8) (х—7) (x—9)...(1) 
The roots of 2+2=—0 аге /2i and —w2i. Putting 
x-—w2i and —w2i in (1), we get 
4 21i4— 77.24 2i 4-8.2i* —54 214-10 
—wW2i—«) (V2i—B) (V2i—Y) (V2i—9) 


or — (4—164-10)--i (9/2)—(«—w21) (B—V2i) (Y —21) Le 3 
(8—/2) 


Replacing i by —i as we will now put x——42i, we get - | 


(4—164-10)--i (9/2) — «+ 2i) (B--V2i) (Y+V2i) ($-- 20). 
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/ 
Multiplying the above, we get 
(—2Y-- (94 2)? — (02-2) (B?-+2) (7+2) (8-2) 

or 166— («?--2) (*--2) 024-2) (824-2). 
| 5x (a+ib) (a —ib)—a*--b*. 
| Ех. 11. The distances оп а right line of two pairs of 
` points from a fixed origin on the line are the roots œ, B and 
| о", B' of the two quadratic equations 
| ' ax®+2bx+c=0, a’x?+2b'x+c'=0. 
| Prove that when опе pair of points are the harmonic 

conjugates of the other pair, then the following relation 
| exists :— 


ac’ +a'c—2bb'=0. 


Let OP=a, OQ=8 so that | | FEEC) 
2b R S 
008—2, =E „ау 9 ^ 9 
Again if OR-«', OS=8' . then х > 
vie Dp . OP 


Since P, Q are the harmonic conjugates of Rand S, then - 


ee [by definition) _ 
hta- ro йо 
1 1 2 EI cm 
or а= КЕТЕ | 


l'or (48—29 8—0) =2 (9 — GEB) 
por (-H8)(8—9 — 208 dat 2a 8 —2« (x FB) oe 
г (07-6). (8—&--29)=2984-20 07 —_ 


| 
1 
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The sums of similar powers of the roots of an equation 


can be expressed rationally in terms ‘of the coefficients. | 
— —— (Agra 34, 35, 40, 41, 48, 49, 53, 57, 61; М. T. 22, 27; 
Karnatak 63; Bombay 61; Delhi 52, 54, 55, 58) 


Let ол, ©з, &5..., be the roots of the equation | 
if (x)a0x" nx" Баз". as axd-2,—0. ZW» 


f G)Ea (х- (a) 280) (х—оз).. (х—, 3 
Taking lo; log of ‘both sides and ‘differentiating, we get 


"roy £09 FOO f(x) 3 

f'(Q)- xw xe = | Eo 
L. H. S. of (2) is TUN 3 
naxi M (n—1). aun -(n—2) axt.. M Ж Y 


In order to find out the R. H.S. we ‘divide f(x) b 


(х—оу), (x— з), (Х—о»з)...(х—о„) and add. We shall use here i 

the process of synthetic division [$ 2:5 P. 7] and the remainders І 
will be f(a), f(¢a)...f (Gn) each which will be zero since 
ш, %...®% аге the roots of /'(х)==0^  . ЗД - 

is ^ Ao a az An-1 An \ 
4001 0212-4-01 \ 

1 


SL)... ee Oe ——————— 
Qo% +41 1991? + 4194 -{-ав Ag" 1 4- Gyo" ®-1-...--@л-1 SF (@)=0 f (230, 


: Hence the result of division of f (x) by (x—4) gives th 

- quotient 
0х" (asc 3-25) x73-I- (05932-12404 аз) X TN | 
ACE Eee T Ha" iHa” aia Or ne d 
ЕЕ. Similarlysif we divide f (x) by y (х—аа).. (х—„), we ; 
4. © ao- (aoua): je “+ (aeri Fita Eua) 2 vu 


Lr 


B зех. 


<= 


Le 
T— Nc MBPS 


. In this way we can find the value' of 51,52---55-1 i.e. of s, та 
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NS all these quotients and denoting Хо, Za, Zo? 
Хол" by з, S» S2. .-Sgy WE onn e R. H. S. of (2) as 3 


Equating the coefficients of like - powers m xin S 3) and (4); 
we get _ == T. 
ET. 0051-4-па=(п— 1) а; „. 0313-01 —0. ...(5) 


аот паз (п —2) ds; < apSa-taisit+2a2=0 ...(б) 


nee e E e ERE riae pu iE 
- = 


i 9053 4+ 0152-1-51 + паз=(п— 3) 3; “ 
' ae s (053 аы So + (1251 7-3a,—0. eod (7) * 
аот 2-5, 2-25 34. .+пал-1=01-1 HK 1 

Е G5 -171- 0155-2 T 65-2 - ++(@—1) an-1=0. OR 4 


From (5) we сап find the value of s Sy “and substituting 
in (6) the value of sı we can find the value Of 5з. Again 
putting the value. of s, and sain (7), we can find the value 
of зз and continuing like this we can find the value of Spi 


where ғ is an integer less than. In case we are to ‘find tl 
value of s, where r is an integer greater than п; then we et 
multiply f (x) by x"-" and we obtain s E 
apt tax аах"... ааах" ах "=O. ie 
Putting x= XH My 09. 0M in above and adding, we get 


aSr Sri LE dS ae -+an-1sr- „а t OnSr-n= 0. 


——M s] 


Now putting jg rn, pne пі 3-2... WE we get f. b 
aat r 0155- y F aaSn-2 D METEO 1 --аһзо=0. ue > 

But AA = 2n E 
bass аланла пац 0, e 09) _ 


aSa t (15,1 025-20 
VE ey T eMe 


ааа ла Te 


~ 


Se 


8% 19542 E ian i 
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Again if we are to find the values of 20-1, Xa? ‚ Ee? 
Le. Of $1, S_2, 5_з...... then we should find ЕЕЕ ЕССЕ 
MÀ °- анан надалі. ААА 
equation in which x has been replaced by by Tx. A 
ARES ES SS fs 


Note. Commit to memory results 5, 6, 7, 8, 9, 10, 11, 
and it may be noted that in all these relations the sum of the 
suffixes of а and s in each term is the same. 

Ex. 1. Find the value of Xe? for the equation 

xix" 1-- pox 2+... + pa 1x - p, — 0. 


c (Agra 35, Delhi 60) | 
Also find the value of Хол. (Delhi 56, Punjab 49) | 
We have to find thc value of эз. 
Q5+a= 0; Ja St=—P1. 
agz+aısı +2a2=0; 4.0 $g—pi*—2ps. 


9$3-1- 01$2-1-0351-1- 3as=0 
or Ss--Px (pi*—2ps) -pa. (—p1)+3ps=0. 
Ss 3pipa—pi?— 3ps. 
їп determinant form we may be asked to show that 
Ss—— p 1 0 
2p p 1 
3з Pa m | 
.. Which on expansion can be shown to be same as above. 
| Again 4954-1 4183+ 2252-1- 551 1-424— 0 
ог а Ер: OPspa— p —3p3) + pa pr? — 2p) 2- pi(—p1) -- 4pa—0. 
З, отла 4p. [See P. 145] - 


| (Арта a» 
L en equation by x" and then put 4 
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Since «-+8-+-Y==0, therefore х, B, У are the roots of 
i x8-+-gx+r=0. 
зу=®, s, 02 (Za)? — 220p — —24 (1) 
Also фу=—г ‚..(2) 
Multiplying the above equation by х", we get 
yag Her 
Putting x=«, В, У and adding, we get 
Shia нна 
Xanti--apy 50"4- 1.702, ол 
M 4 е and $ iu by 1 and 2 Proved. 


NL. 3. If «,8,Y be the roots of the equation X+ 3х+9=0, 
| find the value of sy. (Agra 38, 43, 47, 58) 
| Here sı=0 as the term of x? is missing 

si 502 (La)? 2298 0—2:3-— 6. 


Also putting x=% 8, 7 in the given equation and adding 


we get Ы E 
= 5a+351+950=0 or 53+0+9 (3)=0 VE. 27 
p= 00+ B04 =I +1413, 

x3=—3 (x+3)- Cube both sides 

x= —27 [х3--9х--27х+27]. »» (1) 

1 t 
tting x=% 8, Y and adding, we 8€ E 
iu RS 27 [5з 95,-I-2751-- 215] 802=141+ \==3. 


5 э ogu-2149(- 6 04213)— — 21-8180. 
z 4 If % 8.7 ре the roots of the equation 


=0 
xpi qxt r0, ы 


Zap’. = 
= = Тоу ап equation of nth degree=sum of zero - 
| 


Note : › 0Ф—ш9==...*=1 
псе afa =.. 
powers of the 7 roots. - єп уу 8923 for cubic, w=4 — 000 
- s=1+1+1 ы for biquadrate. X 


because 
Again 


- 


© CC-0;Panini Капуа Maha Vidyalaya Collection; — 
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150 Theory of Equations Ф 
Let us find the equation whose roots are «0,87 and Ya, " 
“бу 1 
== @ЭЗ== — —— —, 
кс a у 4 
у= =, Put in the given equation and trans- —— 


formed equation is z*—gz?+ prz=r°=0; we shall find ss for 
this equation; sı=q, Ss=(q?—2pr). 

Now 0S3+-4152-+ а591-- 3a3=0 ү 
ог 5з—@ (q?—2pr)--pr.q—3r?-0. 
: <. §3=9g°—3pqr+3r". 

Note. Sce also Ex. 4 (b) P. 88: 


тте Жүн 


5. (а) If «. B, Y be the roots of the equation 
D 0, prove that s,—2 (51—56). 
(Nagpur 61, Agra 45, 49, 61) 
Cleary s;=0. Sg 202 p?—2q=0—2'2=—4, and putting ; 
=v, D, У and adding, we get 53+2sp+655=0. P 
$37 —18. > so=1+1+1=3. 
Again x3——2 (x4-3). EST) 
Squaring, we get x*=4 (x?-1-6x 4-9). ...(2) 


Putting x—«, 8, У and adding, s,—4 (2+ 651+ 950) 
=4(—4+0+27)=92. 


__ Multiplying both sides of (2) by x and putting х=, B,» 
adding, s,=4 (55--655-1-951) —4(— 18—24+0)=— 168. 


Multiplying both sides of (1) by x and putting x=«, В, Y 


4 pU dr M 8. 
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k ; S5 5 D 
| H A) nA ° i2 
Also show that 373'7 
(Agra 45, 50; Pb. 38; Delhi 49) 
Clearly sy=0, se=p*—2g=—2q, `` р=0. 
Again putting x=«, D, У and adding, we get 
© sgtqs,trs=0; (S. s3=—3r. CS 59473 for a cubic 
| Again multiplying by x and putting x equal to «, B, 7 
© and e we get 


+9setry=0, 7. sa=— g (—24)=24°, `" 5-0. А 
iis multiplying by a? and putting х=о, В, Y and s 
adding, we get A 
55--05з3-Е#55=0, 3. ss=—q (—3r)—r (—29) 
-3qr-4-2gr-—5gr. 
3sass=3 (—24) (5qr)- —30g?r. 


55351=5 (—3r) (242) 2 304°. 


e. 352557 55351. Proved. dd Ў 
| ` 5_ 9 3 Ss S2__ —3r —20__ £z 
a : s_a for the cubic x?+-gx+r=0 is 54 for the cubic 
> Tm 

xi + аА 0 X 

ie. for rx*-- qx? - 12:0 AO 
атта» з= De (24) — 2208 e nte 
ог а= “шн! БЫ и 


‘Putting х=, Vs y in (1) and adding we get | 
гэз1-4524-50==0 ог гзз-90124-3=0. dg Aus 
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АВНЕ qr a gi +4rg 
or Рд Oa a зу: О ОГ. 4=—_— 


(с) /f«--B4-Y—0, show that 
WP BP Vox — 50у (B+ By 4- ya). 
oF +B? HYT = 78У («B-2- py 4- yoy.. 
Since «--8-L-7—0, we сап say that «, D, У are the roots 
of x’+qx-+r=0. 
Da=0, LoP=¢, oBy=—r 
and we have to prove that 
À Ss=5r. q, which has been proved in Ist part. 
Again x3=—(qx-+-r). Squaring, we get 
x= (g?x?--2qrx-1- r2). : 
Multiplying both sides by x and putting x=«, B, У and 
adding, we get 
$5 2 (9759+ 2qrsa--r251) : 
=[9?.(—3r)+2gr (—24)-Ег5(0)]== — Trg. 
Ех. 6. (а) Find the value of ѕ% and ss for the biquadratic 


х4— хЗ— 19x24 40x — 30=0, £ (РЬ. 36) 
хї—х3— 1932--49x—30—0 (1) 
s=], з= 92 (Za)! 238 1-1-38—39 
Also 053+ Q152-1- 0251 ]- 3a3— 0 


^ Lss —1 (39)—19 (1)+3 (49)=0 .. s3=—89 
Putting х=о, B, y, 8 in (1) and adding we get 

$4—$3— 195а-Е495зу—305,=0. But So—4 

+. Sa+89—19 (39)+49 (1)—30 (4)—0 .. ss=723. 
Again multiplying (1) by x and ing. x= 

иат ) by x and putting. x—c, р, 7,8 and 
$5—754— 1955-1 495,— 305, =0 
«e. $57 723— 19 (— 89)--49 (39)—30 (1)=0 


or - 85—723—1691— 19114-30 
or 557: — 3602-753 —2849 
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Again s.» for equation (1) is sa for the equation whose 
roots are reciprocal of the roots of (1) and is obtained by writing 
1/x for x in the given equation and is 

30x!—49x?--19x?--x —1—0 
40081 $$, 54 2102 (Xa)? —2XoB 
»-(S5) - 19. 2401 38-30. 1261 
30 30 900 900 900 


(b) Find the sum of the fifth powers of the roots of the 
equation x1— 7x*--4x— 3-0. (Delhi 48) 
Proceed exactly as in part (a) " 
517-0, S2= 14, 5$з==— 12. 
Also multiplying the given equation by x and putting 
х=0, D, У, 8 and adding we eet 
55— 755--453—351—0 - 7. 557 (—12)—4 (14) +0=—140, 
Ех. 7. (a) баш the value of sg for the equation 
х5--5рх—1=0, 5 
рр 5 
So х= (5рі-х71). 
Square and put x=, %, оз, ол, «s and add. 
Js Sg=25p".So+10ps_i+s_. where 50=5 ...(1) 
Now s_; and s- are respectively sı and se for the equation 
1/x5—Sp/x—1=0 ог x>+5px4—1=0.. 
<e Si=—dp and 5=(2):—25о8=—25р:—0 
. Hence for original equation 
5-1=—5р and 5.3—25p* 
“. from (1) 
$57-25p* (5)-+10p (— 5p)+25p°= 100p?, 
(b) Find the sum of the sixteenth powers of the Toots of _ 


the equation x8-ax+b=0. 
xl =(ax+b) =axt4+2abx+b?. 


СС-0.Рапїпї Kanya Maha Vidyalaya Collection. 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


154 Theory of Equations 


Put x=0, %...%, and add 
S1g= 452+ 2abs, +s, 
Clearly s:=0 and se=(2e)?—2201%2.=0 
and %=8 as the equation is of 8th degree SO 510== 86°, 
(c) Show that sum of the twentieth powers of the roots of 
the equation x'+-px+-q=0 is 50p!q* — 445. 
xi——(px--qy ~. x"—-—(pxd-g) 
oem (p5-- 5p'qx1-- 10p?q*33-- 10p?q?x? + 5pq!x-- q?). 
Putting x=, 02, оз, «4 and adding, we get 
859 — — (555 4- 5p qs4-- 10p?q?5s-4- 10p?g?s3-4- 5pq!s1 + Aq?) 
etc. 
Ех. 8. (a) If «--B--y —6, c?-- P? -y?— 14, 
o3-1- B3-1-»3— 36, prove that «5--81--»1—98. (Agra 60) 
Let the equation whose roots аге «, B, У be 
x8-+ px*4- qx 4- r—0,, ...(1) 
51==—р1==6, asi pi——6 
S97—(2«)*—2X3:08—p*—29—14 
Or 36—14—2q4 .. 4=11 
Putting x—«, 6, У in (1) and adding we get 
5з52р52--451--750=0. But ss=36 and s;=3 
7. 36—6 (14)+11 (6)+7.3=0 3. г=—6. 
Hence the equation whose roots are «, D, Y is 
x*—6x*--11x—6—0 +) 
Again multiply (2) by x and put x—«, В, У and then add 
54— 653-1- 1 1s2— 6sı=0 
or Sg 5—6 (36)--11 (14)—6 (6)=0 
n 2. Sa=216—154-+36=98. 
|). Hf s1—3, 52=5, $57, show that $19. 
es (Delhi Hons. 56) 
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(c) If x, у, 2 are three numbers such that 
x+y+z=]1, V+y+2=2, +3423, 
form the equation whose roots are x, y, z.and hence or otherwise 


find the value of x5-- y5--z* and x*+-y'+-z4, (Pb. 56, 60) 
Let x, y, 2 be the roots of - 
P-Epr-rgt4-r-0 (1) 


з=—р=1 oC. р=—1, $$2Xxi-—(Xxy—2Xxy 
2=p*—2q=1—2q .. q=—}. 
Putting /—x, у, 2 in (1) and adding we get 
Sa-d-ps»--qsid-rsg—0. But ss=3 and s9—3 
3-110) —1 0): 375009 m 
Hence the equation whose roots are x, J, z iS 


——и—1=0 { ...(2) 

Multiplying (2) by t and 2 we get 
EDD P ...(3) 
5--%—1%—1%=0 ...(4) 


Putting t=x, y, z in (3) and and adding we get 
S4—Sg—3S2.—451=0 or 5—3—3.2—4.1=0 
Ssı1= and sg—354—4154—415,—0 
ог Ss—7 —4$.3—4.2=0 ©. 55=6. 

Ex.9. (a) Express Xeg and «ВУ in terms of a, b 
and c where a—9-F---Y, b—o3--83--y3, c—o3-L-83-L-y3. 

If the equation whose roots are «, B, у be taken to be 
x*-Fpx*--qx--r--0, then you have to find value of Жор 
i.e. q and «Ву i.e. —r. 

Note, See Ex. 4. (a) P. 126 for alternative method. 

(b) If «--B--Y 4-8—0, show that 

a5--B5--y5-L85 — о2-Е[3--у°-1-8* «3-1-3-1-y3-1- 53 
6 7 CORP а ET MG 


Also find the value of Xe‘ and 2. 
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Since «+8+7+5=0, let the equation be 
xt+9x?-+rx+s=0. 
Clearly $,—0, ss=—2q as p=0 
do53--d153-de51--3ag7-0; 7. ss —3r; "7. 5170, а1==0. 
Again putting х=@, B, У, $ and adding, we get 
Sa Hasat 051 -]- 5.590 
ог Satq (—2¢)+0+4s=0;  .. 51==2 (02—25). 
Multiply the given equation by x and putting х==0, 6, У, 
9 and adding, we get 
Sst gs3-+rse+-ss1=0 
Ss tg (—3r)+r (—2g)+0=0; .. ss=5qr. 
age. Also aaa. Proved 
Again multiplying the given by x? and putting x=, B, У, $ 
and adding, we get 
S7+-95,-+rss4-s5s3=0 


or seq (Sgr)+r (2q?—4s)+5 (—3r)=0. 


5;=—7@°г-Е1гз==—7г (4—5). 
(c) Show that sum of the products of the first n integers 
taken three at a time is п? (n-- 1? (n—2) (n—1)/48. 
The equation whose roots are the first n integers is 
J (x)= (x— 1) (x—2) (x—3)...(x—n) (еу), 
=x" F pix" E pex"? psx?794- ... 


and we have to find the symmetric function i the type. 


Zapy— —ps where о, B, Y...means 1, 2. 3...respectively. 
i.e. first n integers. 
Now in usual notation, 


$12: 14-24-34 4... tne td), 


=1#+-2#--3?--43-- pte VE MET E, (ae n Cr+) ) 
а= знаеа. hned E > y 
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or 


or 


or 


or 


or 


or 


Now sı+p,=0; ~. masse ОНЫ; "" а=1. 


82--D1511-2p3—0 по EC ТЕУ Lap -0 


nz ren Q1 (n1) КОЕ, 
2—3 4 el 


33-152 d- o51-1- 3p3=0 
mtn 1? m (n+1) п (n+1) Qn--1) у п (1-0) 
4 герб 4 
xf UED n (n+1) О ЫЙ зро. 
Combining 1st, 3rd and 2nd, 4th terms, 
n eH 1 nati) _ © (n+1)°(2n+1) 
4 4 = rn 
X(1+4)+3p3s= 


n. on (2n+1) 3 
yt One) 2 | +30 


2 2 2i AG 
ail {е + 4п }-є3рз=0. 
—рз= = е 3n+2) 


хару p POED- 072) 


Ex. 10. For the equation 
f (x) =x" +p x" + pax?73-- ...--p4,—:0, 


find the value RUE («—B)" where ris an even number in terms 
Of Sg, 51, $о.. (I. A. S. 54; Agra 50) 


If с, cs, сз stand for binomial coefficients in the expan- 


sion of (1--х)", then 


(0х) —at— catt x - 030772. x2... — сохт", 
Putting х=о, 6, У... k and adding, we get 
(a—)" Ha — P) d- (87)! 4-..-- (01) 
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==%0%7— C081. 54+ Coe? S9— ... 010.5, -1-]- Sr Er 
o7 --o* 4-...n times— not —sov*. | 
Similarly write down the expansion of (p—x)' and | 
proceeding as above, we get | 
(8—2)"--(9—8)"4-(8—»4-.—.-(9—RY | 
. =a prs H cof" 259— 6488-115-000 
add so on we shall write п results corresponding to the m roots, | 
and adding, we get i T | 
2200—67) =з, — 0187-1514 Соб, 452 — --.— С1$у5г-1-Е Sos | 
— 2 (S95, — €yS, .151-1- Са$у-о59—...). 

2(«— B)'—se$,— суз, 151 F C95 252— -+ | 
Note :—Since г is even («—B)r—(p—«)* and hence while | 
adding each term occurs twice, and hence we have written | 

23 («—By, | 


Ех. 11. (а) If, B, У...аге the roots of the equation 


па та 1 
Bun t uut 


slow that Xor—( Jor r=2, 3, 4...n. | 
(Delhi Hons. 62; Karnatak 63; Agra 49) | 


Here we shall show that Xaz£0 and Xor for value off | 
greater than z also does not vanish. 5 | 
| 


‚ %S1-+a,=0; one $1==—1; Р 
005+ а151--2а:=0 or з=—1--2.уү=0. 


Е DID Sg. 
Similarly 5s—54—55—...5,—0. 


Again 05а 015n-]- 2$5,3-]- 425—0). 


ог Sma tO-+040-4..+ + (—1)=0, 


E 


— —— a 


Е: 
Similarly 5,45, Sp43...do not vanish. 
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| s (b) Jf c, denotes the sum of the rth powers of the 
reciprocals of the roots of the equation $ 


Xm xt х" 
трун tHg, 


prove that съ==сз=...==с,=0 and onn = 
| ni 
| (Delhi Hons. 55). 
Replacing x by 1/x, we get 


1 
т! art ле +2=0. --() 


| The roots of the above equation are the reciprocals of 
the roots of the given equation. 


Hence с, of the given equation is S, of the above 
equation. We have now to prove that for the equation (1), 


52=53=...5,=0 and Sam 
n! 


Which we have proved in Part (a). 


j Ex. 12. The sum of rth powers of the roots of the 
) equation X" pix?! Epax"-2-L....-Ep,—0 is denoted by s, and 
r. Sm=Si+5e+...4-5m. Prove that if Sm have a finite limit when 
| mc, that limit is 
| "zi pat... -np,) 
| (1-Еру-Ер-Е...-Ер„)` ` (Agra 47) 
Sitp,=0 
$з-Е51р1-Е2р»==0, 
S32), +51pa+3p3=0, 
SnTSn-1Pi+Sn_2po+...--np,=0, 
Snt1t SnD +5n-1po+...+-5ip,=0, 

Sm Sm-1P1+Sm—2P2+ «+S nPn=0. 
Adding all these and putting si+tse+...sm= 
(Sn PiSn-1+P2Sin-2+ «Pn Sinn) : ed 
tGvE2pi-F3ps--...--np,)20..— 


Sins we get 


г 
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| € y 


Now let the limit of 3, as m-»eo be А and hence limit 


of Sm-1 etc. will also be A. E. 
Л (1--pi-Epal- P) (prt 2p2t Spat E 192)— 

^ is etc. etc. | 

Ex. 13. Jf a, B, У... be the roots of the equation f (x)=0, | 

prove that T. (x х) xs, 1х7" where Sm is the sum of the mth | 


f (x) 


powers of the roots. (Nagpur 57) si 
f Go (x—«) (x—B) (x—1)...n factors. | 

Taking log of both sides, | 

log f (х) —1og (x—4)--log (x—8)--log (x—?)---- е 

Differentiating w. т. t. x, we get Шш 


Раа. 
лаа рас ius 


„00 
E ae | 
Now —-(-) - + A © +) | 


XU x | 
с | 
09 xt ++ Ste ‘ 
Е + a а > .+for п roots | 
Té TE E Ty ata GE y 
Now sans | 
f S) T Sp Si Sax Soa ss А 


—XÀS$5X^", Proved. а 


13. (b) Show that the sum of the mth powers of the roots ™ 
af the equation f (x)=0 is the йн of x-™ in the expan | 


J (х). 


sion of: Pm TOI in ascending powers f. 


СС-0.Рапїпї Kanya Maha Vidyalaya Collection. 


1 


Digitized by Arya Samaj Foundation Chennai апа eGangotri 
Symmetric Functions of the Roots 161 


We have proved in is (а) that 
FO) s 
T — x —+ a+ TA zn 


) 
ан dran Dd 


Hence s, is the coefficient of ES і.е. х" in the expan- 
Л” (x) 
JT)’ 


13. (с) Iff (x)=0 has n roots ол, %...%, which. are 
either all distinct or some repeated and others different, then 
show that its derived Junction J" (x) is given by 


sion of х—- 


| fare) Y. 


те] 


X— ü, 


| (Punjab 48, Delhi Hons. 51, М. Т. 28) 
| . It follows from (1) of part (a). 

| In case r roots are equal of one kind апа p roots equal 

of one kind then the corresponding form will-be 

1 Р / До), f 1o f (x) F (x) 

| Je (х)= ET vm ee ae Se eee PPPS Е 

§ 3. с that every rational symmetric function of 

ће roots of an algebraic equation can be cxpressed rationally 
a terms of the coefficients. 
| (Agra 52, 59, Delhi 56, 60, М. Т. 27) 


If the given symmetric function be fractional, then it 

ап be reduced toa fraction, whose numerator and denomi- 
|. ator both are integral symmetric functions. Every integral 
s Anction of the roots of the equation will contain terms of the 
pe Ka*B7y",.. where p, g, г may be equal or some of them equal 
all equal and the function can be written KXo?p?)r...We 
-]ready know by $ 2 that У" can be expressed in terms of the 
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coefficients. Here we shall prove that symmetric functions of 
the type KX«"8*y7...can also be expressed in terms of therh 
coefficients. | 


We shall first express 2727, 


Let 8=а7--87--уғ-|... 
апі. . S= BAYI... 
". SpSq= (a? Britt yrid, (о? 90-41-97 98-8...) | 
or $55 Spia - X07. Q7, di 
2. Жо? B= Sp 5, $51; NU 


(Remember) : 


The values оѓ, and 5% and Spia can be found in terms y 
the coefficients by § 2. | 


Note. In case the exponents p and q become equal, thet 


terms of type «87 and «1.37 become equal. | } 
230? B7 — (s, — ss. | 
1 | 
or 22,9 — 21 [(55)*— 35,)]. „0 
(Remembet 
Now we shall express Xa payr. (Delhi Hons. 6л 
Za? BI—oP 1-1 оа, PPHAH- 2994- sy 
and S, =ar HBT pyr, P 
Multiplying the two, we get E 
(Be? 80) з,=Уағнви- узен». Sam pe, | 
Now use result (1) for the double function. 
(55.55— Srta) S, — [55.55 Spats] 1 ү! 
"Festa Sptar] + 20. f. fin 


. "T 
". Хе урза, Speer 
Sora Sr— Sarr 5р— 8.5. (Remember 


Sp etc. can be calculated as ín $ 2 ín te 
Hence the theorem is proved. | 


The value of 
of the coefficients, 
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of In case p=q=r, then the 3! terms obtained by inter- 
he`hanging the powers р, q, r in a?B%y" become equal and hence 


Zar Вур. [s?, +253,—35p.S2p]- 
| (Delhi Hons. 63) 
Putting p=3, q=2, r=1, we get . 1 
Xo3B*y—sissss--25,4:—5155—5551—53. (Delhi Hons. 52) 
EE Note In case m exponents become equal, then we should 
V the corresponding value by m ! к 
о Ех. 1. If ол, o...0, be th ts of th ti 
(I) x. 1 1, 08...01 пе roots of the equation 
" “= 0 хт+рих"°ї-Ерәх”-®+...-Ер„-лХх-ЕРь=0, 
[s the values of the following symmetric functions : 
(i) 222.0, (ii) Zato, 


(iii) 2104*03.03; (iv) Уо2.05203. 
Find the values of the above symmetric functions in terms 


ОЁ s, whose value can be found in terms of the coefficients. 
| (i) рә?—2рурз-Е2рз, (i) pipa—2psz—p ps 4ps 
| See Ex. 1 (a) P. 82 ог Ех. 9 (vii) P. 139. 
(2 (й) pyps—4ps, > (iv) —paps+3pips—Sps- Ans. 
| See Ех. 9 (vi) Р. 139. 
er) Above procedure will involve very lengthy simplifications 
6Jand calculation. The students may however try to calculate the 
symmetric functions by directly multiplying two symmetric 
Functions whose value we know directly in terms of coefficients, 
ге. for (iii), we see that І 
Уол. X003 = Хој 20203 401030304 etc. for a biquadratic. 
* Hence for nth degree we have я 
| Zato = Dery 110303 — 4 Xo9.0574 etc. 
| Ex. 2. lf.à,p,Y are the roots of x +px?+qx+r=0, 
find the value of 236°. (Pb. 58) 
Putting p=3 and q—2 in (1), we get 
yen Zop — 55.33 — 55. etc. 
i $ Ans. 2p*r—pq^--qr. 
Alternative. Sce Ex. 1 (viii), P. 121. 
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CHAPTER V 


SOLUTION OF CUBIC AND BIQUADRATIC 
: EQUATIONS 


§ 1. Explain Cardon’s method of solving the cubic 
equation. — (Рр. 32, 34, 36, 38 40, 44, 49, 53, 56, 59, 61, 635 
Delhi Hons. 62, 60, 58, 52, 46, 44; Agra 62, 56, `3, 30) 
Solve the equation x8~ 15 x2 —33x+847=0. 
(Pb. 52; Agra 53) 
Let the cubic equation be 


ах9--Заух?--За»х-}-аз==0. -. (1) 
The above equation can be reduced to the form 
2*+3Hz+G=0 ...(2) 


Where z—a,x-Fa;. d [$ 9, P. 74] 


Now let us assume that 2=и-|-›; cubing both sides, 
Z3i-—u9-- y?- 3uy (u4-v) 


or 23—3uyz— (w+) 0. (3) 
Comparing (2) and (3), we get 
uv=—H (4) 
апа 128+ y3=— G, 
^ u5/5-— H? and hence t? and у? are the roots of the 
quadratic f4+-Gt—H?=0. (5) 


А а= EVE) zai == с; 


Now from above we shall obtain three values of u and 


three of v; our root being u--y will have therefore nine possible 
. values because each of the three values ofu is to be added to 


But there is a limitation imposed 
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by the relation (4), i.e. uv=— H —constant 
gn jn 8 

u 


Hence the value of u and у to be combined should be such 
as to satisfy uv— — H. Now if we extract cube root of 23, we 
get u, uw, иш? and that of УЗ gives v, yw, уо. 

Hence the three roots of the equation are 

uty, uwt- yw, ио? vo 
where Ee and ane 1-00) 

Having found z we can find the value of x by the relation 

Z=a9x+a1. 


Note—The above method will not be able to give the 
solution of all cubics with numerical coefficients. Only when 
G?+4H°>0 or =0 ie. when the cubic has two imaginary 
or two equal roots [P. 113] then the values of и? and у? from *? 
quadratic will be real and hénce u and > can be determined but 
in case G?--4H? <0, i.e. all the roots of the cubic be real [P. 113] 
then the roots of “? quadratic i.e. i? and v? are both imaginary 
and hence u and у will be cube roots of imaginary quantities 
which has no arithmetical meaning. Hence Cardon’s method 
will fail to give the solution of a cubic all of whose roots are 
real. This is called irreducible case of Cardon's solution. We 
shall discuss it by taking numerical examples in which we shall 
use either trial method or trigonometrical method without the 
help of which Cardon's method will not give the solution. 
Hence we can solve the given cubic by Cardon's method when 


.. two of its roots are either equal or imaginary. 


Ex. 1. . Solve x®— 15x*—33x-4-847 —0. 


Diminish the roots by 5 in order to reduce the equation 
to standard form d Ше transformed equation is 
—108z+432=0. 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


166 Theory of Equations . 
as shown below 
5| 1 —15 —33 847 
a cm — 415 
=й = mE 
TE IEAA 
=3 Em 
5 | 


Let z=u+v; «<. z3—3u»-—(684-9)-0 
Comparing uv=36 and «+v ——432. 
18 and у? are the roots of 12--4321--363—0 
or ?+-2:216.t+ (6)?=0 or (t+63)?=0. 
. t=—6, —6° ie, u=—6, v=—6. 
: utv=—12 is a root of the z-cubic which when 
divided by z+12 gives the quadratic - 
2?—1224-36—0; .. (z—6)?=0. 
roots of z cubic are 6, 6, —12 and hence of x cubic 
are 11, 11, —7 (two roots equal). 2 
§ 2. Discuss the nature of the roots of the cubic. = 
Nature of the roots of the cubic. (Punjab 63) 
Discriminant. As already defined at P. 113 § 13, the 
expression G?+4H? is called the discriminant of the cubic and 
its vanishing is the necessary and sufficient condition for the 
cubic to have two roots equal as will be clear from what follows. 
The nature of the roots of the given cubic is not 
changed by the linear transformation 2=аох+-а and 
hence we shall discuss the nature of the roots of the 


equation Z^--3Hz--G—(0 whose roots we have found to be 
У, Uw yo?, ио? уо Say 21, 22, 23, 


or uty, и. — 1 d 8) чь a) 
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anil u Жагы = ee 

2 2 
or uty, E tyes (u—v) ї/3 (1) 


where :? and v? are the roots of 2+Gi—H°=0. 


Case 1. G?-L4H9—0. In this case the roots of 2 quad- 
ratic are equal and hence г and v are equal. 


и —у=0 and from (1) we obtain that two of the roots 
of z cubic are equal, each being 3 (u-+-v) and consequently 


two roots of x cubic are equal. 


Converse. Two roots of x cubic and hence of 2 cubic 


are equal; then G?4-4H?—0. 

Suppose zi—zs; .. u--yz-uo-- vo? or u (1-0) = —v (1-0?) 
or u—— v (1-Fo) or и= уо? `2 14-0= —o*. 

c. dB—y^e$ ог =v ie. the roots of ¢ quadratic are 
equal and hence G?+-4H%=0. ; 

Case 2. G=0, H=0. In this case the z-cubic .and 
- hence the x-cubic has evidently three equal roots. 

Converse. Three roots of x-cubic and hence of z-cubic 
are equal; then G—0, H=0. 

If z;i—ze, then we have proved u—vo*, 

If z4— 23, then similarly u=y. , 

u=uw? ог и (1—o*)=0 i.e. н=0 and hence y=0. 


u3 and y? are also zero ie. the roots of ¢ quadratic - 


are both zero and therefore G—0, H =0. 


Case3. G?-+4H? > 0, In this case the roots of the | 
quadratic are real ie. 43 and у? are real and hence one of the — 
values of u and v is real i.e. u--v is real or 21 is real and the — 


ч 


other two are imaginary. 
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Converse—The given cubic and hence z cubic has one 
root real and two imaginary; then G?-+-4H® > 0. 
In case two roots are to be imaginary, then from (1), we 
conclude that u-+y=real and u— v is real. 
both u and v and hence 13, v? the roots of t quadratic 
are rea]. : 
G*--AH? > 0. 
Case 4. G*--4H?-—0. In this case the roots of t quad- 
Tatic are imaginary conjugate, ie. uand y? and hence both 
и and v are conjugate complex i.e. ifu=a-+ib, then v—a-—ib. 
u—v=2ib and u+v=2a. 
Substituting these values in (1), we find that the roots of 
z cubic and hence of x cubic are all real. a 
' Converse.—The given cubic has all roots real; then 
G?4-4H? <0. 
In case all the roots of x-cubic and hence of z-cubic are 
to be real then from (1), u+v=real and и—у=рше imaginary 
i. e. и and у are conjugate complex. 
uè, v? the roots of ¢ quadratic are also conjugate 
complex. : 
0° --AH? — 0. 


Ex.2. Solve the following cubics by Cardan's method. 
x:— 12x? —éx— 10—0. (Pb. 32) 
In order to remove the 2nd term we diminish the roots 
by 4 and the transformed equation is 
23—547—162—0 
Let z—u-rvetc. . z5—3uyz— (u3--y3) —-0 comparing 
we get uy—18 and 13--y?— 162. u3 and у? are the roots of 
1*—1621:4- (18)3—0 or 1*—16214-(18 x 3) (18 x6)=0, 
4 (1—54) (t—108)=0; ~, t=54, 108. 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Solution of Cubic and Biquadratic Equations : 169 


u=3 (2у13, v=3 (4)из, 
z—u-T- v, uw+ vw? and ue?--yo., 
But z—x—h-ex—4; ү, x-z--4, 
ог x=4+(u-+y), 4+ (ио 4-ve9), 4+ (uwt vo») 
where и and v have values written above. 
Ex.3. x9+6x?49x14=0, (РЬ. 34) 
Diminish the roots by —2 and we get 22—32-4-2—0). 
Put z—u--v etc. иЗ, y? are the roots of (¢?-+-2-+-1)=0 
——], —1 or 2=—], y3i2—] 
z=u+v=—1—] =—2 and dividing z cubic by z42 


we get (z2—2z--1)—0 which gives z—1,1. Hence z——2, 
1,1. 


Z=x—h=x+2 ., x=z—2=—4, —1, —1. 
Ex. 4. Х%— 15x2—357x--5491—0. (Pb. 38) 


In order to reduce to standard form diminish the roots by ` 
5 and the transformed equation is 


5| 1 —15  —5357 5491 
- 5 EU —2035 
—l10 —%] 3456 
ERE 
—5| —432 


-. z-Cubic is 22—43224-3456—0 where z=x—5 
Let z=u+v .. z/i—3uvz— ($-4-»)—0 comparing 
uy—144 and u?--:5— —3456 ~. иЗ and у?ате the roots of 
1*--34561--144)—0 ог t-+2x 12x 144t+ (12x 144)2=0 
or (t+12°9)?=0; „. #=з=—12з; ig 
So u=—12,v=—12 5. z=utv=—24 Dividing zx 


"cubic by (z-L24) we get (22—242 4:144)=0 + z=12, 12, 
But z=x—5 .. x=z+5=— 19, 17, 17 
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Ex. 5. 28x®—9x?+-1=0. (Pb. 40, 46) 
Putting х=-, we get 25—92--28==0. 
Put z=u-+y .. 23—3uvz—(u8-+v*)=0 comparing we get 
и? and Y? axe the roots of 
uv=3 or 13?—27 and 12+v3=—28 
12--28t2-27—0; ^. 18——217,»5——1; 
2=и4-у=—3—1=—4 ; 
(22—924-28):- (2-4-4) (22—427) ; 


2=—4, жыла е. 2-ЕТ/З; 
onli 1 . 
Баала ино 07:173. 7 3-143 
_1 2-3 243 
8 Ep. ©“ >. 
Ех. 6. x°-+x?—16x+20=0. _ (РЬ. 49) 


By trial method. 

2 is easily seen to be a root of the given equation by trial. 
Dividing by x—2, we get a quadratic x?4-3x—10—0 giving 
x=2, —5. Thus the roots are 2, 2, —5. 

By Cardan's Method. In order to remove the 2nd term 
we diminish the roots Бу —4, ^ паой--а:=0 and the trans- 
formed equation 


E s ж 
cb = ow 
3 -154 ST 
E са А 
E 
13.147. , 686 49 , 686 
rper o Tt M NN Ce Enid Р 
2 9 z+ 27 =0 or 23 32+ 3; 9 Dn enl 
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Let z—1--v and proceeding as usual we find that и? and 
Y? are the roots of /?--5251-- (52)3—0 
оп @+2(фы+[(@=0 or [+(@°Ё=0 

t==—(4)3, —(2)* which are the values of 1? and у; 


и=у›=—1Ї; 
ZU yu 
дагдан (z- 3) (22—24 
z=— Mq» 
But z=x—-h=x+4; 2. х=2—$ 
от x=—5, 2, 2. Ans. 


Ex.7. x3--72x— 1720-0. 

Ех. 8. 2x8+3x?+3x+ 1=0. (Pb. 41 Supp.) 

Multiply the roots by 2 and the transformed equation is 
y +3y?-+ 6y+4—0. Now diminish the roots by —1 and the 
transformed equation is z3 +3z=0 etc. 

. Ans. —h 5 (—1zxiV3). 

Ех. 9. 27x34-54x?--198x —73—0. (Delhi Hon’s. 58, 62) 

nagh--ai—0 gives h— —$. Diminish the roots by —% and 
the transformed equation is 277?--162z—189—:0  . 


aj 25--62— 7—0 as shown below. 
2| 27 54 198 —173 
E: 3| —18 —м4 —116 
a 36 174 —189 _ 
—18 —12 
E 162 
—18 
ERO 


Putting z—u--v etc., и?, v? are the roots of 
(?—7t—8)=0; .. t=—1,8; 
4 u=—l, v=2 so that z=u+y=—1+4+2=1; 
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2°+ 6z—7=(z—1) (z?-+-2+7)=0; 


LT z=], ater 28) Or 1, 21-61373. 
2 
Now z=x+8; x=z—3=1} —72i943 


1, 6 
Note. It can be easily seen by inspection that 2=1 іѕ а 
root of z-cubic. 


Ех. 10. x8—2/x—344=0, (Pb. 56) 
Let x-u--v-—x*—3uvx— (u34- v3) —0 
comparing uv=7 or 133—343 and :5--v3i—344 
u? and v? are the roots of /2—3441--343—0 
or (2—343) (—1)=0 .. 18—73 and v=1 
x=u-+v=7-+1=8. 
Dividing the given equation by x—8 we get quadratic 
x*+8x+-43—0 “x= SED) MET 
Ех. 11. x?—12x—65=0. А ' (Punjab 59) 
I-quadratic is 12—6514-64=0; ;. t=64,1; 
x=u-+v=4+41=5; .. roots are 5, (725555). 
Ex.12. 343x3— 294324. 84x—8—0, 


In order to remove the 2nd term we diminish the roots 
by h where h is given by лауй-Еау—=0 
or 3 (343) h—294—0; „. һ=з. 
The transformed equation is 343230; z—0, 0, 0. 
But z=x—ň=x— FS оо ош Ыт 
Ех. 13. 64x3— 144x?-- 108x —27—0. 
Here h=? etc., 6423—0, х=2, 3, 2. 
Cubic having all roots real. 
Ex. 14: Prove that the roots of the equation x3— 3x-|- ] =0 
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27 87 14r. 
are 2 = == 
r cos -F > 2 cos tg» 2 cos 9 


(Delhi Hons. 44, Pb. 53) 
Let x=u+v; /. x3—3uvx — (u34-y3) «0. 


~". иу=1 апа и3--у3=—1 and hence из? and y? are the 
roots of 


—]ziy3 
DERIT 


I?--t--1—0 or t= 
Let иЗ== — >t Ger (cos 04-1 sin 8) ; 
r—] and tan 9— —43; ;, 8—120—— 
Or u*—Ccos (2n7+6)+i sin (nx 4-0); 
NE 2xN us 
и= | cos (2 4)" sin (2+ 3 ) 
2x Oy ы a 2л GrED : 


b 


==С0$ 


(De Moivre's Theorem) 
The three {зыл of и are obtained by putting n=0, 1, 2. 


u=COS am sin 2d 
8r . 8т aA 
cos 9 +i sin 9 and cos gt sin 79-5 
ун uv=1, 
и 
1 = 
and сои гене (cos 0-1 sin @)`1=соз 6—i sin 0; 
^ >==СО8 ата 28 
om mS .9 9? 


87 . Br 147 14z 
cos y Пойи 9" cos oF sin sin "o 


Hence the roots are и+-у, where the values of uand v are _ 
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to be chosen so as to satisfy uv=1. Hence the roots are 
2 cos 2 2 cos ar 2 cos т - 
9°? 9° 9 
Ex. 15. Solve the cubic x3—6x—4-—0. 
Let x=u-++-y 2L x3—3uvx— (i$ -- 3) = 0 
uv=2 or иЗу3==8 and 1?-4-»3—4. 
Hence и? and v are the roots of 12—4t+8=0. 
t=2+2i=2 (1+1) 
Let u8=2(1+i)=r (cos 0--isin 0) 
where — r—242 and tan 0—1 i.e. б=т|4 
S u=r"! [cos (04+2n7) +i sin (#--2тт)|!!$ 


=(2/2у% | eos zh a sí шый 
, where n=0, 1, 2 
97 
ог и= v2| cos т oe sin 5] El sa 


+i sin =l 42 [cos 07 -+i sin 


I 
12 1 


The corresponding conjugate values af y are 


y= V2 [ cos 5 —.—i sin 5} V2 (em —i rr 
Es оз —узу-—? i sin DE 
S00 х==и-Е›=2У2 cos A 2/3 COS 2 22 cos 12 
cos ту =cos 15°=cos (45— 30) = oo | : 
à cos Т mcos (=) о (45-0) — 639 
ET ees res (00-F45)-— —sin eim 7E ' 
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Hence the roots are 434-1, —43--1, —2 
i. e. 12543, —2, i. e. all real. 
Note. By trial we find that x=—2 ‘satisfies the given 
equation x*—6x—4-—0 which when divided by x+2 given ` 


—2| 1 0 —6 —4 
Ea 4 ta 
=) =2 0 


x*—2x—2=0 «x= кы аи +73) 


Ex. 16. Show that the roots of the cubic 
x®—3a*x—2a5 cos 3A=0 
2a cos A, 2а cos (120° A). 
Let x—u--v, x3—3uvx — (i? --3) =0. 
иўу==@?, and 12--y3—2a? cos 3A. 

Hence 25, v? are the roots of 12—243 cos 34-I-a6—0. 
. 2a? cos 3A+¥ (44% cos? 34—448) 
CLAuuARG I4caj senec MN 
—q [cos 34 +i sin 34] 


==а° [cos (274-34) x i sin (2n74-3A)]. 
Taking cube root the values of and vare found out to 


be x E Qr. sn 2м) 
where n=0, 1, 2 
2. u-a (cos A+isin 4) 


MSN 
=й [< (5+4) +i sin (F+4) | | E 


and у==а (cos A—i sin А) 
=a | cos (3 +4) —i sin (F+ а) 
=a| cos (F+4) —i sin ($44)] 
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Hence the roots are the values of u--y, i.e., 
4 
2a cos A, 2a cos (F+4), 2a cos (F+4) 


or 2a cos A, 2a cos (1204- A), 2a cos {к— (F +A ) 
or 2a cos A, 2a cos (120+ A), 2a cos (120—4) 
ог 2а cos A, 2a cos (120+ A). 


Ex. 17. Find the roots of the cubic 
8а%х3—бах--2 sin 3A=0. 
Proceeding as in Ex. 16, u? and v? are the roots of 
er sin 3A+1=0. 


=h [—sin 3A=i cos 34]. 


i, Poel cos e? jet sin (F+34)] : 
з 
x=u-+ v=o cos (20+ 434 ys sin (2177-34 | 


zi 2n4- 74-34 J—i sin (20d-5---34 M 
z| (ù nat A )—isin ( пт 7 


where n=0, 1, 2 


=L co ; СЯ: 1 cos (F+4), = 1l cos (F+4) 
=} cos (30+4), 2 — cos а sin A 


(9) 


~ 


l cos (90 (6049) I cos (90-1-60-1- 4), -L sin А 
1 СЕ Ix 
or . Sin (60— A), —, sin (60-1- A), ЗШ 4. 


Ех. 18. 3—7х+6=0. 

Let x-—u-v .. х2—3иух—– (u +v)=0. 

Comparing with x8—7x+-6=0 we get 
uy= 5 and +y=—6 ог wy=S48, 
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иЗ and уз are the roots of /24-61—242—0. 
or 272--162t--343—0. 
81::30V(—3). 
—27 
Always make the denominator of the values of из, y? a 
perfect cube. If it is not so, then multiply above and below. 
Here it is a perfect cube. 
Now in order to find u and v, we must know the cube 
root of 81-307 (—3) which suppose is a+bV(—3). 
81-+30V7 (—3)={a+bvV(—3)}$ 
=a*— 9ab*-+ 34 (— 3) (à35— 3). 
а (a?—95?) —81 and b (а2— 0°) 10. 
a should be a factor of 81 and b that of 10. By trial 
we find that a=—3 and b=2. 
2 {eyo ЯУ = 3203) 
__—3—2Vv(—3) 
SSS 


иЗ, y= 


and 


hence y Adding, we get u-+-v=2. 


<. x-2isa root and dividing the cubic by x—2, we 
get the quadratic (x?-+-2x—3)=0 and other roots are —3, 1. 
Ex. 19. Solve parts (a) and (b) by the trial method. 
Ех. 20. х?-Е3х—14=0. 
Proceeding as above, we get /2—141:—1=0. 
иЗ, v=} [14+7(196+4)]=7+572. 
Let 7--542—(a-4-b 2) 
—(a3--6b*a)--4 2 (253 4- 3a?b) ; 
а (a +6b?)=7 and b (22°--3а°)= 5. 
From above we'find that a should be a factor of 7 and 5 


` fhatof 5. By trial we observe that a=1, b=1. 


13—(14-V2)* or u—1--42 and hence y-1—/2. 
<. Xx=u-+v=2 is а тоо, and dividing the given cubic 
by (x—2), we get the quadratic x*-+-2x-+-7=0. 
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| Datat Bx ei 6. 
Note. Even though the equation is not having all the 
roots real but still we had to apply trial method. 
| Ex.21. x3— 3х%#— I0x-- 24— 0. 
| Diminish the roots by 1 and the transformed equation 15 
z3—13z4- 12-0. 
Putting z=u-+¥ etc. t-quadratic is 
£--12r-(48€—0 ог 27-Е27 (12) г--(13)=0. 
12211622: 1054/(1:3) — == 2) 
E 1057. 
s — 1624-1057 (—3)= ms 3) 
' 4-3a (—3b2)—3V(—3) b5. 
а (а2— 9b*)= —162 and b (d?— 5?) —35. 
Above shows that a is a factor of —162 and b that of 35. 
- Clay . b=1, a=—6. : | 
pi- с-з)» ае еа 


г=и+у=—4; 1. :5—13-+-12ж(а+-4) (22—42-3)=0. 
2=—4, 3, 1 > but z=x—] ; ie ip 4, 2. Ans. 
“EX. 22. :x3—26x4-60—0. 
“Proceeding as usual we find that иЗ and v? are the roots of 
f+ 60t+-(44)?=0 ог 2712=16201+(26)?=0. 
—810+24673 E 
E GUI, REN шуу (5 ау). 
a атт. Е EA Geo a $ 
—a(a?4-957)--35(a?-- 5243. 
ae д(а'--95)=—810 and b{a?+-b?)=82. 
-From above we find that a should. be a- factor of 810 cel 
b that of 82. Х 
_ By trial we observe that a=+9, b=1. Eee 
(—9-=/3)5 
pate Ale 


= 73 pd 
=ч". 


ee ; к= 
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SOX-uLy--6. 
Dividing the given equation by x+6, we get a quadratic 
whose roots are 32-j. .. roots are —6, 3--/. Ans. 
$3. Expressing the cubic as sum or difference of two 
cubes. bs EN Ў 
Show thatif p and q ( pq ) be the roots of 
(aox-Fai) X (asx4-as) —(aix--as)*, then the cubic equation 
QoX*d-Jaix?--3asx--as—0 can be reduced to the form 
A(x—p)-FB(x—q). __. 

(Agra 36, 39, 47, 50, 60; Delhi Hon’s 48, 55, 57; I. A. S. 53) 
Gx? -Jayx?--3asx-F-asmmA(x—p)*--B(x—q4)8. (1) 

Comparing the coefficients of like powers of x, we get 


A-T-B-—as > : Ae) 
—(Ap4-Bq)—as DH €) 
(4dp*:-Bg))as . (4) 
—(Ap*-- Вд)=аз. -:(5) 


E. multiply (2), (3) and (4) by p and adding | respec- 
tively to (3), (4) and (5), we get 


B.(p— q) -asp-ai, S o 
—Bq(p—q)=anp+ar, RE 5: (7) 
Bq*(p—q)-asp-t as. .. (8) 

From (6), (7) and (8), we observe that 
(agp +41) (aep 4- as) =(ар--а»)°. .. (9) 


г Similarly multiply (2), (3) and (4) by-g' and add respec- 
tively to (3), (4) and (5), and proceeding as: above, we get- 


(agta) (aq 4- a3) — (a19 Fa)? ...(10) 
Now (9) and (10) show that р and @ are the roots of 
$5 - (axta) (axt 23) (axta). * -(l 1) 2 
Ор а arae )х?-1-(ааз—ама)х+} (аүаз— аг? )=0; SEGRE ^ 
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Having found p and g from above we can find А and B 
from (2) and (3) and the given cubic can be put as 
A(x—p)— — В(х— д)? 


x—p\? {—B 
2 ү к) 

Taking cube-root of both sides, we can find one of the 
values of x and then depress the equation by one dimension 
and the remaining two roots can be found from the quadratic. à 

One condition has however to be seen and is that if 
roots of (12) i.e. the values of p and q are imaginary and 
hence of А, Bas such, then we shall not be able to extract 
the cube-roots of complex quantities. Hence in order that 
the cubics may be solved by the above method, the roots 
of quadratic (12) should be real, the condition for which is 

62—4ac>0, ; 

(шаз—аа„)#—4(ауаз—а,®) (aya2—a,2) > 0. 

Hessian :— 
Note. If we make the given cubic homogeneous by 
introducing y where y is to be put equal to (1) afterwards, 
Re, —f(xy)—ax*t-3axty-- 3aoxy?+ asy3=0, 


1. e. 


then А =3(ашх#--2ауху-Еаьу®), 
e. e? 
2d = 6(asx-+a,y), Ey" (ax ay) 
e 

and ae 6(а,х--азу) 


Putting y=1, we find that the quadratic equation whose 
Toots are p and д is nothing but 
fdf ew 
| aid (ac) 
The above equation is called the Hessian of the cubic 
and its roots should be real if the cubic is to ‘be solved by 
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expressing it as the sum or difference of two cubes. 
Alternative method of finding the quadratic whose roots 
are p and q. 
Let p and q be the roots of equation 
x*--Ax-r- 10. ..:(13) 
^ Р?-{-Ар--ь=0 and 42--А--и=0. 
Now multiply (4) Ьу (1), subtract (3) multiplied by A a 
> nd 
add (2) multiplied by p; we get z 
4(р*-ЕАр-1-н)-Е.В(4°-Е24-Еш)==аз—а\\--ади. 
`~ da3—43À d- ag — 0. ...(014) 
Similarly multiply (5) by (1), subtract (4) multiplied by 
A and add (2) multiplied by ш; we get 
43— 03A +a — 0. ...(15) 
Eliminating 1, A, в from (13), (14), (15), we get the 
quadratic whose roots are p and q in determinant form as 


. 
X x 1 |067 x —х 1 [=0 
а —01 а а а, a 
аз —аа а аз а» а, 


о [1 —x x |=0 
а а а 
à а а 
ог X*(agas— a?) + x(a023— 102) + (a1a3—a2*)=0 


which is same as (12). 


Note. In practice try to form the Hessian of the 
given cubic and having found p and g from the Hessian 
find the values of A and B from (1) and (2) or find the values 
of p and q from the determinant. 
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1 —x x*. (=0. 


Q ва а 
. Ех. 1. Solve the equation 2x*--3x?— 21x--19—0 by 
“expressing it as the sum or difference of two cubes. (Agra 39) 
Let 2x'-+ 3x?—21x-+ 1922 A(x— p? — B(x— qy'; --(1) 
“pand q will be the roots of 1 —x +x 


ae а\ аз 


P : , ^L а а» аз 
where m=2, a, = 1,аз==—7, and-as=19. 


¿ -` -Putting the values of ао, 41, аз, az and expanding, we get 
the quadratic, 


Xi—3x4-2—00r(x—1) (х—2)=0. .. p=1, q=2. 


Араїп comparing the coefficients of " and x? in (1) we. 


Bet 4— B—2 and Ap—Bq=—1, 


Putting the values of рапа д and solving, we ‘get 4—5 
and В=3, 


S(x—1)9—3(x—2)- 
b: x—l 43 : 2 
X—2 #5 УЗ = Gk 
Where k=1, w, w? and k®=1 and КЕ Ь=5!, 
x(6—ka)=b—2ka 
52ка. ? 
b—ka- 

- Multiply above and below by b+kab+k?a so that Ew 
becomes 08— а% (3 or biT, w B=]; ' | 
es nt ga is —2ka) а 2а; 

Р ж b°—gs 
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o: xd (b* —2Kk393)— k(25*a—ab*)— — k2(2a°b —a*b} 2b) 
p—g 
А ү—(5—6)—К.5°531з— pnynasua ^. 
5—3 
or х= 11— 1—(75)03--42(45)103]. 


Now put = 1, , а? forthe three roots and, ‘note that 
айоо; 
Roots аге 3(—1— 7 75— 4/45), i(—1—o4 75—02 7 45) 
and 1(—1—92 75—45), `7 w=], 
Ex. 2. Solve the equation x*—3x24-33x—I1=0 by 
expressing it as the difference of two cubes. — (Delhi Hon's 45) 
Let x®—3x°+33x—1=A ap ai ruere (1) 
p and q will be the roots of} x? —x 1 .|z9.- 


9 ау аз 


. а ав аз 

where a=1, «= — 1, a2=11 and аз=—1; 

Expanding, we get 10 (x?--x—12)—0 , 2. x=3,—4, 

г *, p=3 and q——4. 
Again comparing the coefficients of х? and х? in (1), we get 
A—B=1 and Ap—Bq=1 or 3A+4B=1. 
Solving we get 4—7, B—— 2. 
Putting for 4, B and p, q in (1), we get 


m — (8): k, where k=1, w, o* and K35—1 


x+ 
©; х3 2k where а=24°, b= 516, 
x+4 — b 
or =. x(b+ak)=3b—4ak 
__ 3b—4ak b?—abk+ak* AE 
er — bak ас Y аһа er 
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. 05 — 4433) — k(3ab?-+ 4ab?) -- K* (Aa? b -- 3ba*) 
2 С?— 8)—76211252134-.7422218508 k=l 
5+2 s ; 
7—'Ik.21035213 1-7 k2.22 135113 
7 
where k=1, о, w? respectively and «*—1. i.e. wf=w, thus 
giving us three roots. 
Ex. 3. Solve as above the cubic 
46x3--72x*-- 18x —11—0. 
(Delhi Hon's 48, M.T. 30) 
Proceeding as usual we will have the quadratic giving 
p and gas 300x?--650x-1-300—0 or 6x?+-13x+6=0 
i. e. (2x+3) (3x--2)20; ^. p=—2,q=—} 
8(x-4-3)5—54(x-1- 3)? etc. 
Ans. 4 [—24—104.212--154?.22] where k=1, w, о. 
Ex. 4. Solve the equation x*+-3x*—27x+104=0 by 
expressing it as the sum or difference of two cubes. 


(Delhi Hons. 57, Agra 60) 


Hence the roots are 


Let x3--333—27x-4- 104— A(x— p — B(x—qy.. (1) 
р and q will be the roots of 
1 1 —x x |=0 
1 1 —9 
1 —9 104 
ог 10х2—113х—23=0 ог (5x4-1) (2x—23)=0. 
.. p=—¥# and q=}. 
Comparing the coefficients of x? and х? in (1), we get 
A—B=1, 
Ap—Bq=—1. 
or —+4— « Р =- 1. 
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Solving these two equations, we get 
A=+}+ and B—;tir. 


pere =e үә 


x—q VA 125 
Or 3x—5p—2q-——24. .. x——8. 
Dividing the given equation by x-+8, we get the quadratic 
5+i13V3 


х#— 5x+13=0 giving the other roots as 


2 
Ex. 5. Solve the cubic 9x®—30x*+36x—16=0 Бу 
expressing it as the sum or difference of two cubes. 
[Delhi Hons. 55, Г.А.5. 53) 
49—9, a1— — 10, a3—12, аз=— 106. 
Quadratic giving p and q is 8x?—24x-- 16—0. 
or x?—3x+2=0. 
p=1, q=2. Also A=8, B=—1. 
The given cubic can be thrown into the form. 


8(х— D*4-(x—2)y—0 or Sack esse 


3 . 
Dividing the given cubic by 3x—4 we get 3х2—6х4-4=0 
=e 3+iV3 
giving x= 


Ex. 6. Solve the cubic 152х3—60х2—606х—485=0 by 
expressing it as the sum or difference of two cubes, 
5, —40:ы7У7_ 

2 38 Ans. 
Ex. 7. By expressing the equation 
35х34-339х2--1113х4-1241=0 

as the sum of two cubes, find its roots. 

17, —224:3V3i 
mr] 1 Ans. 
Ex. 8. Prove that if a cubic has two roots equal, then its 
Hessian has also two equal roots in common with the cubic and 
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conversely if the Hessian be a perfect square i.e, having two 
equal roots then it is.a factor of the cubic which has two equal 


roots. 

Let the cubic be x’ +3Hx+G=0. If it has two equal 
roots then we know that G?-F4H3=0 (1) 
(P: 113) l 


The Hessian of the given cubic is 


әу Ge 
or in determinant form, 


у Ef (27 


1 —х x? 


dg ay az 
a M аз 
or 1 <—х 2g 
1 ОЛ 
ОЕ ні с 


ax ду 


}=0 where y=1 


—0 йе, Hx*--Gx— H? —0. (9) 


c 


Now if G*--4H?—0; then the discriminant of the 
quadratic Hessian (2) vanishes and it has two equal roots. 
` A Now we have to prove that the equal roots of (1) and 
(2) are common, Divide: the cubic by Hessian and we get 


2 3 
the quotient as x— $ and remainder ZR Xe The 


remainder will be zero as G*+-4H?—0, showing that the 
Hessian which has equal roots divides the cubic without remain- 
der and as such it is its factor. - pes 


Conversely :—If the Hessian be a perfect square, we 
have equal roots; then G?-+.4773=0 and with the given condi- 
tion Hessian becomes a factor of the cubic and as such it will 
also have two equal rcots in common with thatof the Hessian, 
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„cubic. and hence it is also с. 
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Ех. 9. lf the cubic equation ax? J- 3ajx34- 3aax c 230 


has two roots equal to «, prove that 


He Hı 


where H —aga,—a33, 2Н,=а003—0109, Ho=0103— a}. 


(Agra 38, 46; Pb. 43) 
We know that if a cubic has two roots equal, then its 
Hessian has also two equal roots in common with the cubic. 
The Hessian of the given cubic is 
‚ (ава»— аг?) х?-}-(ааз—ааз) а 2)—0 
ог Hx*--2Hyx4- Hg— --(0) 
‚ Since it has equal roots, .. E. 


or H3—HHs (Q2) 


Now ea of the equal roots is common with that of the 


*, 2a=sum of the roots of (= 2 
ог -a= and аво 29 from (2) ` . Hence proved. 
Н Н, 
Alternative method. (Pb. 56) 


We know that if f (x)=0 has two roots each gren to «, 
then « must also bea root of f” (x)—0. . 
а0%2-|- 3102-3-40. A) 
а02--2а10--а2=0). : ...(2) 
Multiplying (2) by. « and subtracting from (1), we get 
а1024-2а29--аз=0. ...(3) 


“From (2) and (3), we have 
oh. ae RI 
ааз аё Maa gas @@@з—а° 
a? 2a Lx 


or ii 2H HO 


S > Hie HE Proved. — 
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Ex. 10. If the cubic 
AX? -3bx?4- 3cx-- d=] (x-8)*--m (x4-4)8, 
Show that @ and ф are the roots of the quadratic equation 
1 a x 
a b с |=0. 
b с 4 (Agra 36, 47) 
See § 3. Р, 179, 
Ex. 11. Prove that if a cubic has three roots equal, its 
Hessian quadratic vanishes identical] y and conversely, 


The cubic has three roots equal if G—0, H=0 [P. 113] 
and hence the Hessian quadratic Hx?+Gx—72—0 of the 
cubic 33+ 3Hx+G=0 vanishes identically. 


Ex. 12. Find the relation between qand r in order that 
the equation x3 +gx+r=0 may be put in the form 
. x= (x*--ax-4-5)2, 
Hence solve the equation 8x*— 35x 1 27— 0. 
(Delhi Hons's. 60; Agra 42, 58; Vikram 62) 
X'e-xt-E2ax3-- (2-25) x?--2abx--52 


з 02b , p 
or xa 2a * Bx 0. 
Comparing with the given cubic, we get 
2 2 
a*-25—0, b=g, andy y Оз (aE 


Putting the values of a and 5 in q2.-.25—0, we get the 
required relation as 8774 ¢8—0, 


8x5—36x427—0 
or x —qx+4t=0, 
Its coefficients satisfy the relation 872+ g3=0, 


2 
6=q=——.0 ls s у 
q 3 anda РР 3 
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Hence it can be put in the form 
2 
| xà.) 
Or xi--3x—$— +x? etc. x—2, — 3 (12:43). Ans. 


Ex. 13. Find the condition that the cubic ax3-- 3bx?-3cx 
-Fd may be capable of being written under the form 
1 (x—«)?--m (x—(3)?-- n. (x —31)* 
where œ, Bi, Yı are the roots of the cubic 
ayx34- 351x?4- 3c,x 4-d,— 0. (Delhi- Hon's. 43) 


Comparing the coefficients of like powers of x, we get 


l+m+n=a, ... (1) 

Ie42- mfi - ny = —b : ...(2) 

Io, 2-- m8 etay =c. ..(3) 

C Тоз. mB3-+ny3 =—d. ...(4) 


Multiplying (4), (3), (2) and (1) by а, 35; Зс and di 
respectively aud adding, we get 
I (arta? 35v *-3c105-- di) 3-m (Qn () 


=—da+3bic—3e1b+ad. 


The L. H. S. is zero aS о, Bi, Yı are the roots of the 
second cubic 
(ad;—aid)=3 (bci —bic) is the required condition. 
Ех. 14. Jf ax?-+3bx®+3ex+d+k (x—r)? be a perfect 
cube, prove that 
(ac—b*) r*-- (ad—bc) r+-(bd—c*)=0. 
ф (x)=(a+k) 8+ 3x? (b—kr)+3x (c+-kr?)+-(d—kr'). 
If ¢ (x) be a perfect cube, then ф (х)=0 should have 
three equal roots say each equal to «. 


kr—d 
X«—3a-—3 kr— Ь уор: 302-3687 а «бү== - 


а-+-Ё a+k* 


atk 
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Now («*)?=«, оз, Putting the values of «, 03, c? and sim- 
plifying, we get 


bd—c*—k (2cr?+-br3+ dr) (1) 
02 X a=a3, : ` 
Proceeding as above, we get 
ad—bc=k (ar?--br* — cr—d) 1-02) 
апа 00s (guess 
ac—b*—k (—2br—ar?— c). ...(3) 


Multiplying (1), (2), (3) by 1, г and.;? respectively and 
adding, we get the required condition. 

Solution of Biquadratics. 

. $4. Euler's solution of the biquadratic. 
(Delhi Hons. 54,.63; I. A. S. 58; 
Agra 31, 34, 35, 37, 41, 48) 

Let the biquadratic be agxt--4a;x?-- 62,x? "Aat aa=0 

Which can be reduced to the form 


z'-F6Hz'--AGz-- (a 1— -3H*)—0 S 
where z—ax +a. 
Let us assume that z=Vpt+Vgtvr. — ‚..(2) 


Squaring, we get 
[2°—(р--@-Ег)]=2 (Уруд ЧА: T rWp).. 
Squaring again, we get 


21—22° ( p--q-.-r)- ( p-- qr)? 
: =4 [pF gr Frp} pV qyr (p EV 
or z!— (22р) 2—82V pV qw. r-- (ipf —4Xpq—0. ..(3) 


Comparing the” ‘coefficients of like powers of 2 in (1) 
and (3), we get S ash t аа fea 9 
2 


Xp——3H, Vp afr со AN 


| and CP po ast Agr jor. 2ра=3н?—" 
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Hence the equation whose roots are p, q, ris 
%—(Ур) *43-(Zpq) t—pgr=0 


or ` е+зна( amet), Fg (4) 
2 (Remember) 
The above equation is called Euler’ 5 cubic. 
Now we know that G?+4H=a (НЁ—аоЛ); 
cet. ay HI ^ aT 
acc Ho cate 
Hence from (4), we p 
P-E3HÉ--3H*t— ES H— ан а= ан =0 
ог (I-- Hy— Е (+ m+ =o. О) 
Now putting /-Н ms we get: 
qo803— T 94- a! 0 
or Re ГӨ КО) 
5 (Remember) 


Equation (6) iscalled reducing cubic of the biquadratic 
equation. 

Note.. We have seen that *G occurs in even powers 
in Euler’s cubic and hence if we had the biquadratic as 
21--6Hz3—4Gz--F(a$1—3H?)—0, then its, Eulers cubic will 
be the same as that of the given biquadrati and hence both 
will have the same reducing cubic. 


$5. Relations between the roots of the biquadratic and 
Euler’s cubic. (Agra 43, 51) 
^7. We have taken Dt UI a tee) 

If each of the three radicals have their double sign, then - 
we shall get eight values of 2 by the above assumption, but 


Dum 
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VpNgNra— & o 
or Vr= 


z=Vp+Vq— WI 


Now giving Vp, Уд the double signs, we get the four 
values of z. 


The signs to;be affixed to Vp, Vg, Vr should be such 
as to satisfy the limitation imposed by (2), i. e. if G be —ive, 


Р G 
Le, — 2 tive, we should affix such signs as to make 
VpVqvr also Live. In this case we shall choose all of them 
to be +ive or two —ive and one +ive.: 
If zw z, Z3, za be the values ofzand о, В, У, 8 be the 
roots of the given biquadratic, then 
3 G—ive.^ 
Zi—agtai— Vp—Vq—-Vr Vp -rive 
Z22=ata=—Vpt+Vq—Vr | Уа -ive A 
Z3=MYta=—Vp—VqtVr 4r -rive (A) 
Z,—a)--a-— Vp+Vg+vr ( all tive 
` ао («4 -B)--2a3— —2Vr 
а (Y-9)--2a1—2 Vr. 
`. do (&--B— y—8)——4vVr 


or r= a Ep y ys 
O une oad 
2 
Similarly, q=% (урав ya 
16 p) (B) 
р= ТЄ (6-+y—a—8)? (Remember) 
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Note. In relations (B), 8 is always with minus sign and 
€, В, Y are —ive respectively in the values of p, q and r. 


Note. Incase С be + ive i.e. — E —ive, then we shall 


choose all — ive or two +ive and one —ive, i e. 
z1—aq4--d1— —V p--  q-- Vr etc. Vp —ive. 
Q. 1. Prove that if the biquadratic has two distinct pairs 
of equal roots, then ay 1— 12H? and aj J=8 H°. ' 
(Арга 31; РЬ. 45, 60) 
‚ Suppose «=f and y=8; then from relations (B) both p 
and q are zero i.e. two of the roots of the Euler’s cubic 


2 
е+зне( am—9 1- S o 


vanish, and hence 
2 
G—0 and 3-5. ie. а®Т=12Н?. 


Again we know that G*--4H?—ay (HI —ay). 

Putting G—0 and ay 1—12H*, we get ag J=8 Н?. 

Q. 2. Prove the following :— 

(i) When the roots of the biquadratic are all real, the 
roots of Euler's cubic are al! real and + ive. 

(ii) When the biquadratic has all its roots imaginary, 
the roots of Euler's cubic are all real, two being negative and 
one positive. 

i) When the biquadratic has two roots real and two 
imaginary, then Euler's cubic has two imaginary and one real 
+ive root. 

Make use of relations (B) and fake imaginary conjugate 
roots as a-tib etc. 


О. 3. Find the value of 
ao (B--y—«—8) (Y+a—B—8) (a+8—Y—8) 


` interms of the coefficients of the biquadratic. (Agra 35, 39, 45) 
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From (B), we have ao(a+f—y—$)=—4y*r ctc. 
Hence the given function- (—447) (—44 p) (—4V q). 


— 64 pA qA T: 64 ( E ) from (2) 
=32G=32 [as?a3— Jaona 4- 2213]. 


О. 4. Prove that if two roots of Euler's cubic vanish, then 
the biquadratic agx*-I-4ayx3--6asx?--4asx-l-a4—0 has two pairs 


of equal roots given by кау н) 
0 


(Agra 43) 
If two roots of Euler’s cubic vanish, then from Q. 1, 
G=0 and a?7—12H?, (1) . 
Also if z=agx-++0,, then the given biquadratic reduces to 
e t- z-E6HZ'--4AGz4-ag 2—3H2—0, 
Or z1--6Hz*--0H*—0 from (1). 
(Z--3Hy—0 or z=+V(—3H) 
or Ox+ta=+V(—3H), л xe Aa 
Е 0 
Note. ajf(x)—[(aex--a1?--3H]? by putting the value 


of z in (z?4-377)?. : 
-Q. 5 Whena biquadratic has two equal roots, prove that 

Euler's cubic has twoequal roots whose common value is 

3JaJ—2HI 
21 

biquadratic in this сазе are real, equal or imaginary according 

as 3aJ—2HI is +-ive, zero or —ive. (Agra 1934, 38, 42) 

Let «=; then from relations (В), we get 


and hence show that the remaining two roots of the 


a ^ 
p= TAU è) =q. 
Hence the Euler’s cubic, 
те. f Qnam. зн? 


4 1— — = 0 
_ has two equal roots, eae 


а]. G? 
4 
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Now we know that if f (/) has two equal roots, then f (1) 
and f’ () must have Н.С.Е. of 1st degree which when 
equated to zero will give the requiréd root. In the process 
of finding the H. C. F. the first degree quotient is 

=a i T gens t A 
which should be the H. C. F. x when а to zero gives 
the required root. 


їн Gum 
eS 


Putting G?+-4H?=a? (HI—a7), we get 
Ln . 2 
р CPU DE 
Now if 2aJ—2H[Iis +ive, then (Y—9)? is -Five and as 
such both Y and $ must be real: If 3aJ—2H1-—0, -then 
clearly У=8 and if 347—211 be —ive, then. (y—8)? being. · 
—ive both У and 8 should be conjugate complex. = 
$6. Relation between the roots of the biquadratic -and 
reducing cubic 4a,°63—Ia,0+-J=0. 
_ From relation (A) of § 5, we have 
ao (0—8) =2 (Vp—Vq) 
and a (Y—8)=2 (V p4- V q). 
—ay" (0—8) (Y—8)=4 ( р—а)==4а* (061—602), 
oN t+ Hag. 
4 ( p—q)=4a,? (61—02) =—ag” («—) E 
4 (q—r)=4ao" (0—03) =—ар (B—Y) (a—8) (С) 
4 (к—р)=4аф (#3—@)=— а (Y—2) (0—8) 
Remember the above relations. - 
Note. The first factor in the relation of p—q is (= В) 
and the 2nd is (ү—8). In the 2nd factor 8 is always —ive. 
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Subtracting Ist relation of (C) from the 3rd, we get 
da? [0s—61—61+-02]=—a¢? [(y—«) (8—3)—(«— 8) (Y— 5)]. 
Put 61+62+63=0; .. 6024-03 — 01. 
7. 1201=(ү—9) (8—8)—(«—8) (Y—8). 
Similarly 122»—(«—8) (У —3)—(B—Yv) («—3) (D) 
and 124s=(B—Y) («—8)—(/—2) (2—8) 
Remember the above relations. 
Ex. 1. Find the values of the following symmetric functions 
of the roots of the biquadratic in terms of the coefficients: — 
(1) ((B—Y)* («—8)*--(y—«)* (8—8)° 
-(«—8)* (7—8)3. 


i (Agra 41) 
(2 [(y—«) (B—8)—(a—B) (у—5)] 
x[(«—B) (Y—8)—(8—Y) («—8)] 
X[(B—Y) («—8)—(Y—«) (B—8)]. 
See also Q. 7 (b) P. 135 . 
(3) (8—7? (y—«)* («—8)* («—8)* (B—8)? (y —8)2, 
i. e. product of the squares of the différence of the roots of the 
biquadratic. 
(1) From relations (C) the given symmetric function is 
16 [(01— 02 -- (62 — 03)?-1-(65—01)*] .-(1) 
where бу, 62, 05 are the roots of the cubic 
44°63 — Ia, 0+ J=0. 
We have to find the value of 
16 [22012—220103]=32 [(261)?—250102—26162] 


= —96 = "U 2£6,=0 and Xj. eo 
E 


E z [40@4—4a103+ 3a:?]. 


(2) The given symmetric function from relation (D), 15 
123016305—12 X 12 х 12 х A 
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ag? 


[agasa1-1- 2a,as03— Ags” — dx d3— а]. 


(3) The given symmetric function from relation (C) is 
16° (21—02)? (32—83)? (05—0,)* where 61, 0s, Өз are the roots 
18 J 
3— — —о = 1 1 
of 8 Да day 0 which is of the form. 
x8+gx-+r=0 whose squared difference equation is 
y+ 6gy®+ 9q2y-+(4q?-+27r2)=0. (§ 13 P. 112). Тһе product of 
the гооіѕ= —(443--27ғ°). Therefore the product of the roots 
of the squared difference of reducing cubic is 
Silay, д Г Н (л. элуу 
=| ^" 16005 6400) 16a! р 
Hence given symmetric function is 
1 256 
К бл. 3M гү 
163, Téa, (13—27°) 


age 


(12—27°). (Арга 47) 

Discriminant. The expression /°—27.7° is called discrimi- 
nant of the biquadratio and is denoted by 4. аё (%—8)? 
(a—y)? (a—3)? (8—У)° (B—8?* (v—8)—2564. Тһе vanishing 
of the discriminant A is the necessary and sufficient condition 
` for the equation to have equal roots. 


Note. We know that тот a given equation to obtain 
another .equation whose roots are the roots of the given 
‚ equation with sign changed, we have to change the sign of 
every alternate term beginning from the 2nd. Also we know 
that («—B)*—[(—9)—(—8)P etc. 

Also discriminant of a cubic or biquadratic when 
multiplied by a constant gives the product of squared difference 
of the roots of a given equation and hence we conclude that 
the discriminant of a given equation remains unchanged if we 
change the sign of every alternate term of the given equation 
beginning from the 2nd (the equation being complete). 
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Ex. 2. Give a complete accout of Euler's solution of the 
biquadratic equation. Obtain in terms of Н, G, I, J the 
necessary and sufficient conditions that the roots may be’ res- 


pectively of the type 


(i) two roots equal, (ii) two pairs of equal roots, 
(iii) three roots equal. (Т. A. S. 58) 
(i) Two roots equal say «=? ;then from relations (C) 


Р. 195, 4a (й—®%)=—а (0—0 (у—8)=0, с> а=8. 


61—0», i.e, two roots of the equation 
| Р (0)24a90?—1Ia,0-I-J—0 are equal. 
F' (0)—12a$360?— Iay— 0. А 
The required condition is obtained by eliminating 0 
between Е (6)=0 and F’ (0)-0. [See (e) P. 30] 


M я 1 
ow Р = LES 
| (6)=0 gives = Dag 


C TRE I 
il in. F (9)=0, 4a. 12а? . 0—1as0-4-J—0. 


I 6 
| -F — la — —J or ш у 


41a? ap 
00. P=. ор 2100. ee 


or 
9 ' ' 9 € 12a? 57 


© or 122772 is the required condition. o 


(i) We have already done this in Q. 1 P. 197. 

(ii) Three roots equal say «—p—Y, sothat «—8, B—y, 
Y—® аге all zero and. from relation (D) P. 196; we get 
1201=0, 120,—0, 1205—0, . ie, all the roots of reducing 


y cubic 4a9%6°— 1400-70 vanish. Hence [=0 and J=0 are the 


е 
rd 


required conditions, 


Ех: 3. (a) If the roots о, D, Y, 8 of the biquadratic - 
ax! --4bx3-- Gcx*-- 4dx--e—0 


"be so related that «— 8, B—8 and y —8 be in H. P., prove jio 


acet 2bed—ad*—b*e—c3=0, - (Delhi Hon’s 52) _ 
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а og pty or 3g=p+qtr=—3H; X q=—H. ` 
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Since 0—8, 8—3, Y—8 2 are in H. P. 


or ==. € = are in А. P: 
1 1 1 1 
5 б—$ «—8-Y—8 B—8 
ae (—B _ (8-7) 
(0—9) («—8) (v—8) (8—9) 
ог («—6) (Ү—8)—(8—ү) («—8)=0, 


i.e; 120:=0 ог 62=0 [from relation (D) P. 196], . 
hence one root of the equation 4a?503—7a0-1-J—0 is zero and 
consequently J=0 or ace--2bcd—ad?—b*e—c3—0. 

(b) Jf the roots of a biquadratic ©, B, Y, $ represent the 
distances of four points from an origin on a right line, prove 
that when these points form a harmonic division on the line, 
the roots of Euler's cubic are in A. P. 

ОАх==, OAs—p, OAs—Y, OA4—8. 
Ал4=В—®, 4144778, А\Аз=Ү—=. 
Аз, Аз, As, Аа will form harmonic division if _ 
Pree 09 сака и 
Aida! dida Aids ids Aids А4з А44 
сЕ “А до елү 1 Lea 


Ba y—« y—« 8—« 
20 Qq—8 $-Y. 
i B—« §—« 
or («+B (Y—8)— (8—1) (2—8)=0. 
Or -~ :1204—0 by relation (D) P. 196; .. 0=0. 


2 J=0 as in part (а). 
е ‘Now Euler’ 5 cubic is 
: acl G? 
Dor exages( 3m 01 ч) —=0. 
“If its roots p, q, r bein A. P., me ET. 


E 
` 
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But q is a root of (1) and hence it will satisfy it 


2 
— 14343124 OH 0 
or (G?-+-4H3)—a2lH=0 
or ao? (HI— aq) —ay1H-0 
Or aJ = 0, cs J=0 


which is same condition as found before. 
Resolution of the biquadratic into quadratic factors. 


$7. Descarte's method. (Delhi Hon's 48, 50, 51, 59; 
Agra 36, 40, 42, 47, 51, 54, 55, 59, 61 ; Pb. 35, 41, 54, 55, 
57, 59, 69 ; Nagpur 61) 
Let the equation be | 
J Gossau 4- 4ayx? - 6asx? 4-4a3x +a =0 
and it be reduced to the form | 
f (z)zt--6Hz?--4Gz--aI—3H?—0 (Agra 41). 
where z—aox-ray If 21, ze, zs, zı be the roots of the 
equation f(z)=0, then zi--zs-I-za--z4—0 
or (214-28) = — (za--1) —p (say) 
and let z;7,—q and zsz,—4q'. : 
— fex —pzta) (2+pz+q'). 
Comparing the coefficients of like powers of z, we get 
(i) 4+4'—р%=6Н 


(0) p(q—g')=4G ..(А). 
(iii) 44 =аёі-_3Н? 
Now _(@—@Ф)#=(а+4'#—4д4' 

16G2 


or ; oC 6Hy—4 (a 1—3H?) 


ог р? (p*--2Hp*--36H9) 41 (a? —3H*)—16G2=0 
or p*-- 12Hp*+ 4p2 (12H?—a,?2)—16G?=0, 


generally by trial method and having found p we cm 
find the values of q and q' from (A) and then the quadrati 
CC-0.Panini Kanya Maha Vidyalaya Collection. ^ 
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factors of f(z) are known. In this way we can find the 
roots of f (z) — 0 and consequently of f (x)=0. 
Reducing Cubic :—The cubic in p? can be put as 
( p*--12Hp*-- A8p* H*-- 64H?) —4а01 (р?+-4Н) 

—166G?—64H*--16ag IH | 
or ( p?--AHy.—Aagl (p*--AH)—16 (—аёЛ) | 
С2-4Н°=а?НІ—а)/. | 
Now putting р°--4Н=4аф?@, we get 4ay03— Iay0-1-J—0 | 
which is the same reducing cubic as found in § 4. | 


Note :—In order to find the value of p? by trial, try | 
those numbers which are whole squares i.e. 1, 4, 9, 16 etc. і 
and see if they satisfy the cubic. Ё 


Solve by Descarte’s method the following equations. | 
Ех.1. хї—3х%—42х—40=0. (Арга 54) 
Let f G)esQ? px) G6—px4- 4). | 
Comparing the coefficients, we get 
qctq'—p——3 ог qdq'—p—3 


: - 42 
p (quoq) чо оше EESTI 
and qq’ =—40. 
(4—4')%#=(а-+-4')%— 4qq' 
402-708 Wave 
or P —( p?—3)24-160 
or 13— 614+ 169t—1764=0, 


where f—p?. Clearly 1=9 satisfies the above cubic. 

- p—9 or p=3 or —3. 
Choosing p=3, we get 4--4'=6 and q'—q=— 14. 
<. Q'——4 and g=10 and these values satisfy th 

relation gq’=—40. | 
Hence f (x)=(2+3x+10) (х2—3х—4)=0. 
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= x=4, —1, —3ziv31 : 
d : ; 2 
Ex. 2. x'—5x°-—6x—5=0. . 
) (Pb. 35. 48; Delhi Hon's 51) 
Proceeding › as above, we get —10/2 + 451— 362-0, 
where Fc etc., f (x)= (?-+x+ 1) (x?—x—5)=0, 
A —;ziW3 1+7(21) 
i : USD ILITUENE TU HYS З 
Ех. 3. en 6x3--3x?-- 22x —6— 0. 
i (Nagpur 61, Арга 40, 47, 61) 
415: 3° In Ол to remove, the 2nd term, we shall have to 
diminish the roots by 2 which will be difficult. - Hence we first 
multiply the roots by 2 and get 
Ж“—12у%-4-12у°4-176у—96= =0, where у=2х. 
Now diminish Ше roots by 3 and we get 
$ —42214-327--297—0 
where 2=у—3=2х—3, ctc. 
Det о a f(z) (2?--pz+-q) (zà—pz4-q^). 
Comparing the coeffi ficients, . we get 
‘g+q'—p?=—42,~ or g+q'=p?—42. 


A 


р (4—4)= 2 ог q' -q= 32 ' =297. 
е «== (c gy — —4qq'. 
(22 =( р°—42)2— 4 (297). Ри p*-t and we get a cubic 


—841+5761—1024= =0. Ву trial we find that t=pi=4 
satisfies it, .*, p=2. 
Hence 4+4" =—38, 7' -q= 16 and qq "=297. _ 
= а=—11, @=—27, and they satisfy the 3rd relation. 
. f@= — (224-2727) (?—2z+11)=0 
z= EHD uo 


T1 


СС-0.Рапіпі Kanya Maha АЕ Collection. 


SolutidiviofoC nb МУЗУР ОТ ЖИ ҮШҮ eGangotri ^ 5 03 


Or 2x—3=—14277, 14273. . 
xX=14V77, 22:43. 
Ex. 4. - x! —6x3—9x2--66x—-22—0. (Agra 36, 38) 
Proceed exactly as above. Multiply the roots by 2. 
—12y3—36y?--528y—352—0, | у=2х.* 
Diminish the roots by 3. _ ; 


31 —12  —36 528 — 352. 
_ 3 —27 5 7489 1017 
—9 —63 339 [665 
з —18  —243 ; 
6. « —81 | 96. 
кы ыша: Ж 
—3` |—90 


7 Л) =2—902+-9624-665=0 where z=y—3=2x—3, 
Let f (z)=(22+pz+4) (22—pz+q') 
Comparing coefficignts we get . 
© Qtd—p——90 ог а+ф=р1—90 
"P(4—4)—96 or q'—q-—96][p 
qq'— 665. A = ййз=(4-4@')#—4д4' 
Orel (96/p)?=(p?—90)?—4 (665) 0. 
Put p?—1 and we ш the ¢ cubic as i 
' 2 4— 1802+20 x 272t—962—0. 
By trial t=p*=36 satisfies it .".* р=6. | 
Putting p=6 we get 4-4 =—54 and @ ‘—q=16 
7. q=—35 and 4 = —19 and these values of d and q' 
C satisfy the: third relation gq’=665 
. f(22(24-62—35) (221—6z—19)— 0 
н 140) ` 62:4 (36-1- 76) 
2 


x2 


Fits 


\ 


H 
3 


234 3:20 3207 


or 
"Vox-uxl1l 3277. 
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Ex. 5. x!—8x!—24x4-7—0. (Pb. 31, 60) 
The equation is wanting in second term 
Л(х)=(%-Ерх-Е4) G?—px4- 2). 
Comparing coefficients we get 
: 4+4'—р%=—8 or g+q'=p?—8 
р (4—4)=—24 or q'—q——24|p and qq'—7 
(g'—4)Y—(q--a'y—444' or 576|p'—(p*—8):.—28. 
Put p?—1 and we get 
15—161724-361—576—0 
Clearly t=p*=16 satisfies it .. p-4. 
Putting p—4 we get g+q’=8 and q'—q— —6 
q'—1 and q—7 and these values of q and @' satisfies 
the third relation 44 =7 
Ј(х)=(х%+4х--7) (х2—4х+1)=0 
_—4+V(16—28) 44(16—4) 
2 Е 2 
=—2+iV3, 24w3. 
Ех. 6. x*4-12x—5—20. (І.А. S. 55, Pb. 51, Agra 63) 
Ло) =(2-+рх+9) (х2—рх+9'). 
Comparing coefficients we get 
qq —p—0 г. а+4'=р" 
Р(4—4)=12 .. q'—q=12/p and qq’=—5. 
Now (g'—4y—(q--q'—4qqg' ог 144/p°=p"+20. 
Putp*—t ., 1--20:1—144—0. 
Clearly t—p*—4 satisfies it". р=2. 
Butting pe- 2 we get g+q'=4, g'—q—6 


“. q'—5 and q— —1 and these values of q and а satisfy 
the third relation qq =— 5 


« f(x) Q--2x—1) (х2—2х4-5)=0 
——24V(444) 22 (4—20) 
2 ey) 
- 12, —122i. 
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Ех. 7. (a) x!—10x3—20x— 16-0. " (Pb. 41) 
Hint. #—20+-1647—400=0, where 1—4-—7* etc. 
(х) = (8 -2x4-2) (x3—2x— 8) —0. 
Ans. x4, —2, —1 =i. 
(b) x!—2x?--8x—3. (Pb. 54, 43) 
(8—41*-- 161—64—0 where 1—p*—4. : 
Ans. 1+iV72, —1- V2. 
Ех. 8. (a) Solve x*—8x3—12x3--60x-4-63—0. (Agra 44) 
In order to remove the 2nd term, diminish the roots by 2 
and the resulting equation is 
21-——3622— 5224-87 —0, where z=x—2. 
Now proceeding as usual, t cubic is 
12— 7212-12. x 79t—52 х 52—0, where t=p?=4. 
f@=E+ 2z—3) (z?—2z—29). 
S0 z=—3, 1, 14730. 
Hence x=z+2=—1, 3, 32: 4/30. 
(b) x*--8x3--9x*— 8x— 10—0. 
Ans. +1, —4+V@, 
Ex. 9. (a) x!—12x—5-—0. (Pb. 55) 
Hint. 2+20r—144=0. .. p*-t—4. .. р=2 etc. 
Ans —1+2i, 12-2. 
(b) Resolve into quadratic factors І 
хї+12х+3=0. (Delhi Hon’s. 48) 
РОС as usual, ¢ cubic is 
12—121—144=0, where =p?=6. „. p=¥V6. 
. f(d)=08+V6x+3—V6) (Q8—4 6x4-3--V 6) 
mr —6), М6б+\—6—4У 6) 
VES 2 
Ex. 10. mt (Agra 55) 
баа + 17t—36=0, where t=p?=4 etc. 
‚„ /(х)=0?+-2х-+Е2) 0®—2х—1)= =0. 
л x=—l+i, 1602. 
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Ех.11. If 
а (ax!-- 4bx*-F6cx*--4dx4-e) — КОШ per) (ax? -24x-4-s) 
and r--s—2 (c—24), find the cubic За Hence solve 
the equation 
2x1-F6x3— 3x?-- 2-0. (Delhi Hons. 50) 


Equating the coefficients of Jike powers of x is both sides 
of given relation, we get 


2a (p4-q)—4ab, 4pq--a (r+s)=6ac, 
2(ps--qr)—-4ad, | rs—ae. 


From 2nd relation putting r-]-s—2 (c—24), we get 
4pq=6ac—2ac+4ad. .. pq=ac-+ad. 


1 1 0 1 1 


0 

P dq 0 q p 0 
-0 

^" 


=| 2 +q r+s |=0. 
p+a 2pq ps+qr 


rts pstgr 2rs 
Since each determinant on L. H. S. is Zero, 


: А оп R. H. S.—0. 
Putting the values of P+4, r+s, etc, we get 
2 2b 2 (c—24) =0. 
25 2 (ac+-a¢) 2ad 
2 (c—2¢) 2ad 2ae 


Cancel (2) from each row and expand. 
-. {ae (с-ф) —а?42)—Ь {abe—ad (c—24) 
+ (e—2$) {abd—a (с4-$) (c—24))—0. 
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Simplifying, we get 

4¢°—¢ (ae—4bd+3c?)— ec Bou 0 
у” 4g8—I$—J=0. 

` Comparing the given numerical equation with: l 
ах 4bx3-+-6cex?--4dx-+t e=0, 
we get a=2. b=3/2, с=—}, d=0, e—2. 
7 I=ae—4bd+3c?=19/3 and 7 — 51/8. 
¢ cubic is 4ф%3—1ф—.7=0 

d 482—7 $43 —0. 


By trial we find that ф=— 3/2. 
Now r4-s—2 (c—24)—2 (—34-3)—-5. 
Also rs—ae—2x 2-4. 
r and s are the roots of #—5t+4=0 or t=1, 4. 
4. r=land s—4. 
‚ Again p4-q—25—3, 4pq+a (r+s)=6ac 
ог, 4рд+2 (5)=6.2(—3); ©. рд=—4 
p and q are the roots of (2—31—4)=0 
SO t=4, -1,.. р=—1, q=4. 
Also ps-+-gr=2d=0 or (—1) (4)+(4) (1)=0, ie. the 
above set of values satisfy the other relation also 
2 (2x1--633— 33? 4-2) 
—(2x*—2x--1) (2x°+8x+4)=0 
Ed \ 


Note :—In this method we have not removed the second 
term as in other questions. 


5 8. Ferrari's Method. 
(Bombay 61; Agra 44, 46, 48, 50, 52, 57, 60; Pb. 33, 39; 
Karnatak 62; I. A. S. 54) 


Let f (x) =ax*+4bx5+ 6ex?-+-4dx+e=0. 
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Let us suppose that (Delhi Hon’s 57, 59) 
f (jet {(ax?--2bx-+c-+2a6)?—(2Mx-+-N)%}. 


Comparing the coefficients of like powers of x, we get 


M?=b?—ac+a°6, (1) 
MN=bc—ad-+2abé, ...(2) 
N?*—(c-F-2a0)*— ae. ...(3) 

Now M*N*—(MNy. 


(b*—ac-- a*8) {(с-+2а9)%—ае}= (bc— ad-! 2ab6)*. 
The above equation on simplification reduces to 
4a°9°—(ae—4bd+3c*) a07- ace--2bcd — ad? — eb? — c? 
or 4a?0? — [a8 -- J— 0. ...(4) 
which is the same reducing cubic as before. From this 
equation, we can find the values of 0 and hence the values 
of M and N. In this way we are able to express the given 
biquadratic as difference of two squares and we obtain the 
two biquadratics 
ax?--2 (b— M) x+c+2a9—N=0 ...(5) 
and ax? 4-2 (b+ M) x+c+2a64-N=0. ...(6) 
Now @ will have three values say б, 62, 0s and corres- 
ГОЛОДЕ values of M be Mı, М, Мз and those of N be Nj, 
23 ED 
Let the roots of (5) be B, У and those of (6) be ж, $ when 
M, N, 0 receive the values Mi, N; and 6, respectively. 
b+y¥=—= (b— My) and gy- C E2408. 


в-+8=-—-—_ (5--M;) and ap ot Pat Ms 


зн | 
a 
Similarly У+а—2—2= 4 | ..(А) 
| 
and tH B—y—8— M | 
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BY+ «8=7©--40, ] 


| 
Уа--р8=7©--4, t (В) 
and VAR IRA | 
Also from (А), we get 
4 (Ma + Ms— My) =(2a—25—B—y+a+58) 
—(3«—8—y —8)— (4«—Za) 
-( dat) o (autt). 


Also from (A), we get 


au4-b— — Mi4- Ma- Ms.) ву—а3= 201 
eB--b— Mi— М: Мз | _on, | 

| i "o UO y al (р) 
ay+b=Mi+M2—M3 | B 


а3—у5= 


3 
and ad’+b=—Mi—M.—Ms J a J 
Ex.1. Jf «, B, У, 8 be the roots of the biquadratic 
ax*--4bx3-4 6cx?-+4dx+e=0, form the equation whose roots are 
(i) ВУ, Vates, eB -1-y8. [See Ex. 7 (a) P. 134] 
(Delhi Hons. 57) 
2 py— «8 y«— po __о$—У8 
G) руа 5° У+е—В—$', +8—У—$` 
[See Ex. 7 Р. 105] (Agra 46; Punjab 52) 
(шу $ (9y—e3) (8+У—«—д), 3 (Yo—P8) (У-+-«—В—8), 
4 (98—75) («+B—y—8). 
a" 


a Setra) Tat B- ge 8-9 


2c 
From relation (1), z=py+es=— +441. 
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Rm ga) where 0 isa root of 4a*9?*— Ia3 --J—0. 
Hence the required equation is 
(а2—2с)3— 4] (а2—2с)4-167—0. 
E ВУ—0$ N; 
f = Zap 
1) z tya} т (тот (А) апа (р) 


ог z= ee from (1) and (2), §8 
or ar bet (= ad4-2a°h6; — 253-1 2abe к) 
2 ee 
—3abe+a%d+2be 
о ={ 
г az+b=1 ( CA te 2E ) 


G G 
or Dp г а? = м = ; 
az+b=} 29-9 ог 46, 7 (уН 


Now eliminating 9, between above and 4a*0:3— Ia£, 4-7. =0, 
We get the required equation as 


4a3 G 3 Ta GE 
a ze (су Н | | aza 8 |+ ru 
or [G-+2H (az 4- b) B— Ta? [G-+2H "(az+b)] (az-+b)? 
+2a5J (az+b)8=0 
Or (az+b)? (8 Н —2H1a* лау] (az-4- je [12G H*— 106] 
-F(az4-b) 6G2H+G3=0, 
Again G?+ 47 —g2 H] —ay 
= 26*'——8H- 992777 9937 
—2G* (az +b) +G (12H2-— Ta?) (az4-b)2 ; 
+(az+b) 66° Н--Сз=0 
Or 2G (az--by (12 E? 19?) (o, ps 6GH (az+b)—G?=0. 
If we put агр; We get the same answer as of 
Ex. 7. P. 105 
Gi) z—4 (By—«8) (B+y—a—8) 


={. (==) ш from (А) апі (р) 
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ог 


“z=bc—ad+2ab9, 
o pee 55), 
2ab 
where 6; satisfies the equation (4а303— 
Hence the required equation is 
ее adik (a?z 4-be—ad)—2537—0. 


Let T iei My? 


— a8 4-J) —0. 


(iv) —a*8--P—ac 
or 


z—q'ü—H; .. (crm 
But 0 is a root of 4a303— Ia 4- J — 0. 1 
“. 4 (z+ Hy— 18? (z+ Н)--а37-=0 is the required equa- 
tion. 


Ex. 2. Show tlat M MM C... 

We have from relation (A) of $ 8. 

Mi Mi Ms 2 (84—98) (y+2—3—§) («+B—y—8) 
=37326=2 : (Ѕее Ех. 3, Р. 193) 


Alternative—Let c, 8, y, 8 be the roots of 
ax*+ 4bx8+- 6x? 4dx+e=0. 


If its roots be diminished by im. then we get 


6Hy* 4Gy | (a*]1—3H* 
Y Y TM E E) 


=0 
at 
ind its’ oots @—/,8—/, Y—h, 8—A be a’, В, ү', 8' then 
B--Y—a—8-—B'--Y'—a!—5'— —2 (a! +ô’). 
on ол тй BY! —— («' 8) 


2s M;M,Ms- e (— —8 (a'+8") (B'--8) Q8) 


A) P. 2 
CC-0.Panini Kanya Maha Vidyalaya [from (4 \) 08] 


Digitized by Arya Samaj Foundation Chennai and eGangotri = 
212 | Theory of Equations 
З , 
ej nra (e EB - Y) 3- 8" (L HRY 
+) 
3 
=— $9 (HHYH EV) 


аз D 
= (Za’'B’y’) ^ Zo'—0 
=< x 220 À Hence proved 


Note. Solution of biquadratic equation by Ferrari’s 
method for numerical equation. 


The following example will illustrate the above method 

ina simple form. 

Ex. 3. Solve the equation 

x4--2x3—7x?—8x-4-12-0. (Agra 52, Vikram 62) 
x1--2x3—7x3--8x—12. 

Adding x? to both sides to make L.H.S. a perfect square 

(x?+ x)? =8x?-+ 8x—12. 
(x?-+-x-+A)?=8x2-+ 8x—12+4 A242 (хх) 
=x" (84-22) 4-x (8--2А)--л2— 12. 

Now apply the condition that R. H. S. be a perfect square 
ie. B*—44C-—0 and we shall get a cubic in ^ from which ^ can 
be found. The solution of cubic in А may not be easy and as 
such we try the following method. If R. Н. S. is to be a perfect 
square, then the coefficient of x? as well as constant term both 
should be perfect squares for the R. H. S. to become a perfect 
square. We put the coefficient of x? equal to 1, 4, 9, 16 or 
4, 9 тє etc., and see that the value of A thus obtained makes 
the constant term also a perfect square and also a +ive quantity. 

In this case 8--24—1 or А=—1 and this value of A 
makes A?—12 equal to 4 which is a perfect square. 
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~ Д(ху=(?+4х—4)#—(х+1)%=0 
or (x?+2x—3) (x®—4)=0. 
х=:62, —3, 1. Ans. 
Ex 4. (а) 2x'+6x3—3x7+2=0. 
(Delhi Hons. 50, Pb. 33, Agra 60) 
Multiplying the roots by (2), we get 
f (2)=2'+ 623—6z?+ 16=0, where z=2x 
z14-623—67?—16 
Adding 92° to both sides we get 
or (224-32)? —152*—16 
ог (22--32--А)2=1522—16--А2--2А (223-32). 
R. Н. S. is z? (15-+2a)+6nz+ (A?— 16) 
Let 15-+2\=25; .. А=5 and this value of А makes 
2—16—25—16—9 i.e. +ive and perfect square. Hence 
R. H. S. is (5z 4-3". 
f (2) = (224-324 5):—(52--3)°=0 
ог (2-4-8z--8) (z2—2z+2)=0; ~. z=—4+2V2, lxi. 
l&i 


(b) Resolve into quadratic factors 
xí--3x3--x?—2. (Karnatak 62, Agra 48) 
xi-E3x3— —33--2. Adding 2x? to both sides 
(x2--3x)3— 2x? — x*--2 — (£x*4- 2) 
Q-- 2x3)? — 2x?--24-2À (х2--2х)--А 
ог (х2 х--А)2= (23-5) х°-Е3Ах-ЕА°-Е2, 
where D+5=4 or A=—}, 
makes the R. H. S. a perfect square. 
Hence f (x)=(?+2x—2) (x2-+4+-x+ 1)=0. 
Note. If we put 2A+e=z he. а perfect square, then 
=}; but though this value of A makes A2-+2= ie. а perfect 
square, even then R. Н. S. becomes 2x*--$x--2 which is not a 


perfect square. 
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Ex ERU уа P I Өе r (Rb, 39) 
(?—Sx-+2)*= (24—10) х®-Ех (50—103)-EX—24 


where 2A—10=4 ie, A=7 


or 


or 
or 
Or 


(x? —5x+7)?=(2x— Sy 
(x*—3x4-2) (x?—7x-+12)=0. 

Roots are 1, 2., 3, 4. 
Ех. 6. x!—8x1— 12x24 60x4.63=0. (Agra 44) 

x1—8x3—123?— 60x — 63, 
Add 16x? to both sides 

x1—83?4-1632— 2832 60x — 63 
(33—4x)*—2832— 60x — 63 
(3—4x-L-1)1—2832— 60x — 63-+2A (x2—4x)+A2 
(#—4х-ЕЛ)у°==(28--25) x—x (60+ 8A)-+-(A2—63) 
Put 28--24—1, 49, .. A=—41, —12, —32 
243—63=144—63:=81 for A=— 12. 
Also 60+ 8A=60—96—— 36, 
Putting А==— 12 in the above we get 
(x2—4x— 12)*—4x*--36x-£81—(2x--9* 
(x5—4x—124-2x4-9) (x?—4x—12—2x—9)—0, 
Solving we get *=34730, 3, —1. 
Ex. 7. xf—2x3—532-L- I0x — 3-0, (Agra 57) 
(х#—х-ЕлЛ)?— 2 (64-22) —x (104-22) 4-Q2-1- 3). 

Put 6+2=1, 4, 9. 


о оа A=—2, —], з, 


Now 2*--3 should be ‘tive and perfect Square and clearly 


if A=—1 then 2?--3—4 ie. -Five and perfect square. 


ог 
Or. 


Putting А=— ] the above can be Written as 
(x? —x— 192—452 8x+4=(2x—2)2 
(х2—5— 1 125—2) (х%—х—1 —2x+2)=0 
(P+x—3) (х°— 3x--1). 
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Solving we get 8 == 
Ex. 8. (а) 2423] 222—82495—0. 
(Арта 40, 50; РЬ, 47) 


(222А)2=22 QA—8)-Ez (84-43) 4-31— 95, 
Put24—8—1,4,9,16 ~. A=4, 6, 34, 12. 
But 12—95 will be —ive for all values of A except 12 when 
A=12 then 3—95—144—95—49 ie, а perfect square. 
Hence putting A=12 the above can be Written as 
(2-F2z4-12p— 162*--562-1-49— (47 +7)? 
Or (z*--2z-4-12--4z4- 7) (z?+-22+12—4z—7)=0 
or (2?+ 6z-+19) (z?—2z+5)=0. 
Solving we get z=—3+ iV 10, 1-21. 
(b) x*—10x3--44x?— 104x--96—0. 
ог x*— 10х%= — 44x24 104x—96, 
Add 25x? to both sides 
(x?—5x)®=— 19x?--104x — 96 
(x*—5x--2)?— —1932-2- 104x— 96--A?-+ 2A (x1— 5x) 
or (х#—5х-ЕЛ)#= (20—19) x2-E x: (— 1014-104) 4-A2— 96 
Put24—19—1 .. A=10 апа 3—96—4 ie. -Live and 
perfect square. Also —1044- 104-4. 
Hence the above can be put as 
(x3—5x 4-10) —x?-- 4x 4-4— (x 4-2)? 
Or (х2— 5x-- 10 4-x-4 2) (x?—5x--H10—x—2)-0 
Or (33—4x--12) (x?—6x-1-8) - 0. 
Solving we get x—2, 4, 22:i24 2. 
Ex.9. Solve the equation 
x®— 18х%-Е 16x3--28x2— 3x 4-8—0, one root being 4 6—2. 
Since —2--46 is a root and we know that irrational roots 
occur in conjugate pairs, hence --2—4/ 6 must also be a root, 
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Sum of these roots=—4. Product is 4—6-— —2. There- 
fore quadratic corresponding to these roots is 3?4- 4x —2—0. 
Dividing the given equation by. x?+4x—2 we get a 


biquadratic x1—4x3--8x —4—0 
ог (х2—2х4-%)2=(4--2А) х2—4 (2-+ЕЛ) x-FQ?--4) 
where 4+2=4 ie. A=0, 


(x? —2x)2—(2x—2)?=0 or (x?—2) (x?—4x+2)=0; 
х= 102, 2+V2 аге the other four roots. 


Ex. 10. Prove that uzsz'-F6Hz^--4Gz-- (aeI—3H*) 
can be written as (z?—3H--2k*) +( 2—5) provided that 
Х-Н is a root of the equation 44°—Ia?¢+a,3J: =0, 
where G?--4H?—a$ (HI—aJ). Delhi Hon’s 49) 

We have 24+6Hz?=—4Gz—a,2/+3H? 
or (22+-3H)?=—4Gz—a)I+12H? 
or  (Z--3H-J-2)—»-r2 (z*--3H)—4Gz—a14-12H? 
ог = (z--3H-4-AP—2Az*—4Gz-4- (9 -6HA—ajI4-12H?). 

Judging from the given form, choose A=2k? and this 


Е 2 
value should таке В. Н. S. (242-2) . PutA=2k? in В.Н. S., 


k 
we have 4k?z°4Gz- (4k4+- 12Hk?—a,*f+ 12H?) 
2 
= ( 2kz = 4 ) o 


Comparing, we get 


4K* - 12HKE? —agI4- 12H? — =- 


Or 4ks +- 12 Hk5-- 12H? k? — a? Ik? — G?=0 

or 4(k*4-314H--3)2 H34 Нз) -aII— (G?--4H?)—0 

or 4 (2-4 Hy— ie (ab HEAO 

or 4 (+H) ail (К4-ЕН)--а$Л= 
Above shows that ud is a root of реш =0. 
Hence proved. 


——————өєөччсчч—— 
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CHAPTER VI 


CHARACTER AND POSITION OF THE ROOTS 
OF AN EQUATION 


$ 1. Descarte’s Rule of signs. 
(Т. A. S. 58; Pb. 31, 33, 50; Agra 63; Sagar 62) 


Positive Roots. An equation f (x)=0 cannot have more 
positive roots than the number of changes of signs from + to 
— or from — to + in terms of its first member. 


Negative Roots. An equation f (x)=0 cannot have 
more negative roots than the number of changes of sign in 
f (—x)=0. 

We shall simply verify the above statement and rigorous 
proof of the same is beyond the scope of this book. 

Let the signs of a polynomial be 

р ЕЕ БЕ 

The given polynomial has буе changes of signs. Now 
we shall multiply the given polynomial by a binomial x—h 
corresponding to the +ive root Л. The signs of this binomial 


are + —. Weare concerned only with the signs and hence 
we multiply as below :— 
spec pa с 5 changes of sign 
+ — * 
Jn GB chase c 
zio keen c оС арас 
quom occ E 
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The resulting polynomial has two ambiguous signs and we 
can write in four different ways as follows :— 


A A 6 changes of sign 
+ + == че = qr = oF CF 45 э 
Us E lr us 51:055, 3 
is E pu + TZ де ie EU 3F 35 » 
p ы FI = am. WE 3 » 


Thus we see that in all the four possible ways the 
resulting polynomial has six changes of signs i.e. one more 
than the number of changes of siens in the original polynomial. 
Hence we conclude that corresponding to the introduction of a 
positive root the resulting polynomial has one more change of 
sign. Now if 4 (x) be the product of factors corresponding to 
—ive and complex roots, and о, В, Y... be the --.-ve roots, then 
if $ (x) be multiplied by (x—9), (х— В), (x—1)...in succession, 
then each multiplication will introduce- one more change of 
Sign. Hence the number of Positive roots cannot exceed the 
number of changes of sigus in f (x)—0. 


Negative roots. We know that —ive roots off (x)=0, 

are positive roots of f (—x)=0 and assuch the number of 

. —ive roots of f (x)=0 cannot exceed the number of changes 
of signs in f (—х)=0. 


Complex Roots. If f (x)=0 be an equation of mth degree 
апа if it be complete, then the number of changes of signs in 
"A (x) i.e. +ive roots and number of changes of signs inf (—x) 
Le. —iye roots js equal to и the degree of the equation and as 
Such We cannot draw any definite conclusion regarding the 
епс of imaginary roots. In case the equation be 
Jncomplete, then the number of changes of signs in f(x) i.e. 


1 


SR and the number of changes of signs in f (—x) i e. 
E x сап the, degree бо 800. If a 


Lent 
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and b be the number of changes of signs in f (x) and f(— x) 
respectively i.e. greatest number of +-ive roots is a and that 
of —ive roots is b, .then n—(a+b) is the least number of 
imaginary roots. For example, consider the equation 

f (x)2x'—2x5-F-7x1-4- x3— 9-0. 

The above equation has three changes of sign and as 

such it cannot have more than three -Live roots. Again 


Sf (—x)=0 i.e. x7—2x5—7x'+x3+9=0 has only two changes 


of sign and as such f(x)—0 cannot have more than two 
—ive roots. Thus the max. number of real roots is 3 -2 
ie. Sand the degree of the equation being 7 we conclude 
that the equation must have at least two imaginary roots. 


$2. Change of sign of f (x). 

If two real number a and b be substituted for x in the 
polynomial f (x) and f (a) and f (b) are found to be of opposite 
signs, then at least one or an odd number of real roots of the 
equation f (x) =0 lie between a and b . In case f (a) and f (b) 
be of the same sign, then either no real root or ап even number 


of roots of f (x) —0 lie between a and b. 
(Agra 52, 56, 61, Pb. 52) 


Case I. f (a) and f (b) of opposite signs. 

Let y=f(x) be a Y 
continuous function of 
x, it should assume all 
values between / (а) 
and f(b). 

Now f (a), f (b) are 
of opposite signs i.e. 
values of y correspon- 
ding to the values of 


x ie. a and b are of Y=f(a)=-we 
opposite signs. From Fig. 1 
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one side of x-axis to 
the other side of x-axis 
the curve y=f (x) must 
cross the axis of x at 
least once as in fig. 1 at 
C or an odd number of 
times as in fig. 2 at C, 
D and E and at all such 
points where the curve 
crosses the axis of x, 
y=0, ie, f(x)=0 к 
which means that f (x) Yafla)= - 2070 
vanishes either at one Fig. 2 
or an odd number of times for values of x between a and 5. 
Hence at least one or an odd number of roots of f (xj=0 lie 
between а and 5. 


Case 2. f (a) and f (b) of same sign. 
In this case / (а) and 


f (b) are of the same sign 
i.e. value of y correspon- 
ding to the values of x i.e. 
a and р are of the same 
sign which means that 
in passing from a point 
onone side of x-axis to 
another point on the same 


YF =+ ue, 


B-X 
Lab 


Fig, 4 
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side either the curve y=f (x) will not cross the x-axis aS in 
Fig. 3 where y=0, i.e., f(x)=0, or, if it crosses, it must cross 
an even number of times as in Fig. 4. Hence we conclude 
that either f (x) does not vanish for values of x between а 
and b, or, if it vanishes, it must vanish for even number 
of times. 


Deductions. 1. Every equation of an odd degree has at 
least one real root whose sign is opposite to that of its last 
term, the coefficient of the first term being-t ive. 

Let the equation be 

x"-- рух®-14-рах®2--...-Ера=0 (п odd) 

7(— оо) = —іхе (n odd). f (0) =ра, f (9) +-іхе. 

Case I. p, is positive. In this case f (ce) and f (0) 
are of opposite sign and hence at least one real root must 
lie between —co and 0, i.e., it must be negative opposite to 
the sign of p, which is +ive. 

Case II. pp is negative. Here f (0)=—ive and /(со)= 
Live, i.e., they are of opposite signs and hence at least one 
real root must lie between 0 and co. »This root is clearly +ive 
i.e. of sign opposite to that of Pn which is —ive 

2. Every equation of an even «degree whose last term is 
negative and the coefficient of the first term positive, has at 
least two real roots, one +ive and —ive. 

Let the equation be 

x^-E pix? 1- pox” +... Бра 0, ‚ (n even) 

У (—оо)= +іме, f O)=Pm i.e. —ive, f (ео) = ive. 

Hence f (— оо) and f (0) are of opposite signs ; therefore 
at least one real root must lie between —оо and 0 and it is 
—jve. Again (0) and f (ce) ате of opposite signs and hence 
at least one real root must lie between 0 and oo and it is 
Live. Thus the equation must have two real roots, one -rive 
and the other —ive. 
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3. Jfan equation has only ane change of sign, it must 
haye one--ive root and no тоге. 


Taking the leading coefficient to be +ive, the equation 
must have a set of -Five terms followed byaset of —ive terms 
(ie. last term —ive) since there is only one change of sign. 


/(е°)=-Нїуе and J (0)=—ive, i.e. f (0) and J(=) 
are of opposite signs and as such.there must lie at least one or 
an odd number of roots of the equation f (x)=0 between 0 
and co. But as there js only one change of sign in f(x) the 
number of +-ive roots cannot be greater than one. Hence the 
equation must have only one +-ive root. 


4. [fall the terms of an equation are +ive and the 


equation involves no odd powers of x, then all its roots are 
conplex. 


Clearly both f (x) and f(—x) will have no change of 
Signs and hence by Descarte's Rule there ^will not be any -rive 
Or —ive roots, Therefore all the roots must be complex. 


S. If all the terms of an equation are +ive and all 
| Involve odd powers of x, then 0 is the only real root. 


It follows from above. 


| Ех. 1. Apply Descarte’s Rule of Signs to discuss the 
. nature of the roots of the equation 


х1-Е75х%--7х—11 =0. (Pb. 50) 


| o /(%)=х1-Ь15х%-Ь7х— 1] 1—0. It has only one change of 
(51ёп and hence it must have one +ive root. [Deduction 3] 


ud S (—x)=x4+ 15x —7x—11—0, AS above it must have 
one +ive Toot Le. f (x)=0 must have one negative root. Thus 
e equation has two rea] Toots, one .-Live and one —ive 


à nd еее other two roots тре Wag2inatyllection. 
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Ех. 2. Show that the quintic x5-Ex*—8x—5--0 cannot 


have more ‘than:three real roots and prove that it must have 
three real roots. (Pb. 33) 


if (x)=0 has only one change of sign and hence the 
equation must have one -ive root. [Deduction 3] 


f(—3)——3:35—33--8x—5—0 has two changes of sign 
and as such it can have at the most two 4-іуе roots or the max. 
number of —ive roots of f (x)=0 is two. 


Again f (0) ——ive, f (— 1)— Live, f (— c0) =—ive. 

Since / (0) апа 7 (— оо) ате of the same sign, so there 
lies either none or an even number of roots between 0 and 
— ео and now f (0)and f (—1) аге of opposite signs and also 
J (—1) and 7 (— оо) too are of Opposite signs and hence one 
—ive root lies between 0 and —1 and the other between —1 
and —co [§ 2]. Thus we conclude that the equation must have 
three real roots and hence two complex. 


Ех. 3. (a) Show that the equation x2®—x1+-x3—x°-+1=0 
has at least six complex roots. (Pb. 31) 

J (x)=0 has four changes and hence it can at the most ! 
have four +-ive roots. 

f(—x)ax?—x1—33—3?--1—0 has 'wo changes and it 
can at the most have- two +ive roots or f (x)=0 can at the 
most have two —ive roots. Hence the max. number of real 
roots of f (x)=0 can be six ; but there being twelve roots, the 
min. number of complex roots must be six. 

(b) Find the minimnm number of imaginary roots which 
the equation 2x’—x'+-4x°—-5=0 must possess. [Sagar 63| 


f (x)=0 has three changes of signs and as such it can at 
the most have three--ive roots 


Also f (—x)=—2x'—x'— 4x3—5=0 
or 2x'J-x*-4x?--5—0 
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f (—x)=0 has no changes of signs and as such it will have 
no +ive root which means that f (x)=0 has no —ive root. 
Hence the given equation can at the most have three real i.e. 
ive roots and it being of 7th degree and hence the mini- 
mum number of imaginary roots is 7—3 i.e. 4. 

(c) Find the least possible number of imaginary roots of 
the equation x®—x5+-x4+ x24-1=0, [Sagar 62] 

J (x)=0 has two changes of signs and hence 2 is the max. 
no. of + ive roots. 

/(—х)=—х%—х°-Ех!--х°-Е1=0. 
or x°-+ x5— xf 52—10 ` 

J (—x)=0 has only one change of sign and hence it has 
only one +-ive root or f (x)=0 has only one --ive root. Thus 
the max. number of real roots is 2+1=3 and the equation being 
of 9th degree will at least have 9—3—6 imaginary roots. 

Ex. 4. Show that the equation x'—3x!4- 12x? 5x—4=0 
kas at least two imaginary roots. 


Ex. 5. (a) Prove that the equation x5—x--16—0 has two 
pairs of complex roots. ` (Delhi Hon’s 51) 


f (x)=x5"—x+16=0. 


J (x) has got two changes of signs and as ,such it cannot 
have more than two -Live roots. Again f (0)=+ive and 
f(se)—-rive, since both f (0) and f (со) are of the same 
sign. Also we observe that for all values of x between 0 and 
co, f (x) remains +-іує always i.e. the graph of the curve 
y=f (x) never crosses the x-axis which in other words means 
that y or f (x) never becomes negative or y or / (х) is always 
tive for all +-ive values of x. Hence we have that the 
equation f (x)=0 has no +-ive roots. 


Refer$2 Case 2, Iff (a) and f (b) axe of the same sign, 
then either no root or in general even number of roots of 
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f (x)=0 lie between a and b. In the latter case the crrve 
Crosses the axis of x even times; but here we have shown 
/(х) always remains +ive and hence we have established that 
the given equation has no -rive root even though f (у= =0 
has two changes of signs. 


Again f(—x)— —35--x4-16—0 or х5—х—16=0. 
J (—x)=0 has only one change of sign and as such it 


must have one --iveroot [Deduction] or /f(x)—0 must have 
one —ive root. 


- Thus in all the given equation has only one real root 
which is —ive and it being of fifth degree we conclude that 
the remaining four roots must be imaginary. Again since 
` imaginary roots occur in pairs we say that the given equation 
has two pairs of complex roots. 

(b) Prove that the equation x*—x5--x'4-x*--I—0 has 
one real root which is —ive and eight imaginary roots. 

Proceed exactly as In part (a). 

Ех. 6. (a) Show that the equation x*—qx+r=0 where q 
and r are essentially positive has one negative root and that the 
other two roots are either imaginary or both --ive. 

/(х)=0 has got only two changes of signs and hence the 
number of --ive roots cannot exceed two. 

f(—x3)-9—xW-qx4r-0 or xi—qx—r-0 
and it has only one change of sign; hence by -deduction - (3) 
_f(x)=0 must have one —ive root. Otherwise also, by 
- deduction I, the equation must have one real root whose sign 
is opposite to that of the last term and hence it should be 


—ive. 
^ . Hence we conclude that one root of f (= 0 is essentially 
—ive and therefore the remaining“ two are шше both ае 


or imaginary. 
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(b) Prove that ifq > r > 0 the cubic x°+-qx-+r=0 has 
one —ive and two imaginary roots. 


Ех. 7. Find the equation whose roots are the squares of 
the roots of the equation x3--4x?--9x--10—0 and hence find 
the nature of the roots of the given equation. 


Ans. One —ive, two complex. 


Ex. 8. Correct the mistakes if any in the following :— 

(i) Ifn be the degree of f (x) and p and ш the number 
of changes of signs in f (x) and f (—x) respectively then if 
K+K <n the equation f(x)=0 has exactly n—(H+P') 
imaginary roots. (Punjab 52) 

Replace the word ‘exactly’ by ‘at least’. Refer Р. 218-2!9. 


(ii) If two numbers a and b be substituted for x in poly- 
nomial f (x) give results with the same sign no real root lies 
between them. (Punjab 52) 

Replace ‘no real root’ by either ‘no real root’ or ‘an even 
number of real roots lie between a and b’. 


(iii) f (x) cannot have a greater number of negative roots 
than there are changes of sign in the terms of polynomial f (x). 
(Punjab Suppl. 53) 

Replace ‘polynomial f (x)' by ‘polynomial f (—x)’. 


Ex.9.(a) Prove that if n be even the ‘equation x^—1-—0 
has two and only two real roots, one-- ive and one—ive, and the 
rest complex and whenn is odd the real root is unity and rest 
are complex. 


neven: Then f (x)=0 and f(—x)=0 both have only 
onc change of sien each and hence the cquation must have only 
+ive and one —ive root and no more. Thus only two real 
and rest complex roots. 


nodd: f(x) has one change of sign and hence /(х)=0 
has one and only one «Hive root. Again f(—x)=x"4+1=0 
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has no change of sign and hence f(x)—0 has no —ive root. 
Thus an odd degree equation has only one +ive root which 
is clearly seen to be unity and the rest are therefore complex 
which will be even in number. 

(b) Show that the “equation x^--1—0 has no real root 
when п is even. Whennis odd, then —1 is the only real root 
and rest imaginary. 


Ex. 10. Show that the equation x*—ax3—bx—c=0 has 
one --ive root, one —ive root and two complex roots for all 
positive values of a, b and с. (Agra 54) 

Both f (x) and f (—x) have one change ofsign and hence 
by deduction (3), f (x) -0 must have one -Five and one —ive 
root and hence the rest two imaginary. 

Ex. 11. Prove that 4x0—13x?—31x—215—0 has one 
+ive root and show that it lies between 6 and 7. 

Since f (x)=0 has only one change of sien and hence it 
must have опе -tive root. Again f(6)——ive and 
f (7)=+ive. Therefore the +ive root lies between 6 and 7. 

Ex.12. Find the situation of the roots of the equation 

x8 +x?—2x—1=0. 

J (x) has only one change of sign and hence it must have 
one tive root. /(0)——1, f(1)——1, f (2)—-rive. ‘Since 
J (1) and f (2) are of opposite signs, therefore the -ive root 
lies between 1 and 2. 

F (х) = (х) = —x 4 x?-+2x -1=0 
or F (x)=0is x3—x?—2x--1-—0. 

F (x) has got two changes of sign; so at the most it can 
have two +ive roots. ; 

Р (0)=1, Е(1)=—1, F (2)=+1. 

F (0) and F (1) are of opposite signs and again Е (1) and 
Е (2) are of opposite signs. .. .F(x)—0 has two +ive roots 
between (0, 1) and (1, 2) But F (x)—f (—2). 
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2. f (xX)-0 has two —ive roots, one between (0, — 1) and 
the other between (—1, —2). 
& 3. Multiple roots. 
If an equation f (x) —0 has exactly т roots equal to c, 
. then f (x) and its first (m—1) derivatives all vanlsh for x=; 
but the mth and all the following derivatives do not vanish. 
Conversely. ff (x) and its first (m— 1) derivatives vanish 


_ for x=«, then f.(x)=0 las m roots equal to c. 
d Proof—Let f (x)=(x—«)™ ¢ (x), (1) 
where ¢ (x) does not vanish for x=« for if it vanishes, then | 
it will contain the factor x—« and then f(x) will have more | 
than m equal roots, Differentiating both sides of (1), we get | 
f' (=m (xa $ (х)+(х—о)" Ф (ә) | 
ог f£! (Q= [m$ (х)+(х—) $’ 69] i 
or f' G)o (x—a)"7! dh (x), (2) | 
where Фу (x) does not vanish for x—«, because di («)2 m$ (х) 
and itcan be zero only if $ («)—0 which is contrary to the 
- supposition. From (2), we observe that a root which occurs | 
exactly т times in /(х)=0 occurs exactly (m—1) times in | 
f'(x)—0. Hence we have the following :— » 
A multiple root of order т of the equation Ў {x)=0 is а | 
multiple root of order (т—1) of the first derived equatian 
f" (x)=0 and hence f (x) and f' (x) have the common factor” 
(x—«)"71. 
Again if we differentiate (2), we get 
f" G))—(x—2)"-*. [(т—1) фа (х)-+(х—) и OD 
(ха) de (x), 
where ф„ (x) does not vanish for x=, i.e. | 
f” (x)=0 has exactly (m—2) equal roots o. Similarly 
we can show f "' (x) will have the factor (x—«)™- and so on 
till f™-* (x) will have the factor (x—«) but f™ (x) will be free] 


from thisfactor. Thus we have the following :— 
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Any root which occurs m times in f (x)=0 occurs in degrees 
of multiplicity diminishing by unity in the first derived function. 
Converse. / (x)=f {¢+(x—%)}. А 
Expanding the В. Н. S. by Taylor's theorem, we get 
: — g) 
ооо) pe... 
(x— a yn-i — 0)” 
) fm (94. 8-0" pm <<) 


+01)! 
+. == f* (9) 


Now f (9)=/' ()=/” (=.= (4)—0 (given) 
n у=? у" qaa PP @. 
Above shows that (x—«)™ is a factor of f. (x)=0 which 
therefore has m roots equal to æ. 
Determination of Multiple Roots. 


We have seen above that multiple root of order m is a 
multiple root of order (т—1) of the equation f’(x)=0. In 
order to find such roots we should find the H. С. F. of f (x) 
and f’ (x). This H. C. F. willgive the multiple root of f (x) 
each repeated (m—1) times. Thus if (x—2) is the H. C. F. 
‚ -off (x) and f’ (x), then f£ (x) contains (x—2)*, as a factor or 
". zis a double root of f(x)=0. 1 (x—2? (х—1)° is the 
H. C.F. of f (x) and f” (х), then f (x)=0 has three roots equal 
to 2 and six roots equal to 1. 

Note. Incase f(x) and f" (x) have no common factor, 

then clearly f (x)=0 bas no equal roots. 

Condition for two or three equal roots. 

If « be a double root of f (x)=0, then f(«)=0 and 
7" (0) =0 and the required condition is obtained by eliminating 
a between f (2) =0 and f’ (#)=0. Similarly if « is a triple root, 


SS. 
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the required condition can be obtained by eliminating « bet- 
wecn f (@=0, f’ («)=0, Jf (2)=0. 
Ех .1. (а) Solve the equation 
x5—15x3-- 0x? -- 60x — 72-0 
be testing for equal roots. (Pb. 59) 
J (х)=х%—15х°-1- 1032-- 60x —72—0, 
/' (x)2x1—9x*--Ax4- 12-0. 
Let us find the Н. C. F. of f (x)—0 and f’ (х)=0 
X | x95—15x34-10x?-- 60x — 72 | | х9 +4х+12 


| х5— 9x8+ 4x?--12x | 2225 — 824-125 
— 6х2 6х24-485—72 | х2—х2—8х +12 | 1 
ог х— x*—8x +12 а 
Thus we find that the Н. С. F. of f TE and f’ (x)=0 
is х—22—8х4-12=0 or (x—2) (x2+x—6)=0 
or (x—2)? (x+3)=0 giving x=2, 2, —3. 


Now we know that Н. С. F. „gives a multiple root of 
f (x)=0, (m—1) times. Hence 2 is ‘triple root and —3 is a 
double root of f (x)=0. 


(b) Solve the equation f (x)= 4x3-- 20x°—3x+6=0 given 
that two of its roots are equal. (Delhi Hons. 57) 
The Н. C. F. of f (x) and f’ (x) is found to be 2x—1—0 
giving x=}. .. isa double root of f (x)=0. 
Let the third root be Y ; then product of all the roots is 
ї44.у=—%©. s ү=—6. 
roots are 4, 4, —6. 


(c) Solve the equation x4— 6x3 + 12x?— I0x--3—0 which 
has equal roots. 


(Punjab 57) 
Тен С.Е. is (x—1)?=0 giving 1 as a triple root 
of (2)=0. Also oBYS=3 or 1.1.1.8=3; „. 8=3. 


roots are 1, 1, 1, 3. 
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Ex. 2. (а) Factorize the following 
2x5— x1--5x? — 4x-E3. 
The Н. C. F. of f (x) and f' (x) is found to be x*—x+1 
Hence (32?— x 4- 1? is a factor of f (x). 
Let the other factor which will bc linear is say х-ЕК. 
J (x)=2 (х2—х+1)* (x--k) as the coefficient of 
x? is 2. ; 
Comparing constant term on either side, we get 
3=2k; 2. k=3/2. 
ff (x)=(@?—x+ 1)? (2x+3). 
(b) x14-12x34-32x3— 24x 4-4. 
Ans. f (x)=(x?+6x—2)?. - 
Ex. 3. Solve the equations 
(i) x4—82x°+4 24x?—32x-+ 16—0. 
(i) x9—6x1— 4x3--9x?-- 12x-+4=0. 
Ans. (i) Allroots equal to 2. 
(1) 2,2,—1,°—1, —1, —1. 
Ex. 4. Find the multiple roots of 
(а) x!+3x8—7x*—I5x+ 18=0. 
(b) х5—х-Е2х#—2х°-Ех—1=0 and hence solve them 
Sully. 
Ans. (а) —3, —3, 1,2. (b) +i, xi, 1. 
Ех. 5. (a) Show that the equation x"—nax4- (n—1) b—0 
will have a pair of equal roots if a^—b"- ms 
(b) The equation x^— qxn-"--r—0 has two equal roots if 


[£o-m Je» |`. 


f= r= (1) 

and F’ (xX)enx"—4 (n—m) x"--1—0. (2) 

The required condition is obtained by eliminating x 
between (1) and (2). 
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From (2), п=0 07) or ym. ow) (3 


and from (1) with the help of (3), we get 


п 
x” | 1 e =0 


5 
or х=-—-(п—т) (4) 
or (x")'—(x")" etc. from (3) and (4) 
/ (c) Ifthe equation x*—4p?x--1—0 has a pair of equal 
/ roots, find the value of p and solve the equation completely. 

f (x)—x'—4p*x--1—0 and f’ (x24 (3—p?)—0 giving 
x=p. Eliminating x between f (x) -0 and f'(x)—0, we get 
pi—4p'--1—0 or 3pt=1 or p=3-2/4,..(1) 

Now let us find the H. C. F. of f(x) and f’ (x). 

x3— p?) x1—4p3x--1 (x 
xí—p*x 


—3р3%х-Е1 
ог —3p'x+p ог —x+p, .. 3pí—1 by (1) 
or x—p) x3— p3 (х?--рх-Ер% 
- $ ; хар? 


— —— 


Thus the H. C. F. is (х—р) and hence thc two equal 
| Toots are p, р, their sum being 2p and product pè. Let the 
ў other roots be « and р. 


M ‘Now from the given equation sum of all the roots=0. 
-. -@%+B+p+p=0 or «-Е8=—2р 
and «Bpp=product of all the roots=1. - 


| at B ipt from (1), 


3p*=1. 
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« and f are the roots of the quadratic 
+ 2pt -- 3p?*—0 
— v rum 2 
Or раена —p+ipv2. 


Hence the four roots are p, p, —р-Еїр/2 
where р=3-“!, 


Ex. 6. Show that the equation 

(i) x*—I=0, 

Е se е x 

(ii) It att tHe 
cannot have equal roots. 

Hint. (ii) Here f(x)=e* and f’ (x)=e%; they have 
Н. C. F. unity which is not a function of x and hence no equal 
roots. 

Ex.7.(a) Jf the equation х"-ріх" -pox" "++... Pn 
=0 has two roots equal to «, prove that « is also a root of the 
equation. 5 

pix” 12px" 2+ 3pax"-3-4- ...--npa—0. 

(b) In case the given equation has three roots equal to a 
then « is also a root of the equation. ' 

pnixn-14- (п—1)°рух"7?%-Е(п—2)%рәх"”%-+1-...-Ер-1=0 

Sol f (Q= +p x" pox"? +... PP n-2 +P ik hn =0, 
Го) пх En) pix"-2-+(n—2) pax" ”%-1-...--2Хри-а 
, à +pra=0 
f" бд=п (n—1)324-(0—1) (0—2) po (1—2) (1—3) _ 
pax" +... +2pn-2=0. 

(a) Ife is а double root of f(x)=0 then it is also а 
root of /'(х)=0. Hence « will also be a root of 
nf (x)—xf ' (х)=0 as both f(x) and f' (x) vanish for x—a, 
_ Putting the values of (x) and /' (х) and simplifying we get 
the required equation as given. 
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(b) Incase« be a triple root af f(x)=0 then « is a 
double root of f' (x)=0 and isa single root of f” (х)=0. 
Hence as in part (а) « isa root of f’ (x)--xf" (x)=0 as both 
J’ (х) and f” (x) vanish for x==« 

Or {mx"-1-+-(n—1) рух"”—®-1-...--2хр„-°-Ери-л} 
+x {n (п—1) x"-?-F(n—1) (n—2) р,х"7%-Ь...2р„_°}=0 
ог {п--п%—п} x"-44-(n—1) (1-+n—2) pix"? 
+(0—2) (14-n—3) pax” 3+ ...(24+2) xpy-2-+Dn-1=0 
or ?x^-1--(n— 1)? руха (n— 2)? pax"-3-L- ...2- 22xp,- 
+Pn-1=0. 

Ex. 8. Prove that the equation x5+5px°+5px+q=0 
has a pair of equal roots when p?+4q°=0 and that if it has one 
pair of equal roots, it must have a second pair. 

Let us find the H. C. F. of f (x) —0 and f’ (x)=0 іп order 
to find the repeated roots. 

x44 3px? p? - x8-+ Spx? 5p*x-l-q x 
2p Х°-Ь3рх%-Ер°х 
х | 2рхї-Е6р°?х^-Е2р% 2px?--Ap?&--q 
2рхї-+-4р®х?--дх | p 
2pxi-qx-2p* | 2рэхЗ-4р%х ру | x 
2p*x3— qx? 2p?x 
gx +-2p*x + pq 
2р? 


- 2p*qx!-FApsx-E2p*q q 
2p'qx^—qx--2psq 
x (Ap*-- 4?) 
In case the given equation has a pair of equal roots then 
the Н. С. F. should be linear. Therefore x (4p*--g?) —0 is the 
Н. С. F. giving that x—0 is ће H. C. F. If х=0 is the 


_ Н.С.Е. then x? should be a factor of f (x) which is not. 


Hence when x (4p5-I- q2) —0. x0 but 4p5-1-g?— 0. 
Also when 4p5--g?—0 then the Н.С.Е. will be 2p*x*— gx 
--2p? so that (2p*x*— qx-I-2p3)? is a factor giving that f (x)=0 


_ has two pairs of equal roots. 
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Ех. 9. (a) Prove that if the coefficients of a given 2quation 
are all integers, an imtegral root is an exact divisor of the 
absolute term. 


Let the equation be 
ах"-Еаух"“®%--аәх””?-}-...--а„-1х-1-а„=0 
where all the a’s are integers. If « be an integral root of 
above equation, then 
499? d- q1671-- qson7? 4... - 0, 394-050 
Or a (a96.971-]-a1057? 4- ...-1-05.1) 7 — dn 


а Я 
ор Т2 m (@”1+-а0^-#+-...--а„.у)=ап integer. 


Непсе Te an integer. Therefore the integral root « 


divides a, exactly. 

(b) Find the values of a, for which the equation 
ax*—9x*-- 12x—5—0 
has two equal roots and solve the equation completely in one 
case. е. (М.Т. 1913) 
f ()=ахЗ— 9х°--12х—5=0. (D) 

f’ (3)—3 (@?—6x+4)=0 or ax*—6x+4=0. ... (2) 
Multiplying (2) by x and subtracting from (1), we get 


3x2—8x+5=0. ...(3) 
Solving (2) and (3) by the method of cross-multiplication, 
ze x 1 


Eliminating x, we get 
(12—5a)*=2 (18—8a) or 25a°—104a+108=0 
or (a—2) (25a—54)=0; 4 а=2 ог $i. 
Putting a=2, we get 
ГА (х)=2х2—9х2+12х—5=0, 
f'()ext—3x42-—0 or (x—1) (х—2)=0 | 
whoserootsare | and 2. Either can be a double root of 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


236 Digitized by Arya Samaj Foundation Chennai ап @/ Equations 


the given equation f(x)=0. Since (2) does not divide the 
absolute term of the given equation, as such it cannot be its 
root. Hence (1) is a double root of the given equation corres- 
ponding to value 2 of a. 


Ex. 10. (a) 7f x5*--5px?4-5gx?--r—0 has two equal roots, 

prove that either of them is a root of the quadratic 
3qx*—6p*x—4pq+r=0. 

(b) Prove that the condition for the equation 

х5— 10a°x?+-b'x-+-c5=0 to have three equal roots is 
ab*— 945-4 c6— 0, 

Eliminate x between f (x)=0, f1(x)-0 and f; (х)=0 

Thelastofthese gives x—0 which when substituted in 
J (x)=0 gives the required condition. 

Ex. 11. Jf the equation x*-l-ax*-I-bx?--cx--d—0 has three 
equal roots, show that each of them is "E [Sagar 62]. - 

In the process of finding H.C. F. off (x) and f’ (x), the 
Ist quotient is x+a and the quadratic remainder is 
F (x)—(85—3a*) x?2-2 (6c—ab) x--(16d—ac). If the equa- 
tion is to have three equal roots, then the Н. C. F. should be 
perfect square of a linear expression in x. Hence F (x) 
should be the H. C. F. and must have equal roots, the con- 
dition for which is 
Í 4 (6c—ab)?=4 (8b—3a?) (164—ас). 
| Multiplying F (x) by 85—3a, it becomes, with the help 

of the above condition, 
[(8b— За?)х--(6с—ар)]* 
and hence the тш root is given by 


| 

| 

p. 

а F (х)=0 or x=- or 
| 

| 

5 


6c—ab 
3a?— 8b 
Ex. 12. Find the condition that the cubic 
ы agx?--3aix*-- Зах --аз=0 
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Also find the 
equal. _., 
(Punjab 61) 


may have two roots equal- and find its value. 
condition that the cubic may have all the three roots: 


The above cubic can be reduced to the form 
f (2): zi -3Hz-- G=0 where z-—ax-r ay 
fi @@=3(:#+Н)=0 or 72+ H=0. 

The Н C. F. of f (z) and fi (2) is found below 


z-rH 243Hz+G |2 
2H 23+ Hz 
2Hz*-+2H? 2Hz+G 
2Hzd Gz Ist quotient 
—Gz+2H* 

G 2HGz—4H® | Я 
2HGz--G? 


(6:493) Remainder 


From above we find that the remainder iS 
first quotient is 2Hz 4.6. Ifthe equation has two equal roots 
then the H.C.F. should be of first degree and hence the remain- 
der should be zero .. G?+4H3=0 is the required condition 
and the equal root is given by equating the H.C.F. 2Hz+G=0 


G : 1 G 
——3p 4t D КЫ. а+э | 


In сазе а the three roots 
should be о 
hence the first degree remain 
Now the H.C.F. in the case will be 


fect square ozly if H= 
рет G—0. Hence the required conditions in this case are 
G=0, H=0 

3. Find the conditions that a biquadratic 


fx. 1 
ff xJezayxt4- fax? 6a, Aag ак 
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—(G?+4H') and the — 


are equal then the H. C. F, 

f 2nd degree and that too а perfect square and | 
der i.e. 2Hz+G=0 should be zero. | 
g-LHandit will be a pet- | 
Oand putting H=0 in 2Hz+G=0 we | 


vec 


| 
| 


| oi ions 
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may have three roots equal and show that in this case it can be 
expressed in the form 

а(х) — [ax 4- a - V (—H) lax a—3« (— М). 

The given equation can be-reduced to the form 

Р (zyez'--6Hz*--4Gz--a1—3H?—0 where z= dox 4-1, 

Fi(z)—z3--3Hz--G—0 
24-3Hz+G z1-- 6Hz*--AGz4- IZ 
3H (ag°I—3H2) 
SHz-EOIPIY3GH ‘| 24-4 3Hz?-+Gz 


7. 3Hz'--3Gz*4-(ait1—3H?)z 3Hz-E36z (aj T-3H?) 
—3Gz*-F(12H?— ag T)z--3GH —d(z) 
—H 


3GHz—(12H3—agIH); 3G H* 
G, 3GHz*--36*z-- G(a,21—3H) | 
z (aj HI 121934} 0,216 — | 
If F (2) 15 to have three roots equal then the H. C. F. 
should be of second degree and at the same time a perfect 
Square. Also the linear remainder should be zero 


ie. 9G*—4.3H(ag I —3H?)—0 

for perfect square b2—4ac=0 
and {а НІ— 3(G*--A4H3) — a? IG —0 
or 3(G*--AH93)—4a? HI ‚. (1) 
so that 2{а0 HI—4ag HI) —a$1G—0 
or а I3 Н24-6)—0 


Now 3Hz--G cannot be zero for in that case F, (z) 


becomes z? j.e. а perfect cube so that all the four roots of 
F (2)=0 аге equal. 


Hence we have 4$1—0 ie. 1=0 and hence from (1) 
G*--4H3—0. Also we know that 


G*--AH?—agHI—a$J ог 0=0—a*J; .. J=0. 


-. I=0and J=0 are the required conditions.and the 


- condition G'--AH*—0 is included in them. With the help 
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of this condition, we get the Н.С.Е. 
ф (z 2)= 3Hz*--3Gz—3H*— 0 [= 1=0] 


ог H?z---GHz—R eus Put G.——4H* 
G 2 
Or T*z* +GH2+& =0 or ( Hz4- +) =0. 
Hence each of the triple root is 
© (АНА ЕЯ 
zr OT AH к Hi: 


If the fourth root be «, then sum of the roots is 
&—3/(—H)-—0, .. «—3V(—H). 
Hence F (z)z[z -V(— Н) [z-3V (— H)] 
or а (x)—[ax--ad- V (— Н)? [aex--ai--3V (— Н)]. 
Ex. 14. Find the conditions which must be satisfied when 
the biquadratic of the last example be a perfect square and 


prove that in that case а f (x) —((aox-- aU? ЗН). 
(Pb. 60; Agra 39) 


In this case H. C. F. ¢ (z) of last example should bea 


quadratic (but not perfect square). 
знае 3H2)=0 should be ће Н. С. Е. 


or zc C pL mmi =0 
and hence 
авна +4Gz+aI—3H’= [2 4 
Comparing the coefficients of like powers of z, we = 
260 +. G=0 
H 
Ф + 9T 28) вн. Put G=0 


шс 


апа 
- agp I—3H3—9H? ог aj1—12H*. 
Under these conditions the H. C. F. is reduced to 
(22--3Н) and hence 
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F(z)=(27+3H)?. Put z—ayx4-a 
oret а f (x)=[(aox+a)?+3H). 
Note—See also Q. 1 P. 193 and Q. 4 P. 194. 


Sap E GA. (= 
Ех. 15. Show that axtb= ү z7 or —V(—H) 


according as « is a double or triple root af the biquadratic of 
the last example. (Agra 42) 
The 2nd part is done in Ex. 13. For the first part find 
the H.C: F. of F (2). and F'(z) and if the biquadratic has 
two equal roots, the H. C. F. should be linear. 
As found on P. 238 the linear Н.С.Е. of F (z) and 
Ез (z) is z [a?HI—3(G?--AH*)]—ag1G—0 giving the value 
of zand. hence of x. Putting G?--AH?—agHI—a$J, we get 
z (a°Hl—3a,HI 2407 )—a IG S 
Г 
| М руу лу үлүш 
Ех. 16. Ifo, B, У, 5... be the roots of f(x)=0 and 
a’, D^ Y ... of f' (x)=0 prove that 
F («) f' (B) f* (Y) f' (8)....=n"f («') f (8) f (Y')... 
and that each is equal to the absolute term in the equation whose 
roots are the squares of the differences of the roots of f (x)=0. 


- (Agra 51) 
Let f (x)=0 be an equation of nth degree so that | 
J (x) (x— o) (x—B) (x—y)...n factors 5-6) 
ог say x^-Epix"1-E paxn-?-- ... 
then Ў' Q)enx"1--(— 1)pix"724- ... 


But we are given that the roots of 

f’ (х)=0 are о, p^... Laa 
< J бу)у=К(х—') (x—B^) (x—y’)...(n—1) factors. 
Comparing the coefficients of x"-1 in the two expressions 


for f" (x), we find that K=n: 
^ Г (=n (Gr) (x—B') (х—У')...(п—1) factors...(2) 
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Putting in (2) the п quantities «, B, y, successively for x, 
we get | 

f' =n (a—a') (0—6) («—7')...(п—1) factors, 

f' @=п (8—9) (8—87 (8—7')..-(п—1) factors, 


еннан ааа жан эе ал зө өз эла э п азе эел Ае Ка ы А 


coviece аге жөжө аө батаа етае тето еа з! кө зеге беа паана sce alas 


n such equations as х, р, Y ... are n in number. Multi- 
plying the above vertically, 


SOS OS eee n factors 
[(«—°/) (B—a") (ү—«')......п factors | 
| (0—6) (6—6) «Y— 8)... factors il 
| («—Y) (9—Y) (1—7)------п factors | 
ATS шинен ененеенеееееетезез У. ...(3) 


‚ Again putting the (n—1) quantities o^, 8’, УЛ соодо respec- 
tively for x in (1), we get 


ГЕСЕ E СУ) 9а ato | 
^—(— Iy(«—8^) (8—8) (Y—5).-.n 
f ат) (8—ү') (y—1')...n factors E C) 


Hence from (3) and (4), we get 
fla’) f ES -m= 3) factors 


CUT FOS OF Mn factors). 


Now n(n—1) being the product of two consecutive 


numbers must be even and as such (—1)^^7)—1. 
(ог) f CF) 
=/' (0) f' (B) £ б). 
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Now we have to prove that 

7 (0) (8) у (Үү)...... —absolute term in the equation 
whose roots are the Squares of the differences of the roots of 
the equation f (x)—0. 


7 f(x), f(x) a JES) 
du ou 6 ts 
=(x—f) (x—Y}...-+(x—«) (x—)... 
"F(x— e) (x—B)...-4-... 
Putting x=g, В, Y..., we get 
J” (®)=(a—B) («—v) («— 8)... 
Ff” (B)— (2—9) (B—y) (8—9)... 
S” (—(—9) (y—B) (7—3)... 
— JS OF (B) f" (ү)... 
=(— 1)ntn-12(g — P (8—Уу)°(к— ү). 2 
—product of all thé roots of the equation of 
squared difference 
—absolute term (numerically) ofthe equation 
of squared difference, Hence proved 
Ex. 15. Jfa. В, v, 3 be the roots of f (x)=0, prove that 
FC“) +f" (8) +S’ (ү) +S” (8) can be expressed as the product 
of three factors, 
Just as in last example, 2nd part, 


F DFF WHAE (8) 
=(a—B) («—y) (—8)--(8—2) (B—Y) (8—5) 
+(У—) (y—8) (Y—8)+(8—«) (8—8) (8—Y) 
—(«— B) ((02—уа 96-8) (9— Y8—88-I-y8)) 
+(Y—8) (Q^—8Y — By-I-o8)— (8®—о8—8--аВ)} 
=(%—B) (02—62 (a) (Y+8)} 
161—9) {0%—$°)—(ү—$) (4+B)} 
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(а 8) («--8—1—8)— G5) 8-7) 
—(«4-8—» —8) («—8*—0'—855 
—(«--8—».—8) («—8—Y 3) («—8--—8) 
=(«+ß—Y—ò) («+y —8—9) («4-9—8— Y) 

$4. Maximum and Minimum Values of f (х). 

We know fiom the definition of Max. and Min. that 
as x varies in the interval (x—h, x+h), wheré л is small, then 
f (x) is greater than both Гох) and f (x+h) if f(x) be max. 
ie. f (х—)—/ (х) and f (x+h)—f (x) are of the same sign i.e. 
—jve. Similarly if f (x) is Min, then f (x) is less than both 
f (x—h) and f (x+h) i.e. f (x—h)—f.(x) and f (x4- 1) —f (x) are 
of the same sign i.e. Five. E ^ 

Now by Taylor's Theorem. 


ROC) 200) E 
oc рае py xe hi 
—hf' (99514 Qa 7 +z 7 (х)+ ... 
f e—H)—f e) 


$ (1) 
лу GE о Pe Ue 


Now when h is ‘made sufficiently small the sign of the 
right han4 side of each equation.in (1) and therefore of the 
left hand side is ultimately dependent upon that of h f (x), 
that being the term of lowest degree in h. But both 
f (5) —f C9 and f(x—h)—f (x) are of opposite signs as secn 
from (1) whereas they should have the same signs if f(x) is 
either Max. or Min. It is therefore necessary that f' (x) 
„should vanish so that the lowest-term of the right hand side 
‚ of equation in (1) should depend upon an even power of h. 


Hence f (x)=0 is the essential condition for the 
- occurrence of Max. asd Min. values of f (x). 


Let the roots of f' (x)=0 be a, b, c etc. 
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Consider one of the roots of the above equation say 5; 
then putting х=} and f' (x)=0 at x—b in (1), we get 


/@+®Ю—/ (у= у" qo) 
Аз nt nn 
HS OHS” OH 
/@—л)—/ @=ү” (s 


Now if f” (b) is —ivo, then clearly f (6--h) and f(b—h) 
are both less than J(A) so that f (x) is Max.atx—b. In 
Case f" (6) is ive, then both f (b6+h) and f (b—1) are greater 
than / (b), showing that f (x) is Min. at хр, 

Geometrica] Significance. 

We know that if y= (x) be the equation of a curve, 
then f’ (x) ie. 2 represents the slope of the tangent at any 


point on the curve; we have seen above if f(X) be Max. or 
Min. at any point, then f’ (x)=0 for that point which means 
that at every Point, where f (x) is Max. or Min., the tangent 
to the curve Y=f (x) is parallel to X-axis, 


Note. In case f” (5)—0, then f” (б) must also be zero 
if the function is Max, or Min; and if f” (b) is —ive, f (x) 
Will be Мах.; and if J" (Б) is ive, then J (x) will be Min. at 


X-b, 


j соси 


Working Rule, 


Differentiate the given function f(x) and solve f” (x)2:0. 
The function Will be Max, for those values of x which make 
Л” (x)—ive and Min. for those which make f” (x) +ive. 


^^. EX. L Show that the Max. and Min, values'of the biquad- 
ratic aX^-E4bx*- Geox? дау € are the roots of the ка 
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а%КЗ—3 (@I—9H?) k-E3 (al?—18HJ) k—4=0 where А is 
discriminant of the quartic. (Agra 38, 41) 

We know from P. 197, that the discriminant 4 of the 
quartic is J7—27J2 where I=ae—4bd+3c?. 
and J—ace--2bcd—ad*— b*e— e. 

Let f(x)=ax'+4bx3+ 6cx?--Adx-- e. 

Now if the curve y=f (x) be moved parallel to the axis 
of x through a distance k, where k is the Мах. or Min. 
value of f (x), then x-axis will become a tangent ie. the 
two values of x will coincide. Now by moving the curve 
parallel to x-axis through a distance ХК, у becomes y—k. 
Then the equation f (x)—k—0 will have two roots equal, 
the condition for which is that its. discriminant should be 
zero. 


f (x) — kexx!--Abx?-I- 6cx*-+-4dx-+(e—k)=0. 
Its discriminant is 7—27J'? where in the usual values 
of I and J we have to put e equal to e—k inorder to get I’ 
and J’, > : 
2. ['=a (e—k)—Abd-F-3e—1—ak, 
J'=ac (e—k)+2bcd—ad?—b* (e—k)— 
=J—(ack—b*k)=J—kH. 
* H=ac—b*. 
15—27J'?—0 gives 
(I—ak)®—27 (J—kHy— 
or p—3Dak--318k?—a310—27J? 4- 5AJk H — 27K H* —0, 
Cancelling minus sign and putting 75—27J?—4, we get - 
a3k3—3 (а21—9Н?°) k--3 (aP?—18HJ) k—A=0. 
The above equation gives the value of k. | 
Ex. 2. Show that the max. and min. values of the cubic 
ax3-- 3bx3--3cx--d are the roots of the equation ар —2Gp-- A 
—0 where A is the discriminant. 
Discriminant ofa cubic is Gè} =A. [$ 13 P. 113] 
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$ 5. Rolles Theorem. Between two ? consecutive real 
roots of the equation f (x)=0 there lies at least one real root of 
the equation f' (x)=0. 


Now a and 5 are consecutive roots off (x)—0 and asx 
varies from ato b,f.(x) varies continuously from f (a) to 
J (6). It will therefore vary either by increasing first and 
then decreasing or by decreasing: first and then i increasing. 
It must therefore pass through at least one (in general odd) 
Max. or Min. values during its variation from / (а) to f (b) 
апа leto Бе the value of x between a and b where f (x)is 
either Max. or Min. and from the definition of Max. or Min. 
J’ (x)=0 at (x=4). Thus a numbzr.« lying between a and b is 
a root of the equation f’ (x)=0. 

Analytical Proof of Rolle’s Theorem. 


Let us suppose that the consecutive roots a and b are 
multiple roots of order mand n respectively and the product 
of the factors corresponding to*the other ‘roots of f (x)=0 be 
denoted by 4 (x). : 


e /(х)=(х—а)" (x—by'4 (x) = =... ...(1) 
F Qm (x—a)"-t (x—b)" $ (х) Бп (x—a)" (x—5y19 (x) 
+(х—а)" (x—b)" ф(х) 
or Л (у)=(х—ау"-® (x—8)^71 [m (x—5) $ (х)-Еп (ха) (х) 
+(x—a) (x—5) $' (91 
or F (0) = (x—a)n-t (x—byi1 y (x) (2) 
where 0 (x)= (x—b) ф (х)-Еп (x—a) ¢ (x) 
+(х—а) (x—5) $ (9...) 
Y (2)—m (a—b) 4 (а), 
- V (b)—n (b—a) ¢ (b). 
. . But ¢ (a) and ¢ (b) are of the same sign for if they are 
of opposite signs then a root of $(x)—0 and hence of 
J 0070 will lie between a and 5 [8 2 P. 219] which will contra- 


dit the.supposition -that a and b are consecutive roots of 
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f(x)=0. Hence y (а) and ù (b) are clearly of opposite signs 
and as such there lies at least one (in general odd) number of 
roots of the equation Ф (x)=0 and hence of f '(х)=0 [from (2)] 
between a and b. Thus the theorem is proved. 

Deduction—To prove that between any two consecutive 
roots of the equation f' (x)=0 there lies at the most one real 
root of the equation f (x)=0 or there may not lie any. 

Let xı and xə be the two consecutive roots ofthe equation 
f'G)-0 lying between the intervals (v. B) and (B, Y) where 
a, D, Y arc three consecutive roots of the equation f (x)=0. 

[RoHe's Theorem] 

Hence « < xy < p < x < y. This relation shows that 
B, a root of f (x)=0, lies between x1 and xə the consecutive 
roots of f' (х)=0. 

To prove that there cannot lie more than one root. 

If possible, let us suppose that there are two roots В and 
В’ of the equation f(x)=0 which lie between xi and xz, the 
consecutive roots of f" (x}=0, so that x, < P < В < х2; then 
В and @' being consecutive roots of f (x)=0 must have between 
them a root of the equation f’ (x)=0 [Rolle's Theorem] which 
is contrary to the supposition that x; and xs are consecutive 
roots of f (x)=0. Hence there cannot lie more than one root 
of f(x)=0 between two consecutive roots of the equation 

f' (x)=0. In this case f (ху) and f (x2) should be of opposite 
signs and if they are of the same sign, then no rcot of f(x)=0 
will lie between ху and xs. . 
Ex. 1. (а) The equation x*— 15х3--75х2—145х--84=0 
has its roots 1, 3,4, 7. Locate the roots of the equation 
4x3—45334- 150x— 145—0. 
f (x)x1—15134- 1532 — 145x--84—0, then 
H- (х)=4х2—45х2--150х—145=0. 
Now the roots of f (х) =0 are 1, 3, 4, 7 arranged in order 
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and by Rolle’s Theorem we know that between two consecutive 
roots of the equation f (x)=0 there lies at least one real root 
of the equation f^ (x)=0. Hence there will be a root each of 
J’ (x)=0 between 1, 3; 3,4 ; and 4, 7. 


$6. Limits of the roots of an equation. 
Definitions. 


(a) Superior or upper limit of positive roots : —A number 
which is greater than all the positive roots of a given equation 


is called an upper or superior limit of the positive roots of that 
equation, 


(b) Inferior or lower limit of positive roots :—A number 
which is less than all the +ive roots of a given equation is called 
the inferior or lower limit of the positive roots of that equation. 


(c) Superior or upper limit of negative roots :—A number 
which is greater than all the negative roots of а given equation 
is called an upper or superior limit of the negative roots of that 
equation. In other words, superior limit of negative roots of a 


given equation is that negative number below which (numerically) 
lie all the —ive roots. 


(d) Inferior or lower limit of negative roots :—А number 
Which is less than all the negative roots of a given equation is 
called the inferior or lower limit of negative roots of that 
equation. In other words, inferior limit of the —ive roots of a 


given equation is that negative number above which (numerically) 
lie all the —ive roots, 


Superior ]i 
number which 


a | than all the real roots of that equation. 
hus supc imi i | 1 1 imi 
o а Pen RANG дор фы дррорреког limit of 
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the real roots and the inferior limit of the —ive roots is the 
inferior limit of the real roots of a given equation. 
$ 7. Two Important Theorems. 
Theorem 1. Jf in the polynomiai 
ox” J- a x^^ -I- asx^7? +... - a5 1X tan 


the value of = + Lor any greater value be substituted for x 
0 


where a, is that one of the coefficients аі, 2.-.4n whose 
numerical value is greatest, irrespective of sign, the term 
containing the highest power of x will exceed the sum of all the 
terms which follow. (Agra 57) 

Now ax” is the term containing the highest power of x 
and it will exceed the sum of all the terms that follow it if 

aox” > a4X?71-]- qox" 73-|- ...05 3X Fan. 

The above inequality is satisfied for any value of x 

which makes 


ax” > ay(x^71-- xn72-- ... +x+1) 
where a, is the greatest among the coefficients 01, @2,..-An 
without any regard to sign л 


ог aper a = ) «(sum of a С.Р.) 
п dk e. ) 
ог x^-—|-— 
ao x—1 Y 
Now 2">x"—1 and hence above will be satisfied if 
cub _. 22 
AC «1 or a, <a(x—l) | 
Or x—122 ^Y x22 41. 
a ao 


Note. In proving theabove theorem we ‘have assumed 
that all the coefficients except the first are —ive and each 
equal to a, whereas in general the coefficients may be tive. 
—iye or zero. 
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Theorem 2. Jf in the ploynomial 
аох"|-а1х"714-...4-а, 1х+аь 
or any ѕтаПағ value be substituted for x 


a 
the value —” 
Ant 9}, 


where a, is the greatest coefficient exclusive of an the term аһ 
will numerically be greater than sum of all the others. 


Let us put x= in the given polynomial so that it 
becomes ; 
Flea ayy Ey. oy" 2+... +a yt ao] 


Hence by theorem 1, we have 
Aay” 27s 3y" 1+ Aya 7... + aytao ...(1) 


for all values of y > (2 2+1 ) where a, is numerically the 


greatest of all the coefficients ag, a1, d2.-.dn—1+ 
Dividing by y", we get from (1), 


аа > ER Sh O 
or > arts rox 4) 
1—(1/y") a, y^—1 
>а]. = у} 9 7 yy 
or y > sem Ud =o 


Now у" is greater than y"—1 and hence above will be 
Satisfied if 


po < <lor а < an(y—1) 


OR... yc ze — yD ven or y > 274". == 
^ 1 “Sat a, 
or . — mu LE et LE n 
x? pA artan" 
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Hence the value of x equal to or less than LA will 
Akran 
make ' : 
an > аһлх+аһ-э2--..._-аух" [from (2)]. 
§ 8. Method of finding the upper limit of the roots. 
Test 1. Ін any equation 
x" pix*71-- pox 2+... + pa-1X- pa —0; 
if the first —ive term occurs in. (r3-1 )th term i.e. — poet 
and if the greatest negative coefficient be k, say — рь, then 
Kir-g-] or (рь)%їт-Е1 is a superior limit of +ive roots. 
(Agra 55, 59) 
Any value of x which makes 
x^ p(x t +x" H.+), ...(1) 
where рь is the greatest —ive coefficient and Рх" is the first 
—ive term, will make f (x) +ive. 


Summing a G. P., we have from (1), taking x > 1, 


хт1—1 
x" > pe— j" ОЁ x(x—1) > р(х? +) 
xn 
or x*(x—1) > Pix 
ог х-Щх—1) > Py. (2) 


Now xri (x-—1)3 as x 1. 
Hence the inequality is satisfied if we write 
(x—1)-x—1) > рь or (x—1'2 Р 
or x—12 (p) or x > l+). 
Note :—In case f (3) — ay? 4- a2" 71 4- ... Fan =O, we сп 
divide by ay to make the coefficient of highest term unity; then 
рь will be A then the.superior limit will be 14- (E) 


Ex. 1. Find the superior limit of the tive roots of the 
equation — x4— 5x84. 40x2—8x-} 23=0. 
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Here the first negative term is 2nd i.e. r-+1=2. 
= r=l. 
Also the greatest —ive coefficient p;—8 
Superior limit of +ive roots is 
1+(p:)"=1+(8)}=9. 
Ex. 2. Finda superior limit of the +ive roots of the 
equation  x84-20x74-4x65—11x5—120x1+13x—25=0.. 
Here рь==120, (r-+1)th term—first —ive term=4th term. 
r—3. Hence the superior limit is 
2 (Pr)! " +1 > (120)5--1 ie. 6. 
Ex. 3. Find a superior limit of the roots of the equation 
(а) х1—2х3--3х2—5х-4-1—0 Ans. 6. 
(b x'-F4x3— 11x?—9x—50—0. Ans. 8. 
Test If. If in any equation each negative coefficient be 
taken positively, and divided by sum of all the +-ive coefficients 
which precede it, the greatest quotient thus formed increased by 


unity is a superior limit of positive roots. (Agra 56) 
Let f (x) —aox" --ax^1-- a4 x^? 
+... ta,x"-"-+ ...+a,=0. ...(1) 


Let us regard the fourth coefficient as —ive and in 


general the — ive coefficient be —a,. 
A хт рта txt 1) 
so that  x™=(x—1) (xm-1-- xm-2..... xL 1)+1 
ог we can write : 
ay —as(x—1) (XXL. Xt) tam «e Q) 
А We shall now express every +-ive ёгт of (1) by the help 
of (2). 
uc aox" =a(x— 1) (x14 x74... -Ex-4-1)d-29 
=@(х—1) x"71--ay(x—1) x^7?4- 


oe + ay(x— 1) x"-r4-... 4-40; 
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I(x) =a0(x—1) х а(х 1) \”-®-„а(х—1) x" 
+...а(х— 1)x?-77-- ...69 
ai(x— 1)x-2-E а(х 1) yn-2.L .q(x—1)x"-7--a 
-Еаз(х— 1)x"-3-L а(х I)x"^77-4-...02 
gx" +... — a x77 
F... Far 

We have not changed the —ive coeficients and the fourth 
coefficient being taken as —ive and in general a, is —ive 
coefficient, 

Adding above, we get 
I(x) =a(x—1) х" (aota) (х- 1) xn-2 

+[@o-+a,+-a2) (x—1)—as]x"-3 
+[@o+4a1+-424+ ...4,-1) (x— 1)—a,]x"-" 
"E --- (29-25 4-02 4- ...a,). 

Now any value of x > 1 is sufficient to make +-ive every 
term in which no —ive coefficient аз, а„ etc. occur. The term 
containing these —ive coefficients will be +ive if 

(ао +a +a) (х— 1)—аз> 0 


апа (20+а:--аз+...а, 1) (х—1)—а„>0 
аз D ; 
or x> EMT | 
са (A) 
or x ar | 


2 а-а; 31- G2 d- ...0,.1 th J 

We should choose the greatest of the values of x given by 
relations in (A) so that every term of f (x) is live. This 
greater valve of x found from (A) will be the superior limit. 

Ex. 1. Find a superior limit of the positive roots of 

x*--4x9— 335--5x14-9x3— 1 1x24 6x—8=0 (Agra 56) 

Superior limit of positive roots 

The 1st —ive coefficient taken +-ive 

~ Sum of all the positive coefficients that precede it 

The greatest number obtained by above rule is the superior 
limit of + ive roots. 
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3 9 11 SER Ex 
ix4tbprarstbppapst 14+ 546 


11 ; 
"^ni -1 ie. >2. 
The greatest expression is 14445 4 


Hence 3 is the superior limit of +ive roots. 

Ex. 2. Find a superior limit of the --ive roots of 

x84. 20x7-+-4x8— 11x5— 120x^--13x—25 —0 

Just asin Ex. 1. 33 

11 120 
rE2pA К ]py20r4 t PIFO 

The greatest expression is 4°°-++1>5. Hence the 
superior limit is 6. 

Note. We have already found the limit of superior 
roots by Test I to be 6, i.e. (120)! 3--1, i.e., 6. [Ех. 2 P. 252] 

Ex: 3. Find the superior limits of +-ive roots of 

(a) xi—2x3--3x?—5x--I. 

2 5 
qois ge 
Hence 3 is the superior limit of --ive roots. 
(b) eos c =0, 
50 


11 
ТОО л" 

Hence 11 is the superior limit of +-ive roots. 

Test Т. The upper limit of +ive roots of f (x)=0 in 
which the leading coefficient is unity is equal to ihe numerically 
greatest coefficient increased by one _ 

J(x)ex"-F pix" 1+ pxn--L ... pa -1X t+ Pn=0- 

Suppose x>1; then f (x) >0 
if х">р (х®-1--х"-*%+...-Е1) 


where p is the greatest —ive coefficient - 


5, 
ог x"-p = | [sum of a G. P.] 
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Е т 
or if p or if (x—1)>p 
or х>р+1. Hence proved. 
Ex. 1. Find the superior limit of +ive roots of the 
following :— 
(a) x5-r4x1—7x3--8x1— 35x -9—0. 
Here greatest —ive coefficient is 35. Hence the superior 
limit is 35+1=36. 
(b) x'—8x?+-17x°—18x-+7=0 Ans. 18--1—109. 
Test IV. Newton’s Method : 
If & is a number which makes f (x) and all its derivatives 
-Five then his ап upper limit of the 4-ive roots off (x)—0. 
It is also the upper limit of real roots of f (x)—0. 


f(x)—0. Diminish the roots of the equation by A 


so that y=x—h or x=yth. 
- $(v+h)=0 
2 n З 
ог f (I)J-yfi(1))4- 5i f (4... fa (й=0. ...(1) 


Now if h is a number such that f (i), / (A), fa (A)...are 
all +ive, then f(y+/)>0 and as such the equation. 
f (y+h)=0. 
cannot have a positive root. In other words, it means 
that the equation in (x) has по root greater than й. Л there- 
fore is the superior limit of +ive roots. 


Working Ruie. Write down all the derivatives. Take 
the smallest integer weich makes the last but one derivative 
-Five and proceed with the values of x to find that the other 
derivatives written before are also +ive. If any of the 
derivatives becomes E for a particular value of x, being 
tried, increase the integer by units successively till it makes 
all the functions 4-ive. 
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Ex. 1. Find by Newtons method the superior limit of 
+ йе roots of the equation x*—2x®—3x°—15x—3=0. 
f (x) =x! 2x9 3x*— 15x—3, 
fi (x)=423— 6х2-—6х—15, 
fs (x)=12x3—12x—6, 
fs (х)=24х—12, 
Sa (x) =24. 
Clearly x=1 makes fs (x) +ive but it makes fz (x) —ive. 
Now increase the value of x by 1 i.e. try x=2. It makes 
f(x) positive. Now check / (x) for x—2 which is —ive 
for x=2, Increase again by one the value of x, i.e., х=3 
now makes fy (х) tive. Try х=3 on f(x) and it becomes 
—ive. Increase the value of x by 1, ie. x=4 and it makes 
f(x) tive. Thus 4 is the value of x which makes / (х) and 
all its derivatives --ive. Hence 4 is the superior limit of +ive 
roots of f (x)=0. 


Ex. 2. Find a superior limit of +ive roots of the equat ion 
x5--4x1—233--10x2— 2x — 962 .—0. 
f (x)=x5+4x1— x3--10x?—2x—962, 
fi (x) 5 5x1-4-1633— 63? 4-20x —2, 
Ja (x) 220x3--48x* — 12x4-20, 
fs (х)=60х°--96х— 12, 
У (x) =120x-+-96, 
fs (x)= 120. 
fa (x) is Hive for x=1; fa (x), fa (x), fr (х) are all rive 
for x=:1; but fi (x) is —ive for x—1. Increase the value of 
x by one and try x=2 on f (x). f(x) is again —ive for х=2. 
Again try x=3; f(x) is —ive for x=3. Now try x=4 on. 
f(x) and it becomes +ive. Thus x=4 makes f(x) and all its 
derivatives tive. Hence 4 is the superior limit of ivè 
Toots. 
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Ex. 3. Find the superior limit of +ive roots of the 
following equations by Newton's method. 

(a) x'—4x8—3x+23=0. Ans, 4. 

(b) xi—2x3—3x?— 15x — 3—0. Ans. 4. 

(c) х5-Е6х1— 10x3— 112x*—207x—110=0. Ans. 5. 


Test V. Method of grouping. 

This method consists in grouping the terms of the given 
equations and if h be the least number which makes the sum oj 
terms in each group +ive, then h is the superior limit of +-ive 
roots. This method will give a closer limit than the preceding 
methods which will give quite big number for superior limit. 
Group —ive term with +-ive term. 

Ex. 1. Find a superior limit of the +-ive roots of 

x-L3xi4-x3—8x?—51x4-18—0 
by method of grouping. 
f (x)=x (x3$—8)4-3x (38—17)-Fx?4-18—0. 

x=3 makes the sum of terms in each group +ive. Henc 
3 is the superior limit of +ive roots. 

Ex. 2. х3— 10х2— 11х—100=0. 

Here the number оў —ive terms is greater than +ive term 
In such cases multiply the given equation by a suitable numbe 
and distribute --ive terms among the various negative terms. 

3f (x) 3x3— 3029 — 33x — 300. 
Write 3x3 as х2--х2--х*. 
af (х) = (x—30)4-x (х2— 33) 4- (033—300). 

Clearly any number greater than or equal to 30 makes t 
sum of terms in each group +ive. Hence 30 is a superior limi 

If we multiply f (x) by 6, 

6f (х) =6х2— 60x? — 66x— 600 
4 (x—15)+x (x2— 66) + (03— 600). 
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Here we find that any value of x greater than or equal to 
15 makes the sum of terms in each group +ive. Hence 15 is 
still a closer superior limit of --ive roots of f (x)—0. 
Kx.3. Find a superior limit of +ive roots of the equation 
5х5— 7x4 — 10x3—23x2—90x—317=0. 


Distribute 5x9 with each —ive term. 
S Gm x4 (x—7)24-x3 (х®— 10) +x? (x3— 23) 
+x (x4—90)+ (x5—317). 

Clearly x > 7 makes the sum of terms in each group 
Live. Hence 7 is the superior limit of +ive roots. 

Ex. 4, Find a superior limit of +ive roots of the equation 

xi—4x?4- 3332 — 2х-Е18=0. 
f (x) ех1— 4x3--5x2--28x?— 2x 4-18. 

We have splitted 33x? into 5524-2852. 

(х) = (x2 4x-4-5)--28x (x—3)+18. 

The first group is a quadratic x7—4x-+5 whose roots are 
imaginary, i.e, b*—4ac is 16—20, iê., —ive and hence it. is 
-Five for all real values of x. The other group x—44 is +ive 
for x=1. Hence 1 is the superior limit of 4-ive roots. 

Ex. 5. Find a superior limit of --ive roots of the equation 

х4—х%— 23*— 4x — 24—0. 
4f (x) -4x1— 4x3— 832 — 16x— 96. 
Write 4x4 as хха 
А (x—4)-]-3* (2— 8)2-x (33—16)-- (31— 96). 

Any value of x > 4 makes the sum of all the terms in 
each group ive. Hence 4 is the superior limit of -+ive roots. 

$9. Lower limits deduced from upper limits. : 


.() If & is the upper limit of the +ive roots of the 
equation f (—x)=0, then evidently —4 is the lower limit to 
the real roots of f (x)—0, because —ive roots of f(x)-0 are 
+ive roots of f (—х)=0. >. E Ў 
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(ii) Similarly if k is the upper limit of -Live roots of 


if (+)=0. then + is the lower. limit. of the tive roots of 


f£ (x)=0. 
(iii) Limit of —ive roots deduced from the limits of 
-Live roots. 

We know that —ive roots of f (x)= 
of f (—x)=0. Then it h and k are the upper and lower 
limits of the +ive roots of f (—x)=0, then —h, —k are 
the lower and upper limits respectively of the —ive roots of 
f (x)=0. 

Ex. 1. Find the superior and inferior limits of the +-ive 
and —ive roots of : 
x5--4x!4- 2x?— 18x: — 36x—72—0. 

Refer Test 2. Superior limit of -ive roots is the greatest 
of the integers given by 

E T 36 0, SEP iur 
[4-42 e Lp442" ' 14472 
ie. 112 or 12isthe Superior limit of +ive roots. 


0 are positive roots 


1, 


Lower or inferior limit of +ive roots. 

Put x=1/y in the given equation and we get 
72y5--36y*4-18y?—2y?—4y —1—0. 

Superior limit of y— reciprocal of the inferior limit of x. 

By test 2, superior limit of y is the greatest of the 

integers given by 
OE c ppenid сы 
7236418 724-36--18 ° 7124-36-18 
тїк 1 oF $i 
lower limit of +ive roots of f (x) is + or 1. 


Limits of —ive roots. 
Put x2 —y in f (X) and we get 
y5—4y 4-25 4-18)? —36y-- 72—0. ...(1) 
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Clearly superior limit of y is $4- 12-5. 
Hence the inferior limit of —ive roots of f (x) is —5. 
Putting y—1/z in (1), we get 
7225— 36244-18234-222—424- 1— 0. 

Superior limit of z— reciprocal of inferior limit of y. 
By test (2), superior limit of z is 2£4-1—3. 

. Hence $ is the lower limit of +-ive roots of y in (1). 

) <. by definition —$ is the superior limit of —ive roots 


of f (x). 
Hence the —ive root lies between (—2, —5). 


In general all the real roots lie between 
—5 and 112 or —5 апа 12. 


Ex.2. Find the limits between which the real roots of 
the equation 


x5--5x1--x3-—-16x1— 20x — 16-0 lie. 
Ans. —6 and 3° or —6 and 4. 
+ive roots lie between 22. and 34. 
—ive roots lie between —+ and —6. 
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CHAPTER VIL 


STURM’S THEOREM 


§ 1. Sturm’s method of finding the exact number of real 
roots of an equation. 


We have seen that by Descarte’s rule of signs we cannot 
get the exact number of real roots ofa given equation f (x)—0. 
There are other theorems given by Budan, Newton and Fourier, 
but they too do not exactly give the number of real roots of a 
given equation. But Sturm's Theorem as will be discussed 
below gives us the exact number of real roots of a given 
equation. 


$2. Sturm’ functions. (Agra 33, 49) 


Let f (x) by any function of x of degree n and f { (x) be 
its first derivative. Divide f (x) by f ' (x) and let the remainder 
with sign changed be denoted by fa (x). 


Again divide f ' (x) by fa (x) and let the remainder with 
sign changed be denoted by fs (x). 

Continue the process till you get the last remainder 
whose sign is also to be changed. 

The above process is the same as that of finding the 
Н.С.Е. of f(x) andf' (x) with the modification} that the 
sign of each remainder is to be changed before it becomes the 
divisor. Also we know that in the process of finding 
the Н. C. F. we can multiply and divide any remainder by any 
constant before using it as a divisor; but here in the above 
process we can only multiply or divide the remainder only by a 
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. positive constant before using it as a divisor or by a polynomial 
_ of x which is always +ive for real values of x say of the type 
X-Fl or x!4-x?-+1 etc. 
The series of functions 
f (x), 7" (x), fe (х), fs Q2... Sr @) 
consisting of the given function, its derivative and remainders 
with their sign changed in the process of finding the Н.С.Е. 
of f (x) and f’ (x) are called Sturm's functions. (Agra 57) 
The functions / (x), fs (x)...................-- f, (x) are called 
auxiliary functions. 


J (x) - 0 having equal roots. 
In case / (x)=0 has equal roots, tien we know that f(x) 


and/'(x)will have a H. C. F. and hence the last of the 
Sturm's remainder will be a function of x. 


J (x)=0 having no equal roots. 


In this case evidently the last of the Sturmian's remainder 
will be numerical for if it is some function of x, then it would 
mean that f(x) has got equal roots. In this case there will 

Y be (n--1) Sturm's functions 

P ie, FF" DSa 0д, f Q2. Ja (9. 

(o — $3. Sturm's Theorem. All rootsfunequal. Iff (x) is a 
polynomial and a and b be any two real numbers. then the num- 
ber of distinct real roots of the equation f (x) —0 lying between 
a and b is exactly equal to the difference between the number 
of changes of sign when х is put equal to a and the number 
When x is put equal to b in the (n+1) Sturm's functions f (x), 
fr (X), ECON (х)............... Jn (x) consisting of the given 
Junction, its derivative and the (n—I) remainders with their 
sign changed in the process of finding the Н. С. Е. of f (x) and 
*' (x). (Bombay 61; Agra 34, 44, 47 50, 52, 54, 62; 


Karnatak 62; Delhi Hon's. 48, 51, 54) 
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From the definition of Sturm’s functions we can establish 
the following relations between them :— 


Dividend —Q х Diviser-+ Remainder 

fG)-nf' O-A (х) \ 

J'Go qs б) Ўз Q9 | 

fa (х) =аз fa (х) — Л (x) | 

ü gcc eene i (A) 
| Х 
| 
J 


Proof. From relations (A) we make the following obser= 
vations : 

1. As f(x)=0 has no equal roots, hence f (x) and f" (x) 
have no common factors and consequently f; (x) the last 
Sturmian function is nunferica having a definite sign + or —. 


2. No two consecutive auxiliary functions vanish for 
the same value of x. If possible, suppose that when x—&, 
both № (x) and fs (x) vanish which shows that f' (x) contains 
the factor x—« and from the first of the relations (A) we find 
that (x—«) is also a factor of f(x). Thus (x—#) is the H. C. F. 
of f (x) and f" (x) showing the existence of equal roots which 
15 contrary to the hypothesis. 

3. апу of the auxiliary functions vanishes, then the 
two adjacent functions ре. one which precedes it and the one 
which follows it must have opposite signs. For suppose that 
fa (x)=0 when xe; then from relation (А), fa бй=—Л C9 
for x=«, showing that Ja (x) and fs (x) have opposite signs 


for х=@. 
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4. The same reasoning applies if any of the q’s vanishes. 
Since all the functions are polynomials in x, no опе can change 
sign as x increases continuously from a to b, when x assumes 
а value which causes that function to vanish. 


5. Now weshall show that when x in passingfrom a to 
b takes a value « such that f, («)—0, then no change of sign is 
gained or lost. Now since f, («)=0, we have from (3), fz.1 (2) 
and / («) must be of opposite signs. Now as /f; (x) passes 
through zero, it changes its sign either from -+ to — or from — 
to +. But f.i (х), fui (х) are continuous at x—«so that 
each of them has an invariable sign near x—«. Thus the three 
funct.ons /,_1(х), f(x) and f;4:(x) will have only one change of 
sign just before x—« and just after x—«, i.e., their signs can be 


either + + —, — — +, + –, — + 4. 


Thus we find that whatever sign we may place between 
two unlike signs, we have only one change of sign. Hence no 
change of sign is either lost or gained among  Sturm's 
functions. 


In case the value of x, i.e., « be such that it causes more 
than one of the functions to vanish, then they cannot be conse- 


cutive, for in that case, by (2), the equation f (x)=0 will have 
equal roots. 


6 Now we shall show that when x in passing from a to 
b takes a value « which causes f (x) to vanish, ie., «be a root 


off (x)=0, then a change of sign is lost. Now by Taylor's 
Theorem, 


f (@—h)=0—hf’ (a) + Bf " (а)... 7()=0. 
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f (@+h)=0+-h/" (+e f'(Qes cc f(®)=0. 


Now let h be sufficiently small so that the sign of the 
L. H. S. is made to depend on the first term of R. H. S. 


Therefore if f" (о) be Five, then /(«—Л) is —ive and 
J («+h) is +ive, i.e., in this case the signs of f(x) and f' (x) 
will be — + just before x—« and + + just after х=@. 
Thus one change of sign is lost. Again if f’ (0) be —ive, 
then / (о) is +ive and f(«--/) is —ive, i.e., in this case 
the signs of f(x) and f'(x) willbe + — just before x=a 
and — — just after x—«. Неге also one change of sign is 
lost. Thus we conclude that when x passes through a root « 
of the equation f(x)—0, one change of sign is lost whether 
/' (6) be +ive or —ive. Hence the number of variations 
lost as x goes from a real value a to a real value b is exactly 
equal to the number of real roots of the equation: f (х)=0 
between a and b. 


II Case.-— Equal Roots—/f f (x)=0 be an equation having 
equal roots and the Sturm's functions be found as f, f', fa... f», 
the last of these being the H. C. F. of f (x) and f' (x), then the 
difference between the number of changes of signs when а and b 
are substituted in the Sturm's function is equal to the number of 
real roots of the equation f (x)=0 which lie between a and b 
each multiple?root being counted once only. 


Let f (x)—(x—9)? (x—8)* (x—y) (x—8)...; then clearly 
f (x) and f' (x) will have an Н.С.Е. (х—о)2-1 (x—ß) which 
may be denoted by Н. 


This Н.С.Е. will be a factor of all the Sturm's functions 
Si f' fis fa». fee Again let v (x) stand for 
(x—9) (x—B) (x—1) (x—8)..., 
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then clearly f (х)= Ну (х), f’ =H’ (x), fe (x)= His (2)... 
For any value of x, the number of changes of sign in the 
sequence of f’s is the same as that in the sequence of us. 


Now 9 (x)=0 has all its roots unequal and all its roots 
are the same as those of f (x)=0 only with the change that the 
multiple roots of f (x)—0 occur in у (x)=0 only once. 


к Now applying the reasoning of Ist case on Фф (x)=0 we can 
say that difference between the number of changes of signs when 
x is put equal to a and 5 in the sequence of Ws (hence of f’s) 
represents exactly the number of real roots of the equation 
ф (x)=0 lying between a and b or the number of real roots of 
f (x)=0 that lie between a and b but each multiple root being 
counted only once. 


Certain labour saving devices. 


1." When f (x)=0 has no reptated root ie. the last 
Sturmian function be numerical, and we are concerned only with 
its sign, in order to get its sign we put fn-1 (х)=0 and find the 
value of x; then we know that for this value of x, fn-2 (x) and 
f» (x) must have the opposite signs. Thus if the value of X 
obtained from f,-1 (х)==0 makes fj.» (x) tive, then fa (x) is 
—ive and ifit makes f,-2 (x) —ive, then f, (x) is +ive. This 
device saves us thelabour of actually calculating the value of 
fa (х) (which is numerical). 


2. Ifany of the Sturmian functions say / (x) has all its 
roots imaginary, we may stop further calculation and we 
should use f, f" fo, fs,.........-. Soon г... f; functions only for 
Sturm’s Theorem, because in this theorem the Jast of the 
functions should be of invariable sign for all real values of x and 
we know from the properties of equations that if f (x)=0 has all 


its roots imaginary, then f (x) is always-+-ive for all real values of 
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x. The quadratic ax?--bx--c—0 has its roots imaginary if 
b?—4ac < 0. 

Similarly the calculation of Sturmian functions will stop at 
the stage when any of them becomes a perfect square for it too 
will have an invariable sign for all real values of x. 

3. In ease any of the Sturmian functions f, (x) vanishes 
for х=, then for counting the number of changes of sign in the 
sequence 

f (9), f' (0), fa (0), fs (9)... 
we may regard the sign of f, (a) either +ive or —ive because 
the function that precedes it and the one which follows it have 
opposite signs. 

Working Rule. 

1. Find the Sturm’s functions as explained. 

2. The last Sturm's, function will be numerical in case 
f (x)=0 has no equal roots, otherwise it will be some function 
of x. 

3. The calculation of Sturm's functions should stop at the 
stage when any of them is either а perfect square or has all its 
roots imaginary. 

4. Make a table as explained below :— 

(i) In the first column write down 


x; $5 fas Ja fa; fac . 


In the first row write down x and the various values that 
you may give to x. 

(ii) In the various other columns write down the signs of 
the Sturm’s functions corresponding to the value ,of x written at 
the top of that column. 

(iii) At the bottom of each column write down the num- 
ber of changes of signs in that particular column. 
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(iv) If we are to find only the number of real roots, we 
put х=оо, and —co and find out the difference of the changes 
of signs corresponding to these two values. 


(v) If we want to find out the --ive and —ive roots, we 
put x=co, 0 and —co and proceeding as above, we get the 
number of +-ive roots which will lic between 0 and ee and —ive 
roots which lie between 0 and — со. 


(vi) If we want to find the interval in which the roots lie, 
then for -Five roots we put x=1, 2, 3,......... and for —ive 
roots we put, x=—1,—2,—3,...... 


(vii) If corresponding to the two values of x say 2 and 3 
the changes of sign in the Sturm’s function be same i.e. their 
difference be zero, then no root will lie between 2 and 3. 


(viii) Very important point. We know that if f(a) and 
J (b) are of opposite signs, then at least one or in general odd 
numbers of roots of the equation f (x)=0 lie between a and b. 
In case they be of the same sign, then either no root or an even 
number of roots of f (x)=0 lie between a and b. 


In case there be only one +-ive root, then in order to find 
its location we need not put x—1, 2, 3,......in all the Sturm's 
functions. We shall put only in f(x) and incase of any two 
consecutive values of x the values of f (x) are of opposite signs; 
then by the above theorem the root will lie between those two 
consecutive numbers. This will save us the labour of putting the 
consecutive numbers in all the series of Sturm’s functions. It will 
be clear from Ex. 1. 


Ex. 1. Find the number and position of the real roots of 
the equation x*—2x3--3x—4-0. (Delhi Hon’s 52, LA.S. 55) 
f (x) =x®—2x?+-3x—4, 
/' (x)=6x5— 4x4-3. 
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Multiplying / (x) by 6, and then dividing by f ' (x); 
6x5—4x4+-3) 6х5— 12x?-- 18x — 24 (x 
6x9—4x?--3x 
~ —8x*-F15x—24 
Changing the sign of this remainder, we get 
fs (3) 8x3—15x 4-24. 
Now since b?—4ac i. e. (15)—4.8.24 is —ive, we con- 
clude that the roots of the Sturm's functions fz (x)=0 are 
imaginary and hence we stop further calculations. 


145 19 
2 T 
ra Flee FE 
е УЫШ 
а 


From the above table by Sturm’s theorem we have the 
following regarding the nature of the roots :— 

1. There are only two real roots (from columns 2 
and 4) as the difference of changes of signs when x is put —ee 
and co is Sturm's functions is 2—0—2. 

2. One of them is +ive (from columns 3 and 4) which 
lies between 1 and 2 (from columns 5 and 6). 

3. Oneofthem is —ive (from columns 2 and 3) which 
lies between — 1 and —2 (from columns 7 and 8). 

4: The equation being of sixth degree has only two real 
roots therefore remair ing four roots are imaginary. 
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Simpler way of location by rule IX. We have found 
above that the above equation has only one +ive root and 
only one —ive root. Also we know that if f(a) and f (b) be of 
opposite signs then at least one root and in general odd number 
of roots must lie between a anb b. 

Now f (0) — — and f (1)=—. 

From above we could easily conclude that +ive root 
does not lie between 0 and 1 as / (0) and f(1) are of the same 
sign. This would save us from calculating the signs of all the 
Sturm's functions corresponding to x=1. 

Again f (1) = —ive and f (2)— --ive. Since f (1) and f (2) 
are of opposite signs, hence the only one +ive root of f (х)==0 
must lie between 1 and 2. This has saved us the labour of 
calculating the signs of all Sturms functions corresponding fo 
х=-2. 

- Again f (0) = — and f(—1)=—. 
Therefore arguing as above —ive root does not lie 
between 0 and — 1. 
` Again f (—1)—— and f (—2y— + ive. 
—ive root lies between —1, —2. 
Hence the above chart could be easily put as 


| х -o| o| = [2p ED 
ES " -|+|-|+|-|+ 
ES E 


WE COE | 
Љ (x) +/+ ]+ | 


No. of changes 
of signs 
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Ех. 2. (a) Find the number and position of the real roots 
of the equation x*—7x4-7—0. (Delhi Hons. 63, 58) 


fQ)—x—7x--7  f'(Q)239—1 


Let us find the H. C. F. of f (x) and f' (x) and change the 
sign of remainders to get sturm’s functions 


| 
| х?—7х--7 - 3x*—7 
42053 | 
* (2 3215-01 | ENSIS ИВ 3x 
| 3х3— 7х 6х%?—9х __ 
| —1]4х-Е21 Е | 9х1 na 4 
or —2х--3 
> (x =2x—3 RES 9 
after changing sign (ре = 
| —1 
| | c Eae 


after changing sign 
Sturms functions are 


x'—7xt-7, | 33—7,  2x—3,1 
x -= w Bess | Ni 2 -3 -4 
| | ioe 
гс АЗИ ИРЕН | кыы 
MEE cce cT | 
faQ)e-2x—3 |— ie edes so | 
fs (х) =1 tact EE | | 
3|2|0|2| 0 | 
EED T 


Above table shows that all the three roots аге real out of 
which one is —ive and two are --іуе which clearly lie between 
1and 2. Also the —ive root lies between —3 and —4. We 
have not tabulated the signs of all sturms function for the only 


—jve root because /-(0), f (—1), f (—2), f (—3) аге all of the 
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same signs ard hence there arises no question of a negative 
root lying between these numbers. Again f (—3) rive and 
7 (—4)=—ive and hence a root lies between —3 and —4. 


(b) Find the number of distinct real roots of the equa- 
tion x8 —3x-- 12-0 and locate them. 
(Delhi Hon's 48, 51, 54 Vikram 63) 
f) -—3x41, 
f’ (x)=3 (32— 1) ог (x?— 1) on dividing by 3. 
J2 (x)=2x—1 [after changing sign of the remainder]. 
Л (x)=3 [after changing the sign] 


ИЕ 
m e 1 
ES КЕЕ ПЕПЕ 
Л (9 j-e] + а= © 
edits 
amota [alo] 1 fol 2 |» р 


As in example 1 the above table shows that the given 
equation has all its roots real and distinct out of which one is 
—ive and the other two +-ive. The —ive root lies in the 
interval (—2, —1) and one of the +ive roots lies in the interval 
(1, 2) and the other in the interval (0, 1). 

m Note. We have seen that there is only one —ive root. 

Since f (0)—-Five and f (—1)—-Live ie. they are of the 
same sign, hence the root does not lie between 0 and —1 and 
as such we need not have completed wholly the column corres- 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


Sturm’s Digitized dy Arya Samaj Foundation Chennai and eGangotri 273 


ponding tox=—1. Again f(—1)=+ive and f (—2)=—ive. 
Hence the only —ive root lies between (—1, —2) and we need. 
not complete the column corresponding to x=—2. 
Ex. 3. Apply Sturm's theorem to the analysis of the 
equation 
x1—233— 332-1 10x—4=0. (Delhi Hons. 57, 62) 
f (x)2x1—233— 3x*- 10x—4, 
/' @)=2x8—3x2—3x-+5, after cancelling 2. 
fs Q)29x?—27x 4-11, after changing sign. 
fs (x)2—8x—3, after changing sign. 
Now fi (x) will be numerical and we -are concerned only 
with its sign. Putting fa (x)=0, we get x=—§. This value 
of x makes f» (x)=9. 2%+% +11 ie. Hive and we know that 
when fs (x)=0, then fe (x) :and fa (x) are of opposite signs. 
Since / (x) is +ive therefore f, (x) must be —ive. 
Note. Ifwe actually proceed to calculate the value of 
fa (x), it will be — 1433 (after changing the sign). 


E 
so Да] Е 


za 


= 


“vee a _ 
E 


—————— 


EC 
E 


һы |+]-|-| | C 
еп а 
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From above table we observe that there are only 3—1=2 
real roots. One of them is tive and the other —ive. ` Again 
f(0)— —ive and f (1)2-Live ie. they are of opposite signs; 
so we conclude that the pssitive root lies between 0 and’ 1. 
Hence we need not complete the column corresponding to x=1. 

Again f (0)=—ive and f(—1)=—ive £e. they are of 
the same sign. Here either no.root or an even no. of roots 
of f(x)=0 lie between 0 and —1 but as there is only one 
—ive root, as such it cannot lie between 0 and —1; therefore 
we have not completed the column corresponding to х= =: 1. 
Similarly for column corresponding to x=—2: 

Again f(—2)=—ive and f (—3)=-tive. : 

$ As they are of opposite signs, therefore the only —ive 
root lies between —2 and —3, and we need not complete the 
column corresponding to х= —3. 
Ex.4. Discuss the nature and position of the roots of 
~—the equation x*—12x?--12x—3-—0 by means of Sturmian 
Junctions. (Agra 59, 46) 
/Д(х)==х4— 12х24-12х—3, 
J (х)=4 (x3—6x4-3) or x3—6x+3,0n dividing by 4. 
х3 — 6x -3)34—12x24- 12x — 3(x 
= x1—63?--3x 
S68 9x3 
changing the sign and dividing by 3. 
- fs (x) = 27 Е бх-Е3(х-Е3.. 
LA i 12x 4-6 
233—33? +x | =; 
ве 13х+6 


6х2—26х4-12 ` 
6x!l-9x + 3 
—I7x+ 9 


changing the sign. 
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Js (х)=17х—9. 

` Now fs (x) will be numerical and .we ate concerned only 
with its sign, fa(x)=0 gives x=9/17 i.e. slightly > % say 
4+K where К is small. This value of x when substituted 
in f» (x) makes it 

2 (1323-Ky —3 (--K)--1-2K* —K ; 

ie. —ive for small values of K and hence fa (x) is +ive and 
numerical. It may be verified by actual calculation that 


Л (х)=® | 
0 


X — oco 


ACE Sisi. satia ds e TEES 


Eq 
foede ees = = + = -| - + 
Го) id s = n +} e = 
fs (x) + |+ or —ive + NM A pa 3: 
А (х) | + + т zm 
fa G2 Ly чыр c нЕ m dad 
| 


IET) 
No. of | | 
changes La 3| о | 1 jaloa jee] 4 
f signs 
3 Le above ies shows that the given equation has all 


its roots real; one of them is —ive lying in the interval 
(—4, —3). The pum three are tive one lying in the interval 
(2, 3) and two in the interval (0, 1). 

Here we need not complete fully the columns correspond- 
ing to х=—1, о С-З tb de: in all these cases 
pot f (3f c2: f (—3) are all —ive i.e. of the same sign 
and there being only one —ive root, it сап not lie between any 
ofthe two consecutive numbers. Again f (23)-—ive aud 
f(-4)- —-Live i.e. opposite signs; therefore the —ive root lies 


between —3 and —4. 
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Ех. 5. Find the number and position of real roots of 
f (x)=x4—3x8— 2x2 +-7x+3=0. 
Proceeding as usual f, (x)24x3—9x*— 4x 4-7, 
fa (x)=43x?—72x— 69. 
f 6х) =83x—191. 
Ja (x)= + ive as shown below. 


Í J (x) f' (x) 
: y 3x 2t Tx +3 4x3—93x2—4x--7 
43 
——————M— rt tt C MÁÉÁ———— 
* | 4x1—12x3— 8x F 28x-- 12 172x3—387x1—172x-F-301 | 4x 
4x1— 9x3—Ax*--7x 172x3— 288x*—276x 
ae —42421х4-12 —99х°-Е104х-Е301 
43 


a a КНУ ҮҮ УТӘ dee NE PS Ы: 
—3 | —12х3—16х%-Е84х-Е48 |-42572*--44T2x + 12943 
—12х2-27х2-12х—21 '—4257х2--7128х--6831 | —99 


—43х°--72х--69 32)—2656x+6112 
Sa(x)| 43х#—72х—69 —83x+191 
sign changed вза тоа 00 


| sign changed. : 


Since f; (x) will be numerical and we are concerned with 
its sign only, fs (x)=0, gives x=323 which is slightly less than 


Let х=1— where Л is small. 
Putting for x in fa (x), we get 
| Г (х)=43 (0—)°—72 (1—1)— 69 
=43h?—128¢h—28. 


Since л is small the sign of f; (x) is the same as that of the 
last term which is —ive and hence f4 (x)— --ive. 
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| 
MEUM LLL 
| | | ae | | ү 
ro |+|+|+|+|+|+|-|+ 
| 
| 


f°) | x | 
аиа 
J: (х) БЕЕАЕБССЕ 
ырын а 
MEME ааа 
ло) [+|+|+|+|+{|+|+| + 
owe A eee В НА | 
No, of changes MG |2 С E |> | E | 4 


Above table shows that f (x)==0 has got all its roots real 
out of which two are Five and two —jve. Both the -+-ive 
roots lie between 2 and 3, one—ive root lies between (—1, 0) 
and the other between —2 and —1. 


Ex. 6. Find by Sturm's method the number and location of 


the real roots of the equation XE 3x8 4-722 + 10x t- 1=0. 
(Agra 61) 


уо) =-3х24-7х2-10+1, 

f' х) = 42-92-1410. 

Ja (x) —29x1— 18x 14, 

А()=— 1086x—481, as shows below. 
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` 1 
f (x) E ' (x) 
тате IS aequ 4x3--9x? 4-14x 4-10 
Е __— = " Р a ee" 29 а, 
Pu 12x3--28x? 4-40x-4-4 116x3-F261x* 4-406x 4- 290 4 
x | 4x4+-9x3+ 14x?2-+ 10x 116x34-312x?— 56x —4X 
= 3x3+ 14x24-30x+4 |—51 ~51x2-+462x+ 290 : 
4 29 em c 
3 -12x9-F56x2--120x-r16 |—1479x?4-13398x- 8410 | сү 
-12x3+ 27x?--42x 4-30 —1479x2— 3978x 4-714 
_  [29xtr78x—14 |. | 16)17376x4-7696 
f(x) ——29x.—T8x--14 1086x +481 Рб) 


After changing sign. |—1086x— 451 
after changing sign. 


Now it is evident that fa (x) is numerical and we are 
` “concerned with its sign. fs (x) —0 given ; x——3e which is 


slightly less than - Let x=—}—h where h is:small. io 


("emot 5 


. This yalue of x makes ^ (3) —29 (—4—h)*. 


—78 (—1—1)-- 14. 
«ez 2918 -4-49h-4- 63. 
Since h is small, clearly fz (x)=-+-ive. 


Hence hi (х) should be —ive. 


CC-O'BShini Kanya Maha Vidyalaya Collection, — TmT 


Sturm's Theorem ; 
es. by Arya Yo Foundation Chennai and eGangotri x. 


SS] | | | | : : 
| [Б NP A UE | 
fs (x) eee eem] | 
_——!— | сс 
cms | : 
ns Ја (х „ү | ЕЈЕЯЕ 
кы Кышы ee 
| | m А 
4 a ed esteem | 
p eB | | = 
ares | [1 (2 || 
signs | ЕЕ 
Above table shows that there are only 3—]=2 real roots 


which are clearly —ive. One of them lies between (0, —1) and 
the other between cL —2). - 


Ex. 7. Apply one 's theorem te.find the location of the 


- real.roots of the equation — — 1 Р 
EX pU i (I. А. S. 59) 
ў" у= 09-32-55, А Cee 


АГ eee е j^ (x) іме. 'as below. 
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ғо) р ло 
—2х24-5х2—4х—8 4x3—63?-- 10x —4 or 
2 2x8— 3x21 5x—2 
x [хї—4х*14-10х#—8х—16|7 
Du 3x845x¢—2x O TALAFI Td [Loe 41 


—x?-r5x*— 6x—16 |—14х3—14х2—68х —— 
_2 —7x1-103x—14 — 
—1|—2x?*2-10x*?—12x—32  |—'7x*4-7x--34 
—2x-L331—5x--2 —— 48)96x—48- 
Tx*—'1x—34 x1 
fo (X)|— T2 Tx +34 Ss ee Ae) 
Sign changed Sign changed i 


Js (x) —0 gives x=} and f; (х)=—7 (2)4-7 (1)2-34— rive 
Since f (x) is Five .. fa (x)=—ive. 


x —oco} 0 со 1 2 | ==! 

ЛО) |+ | — чь | = + + 

PE Үү 

h | — + — 

fo) | + + — 

ЛО) | — = -— › 
Rey то ЕЕЕ a NER Gea 
changes of| 3 | 2 1 | | 

signs 


We find that there are only two real roots, one —ive and 
one Five. -tive root lies between (1,2) and —ive between 
(0, —1). 

Неге you need not compute fully the columns corres- 
ponding to x=1, 2, —1. 

`: fMO=—-, f=, fQ=+, f(—D- 
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Since f (0) and f (1) are of the same sign therefore either 
no root or even no. of roots lic between (0, 1); but since there 
is only one +ive root, it cannot lie between (0, 1) and as such 
we need not calculate column corresponding to x—1. f(1) and 
f (2) being of opposite signs, the +-ive root lies between 1 and 2. 
Also f (0) and f(—1) being of opposite signs, the —ive root 
lies between (0, — 1). 


Ex. 8. Find the nature of the roots of the equation 
xi4-x*-Ex— 100-0 (Agra 48, 56) 
Sf! (х)=3х?-Е2х-Е1. fo (х)=—4х-+Е901. 


fa (x)=0 gives х=%1=200 app. and this value makes 
f'(x)-ive. 7. fs (x) which will be numerical is —ive. 


а 
s ЕЕЕ ЕЕ Е. 
rep LLLLEEE 
sa [*]--1- ЇЇ | 
ө ||| DP OG 
ше [||| || 


. Above table shows that there is only one real root which 
is ive and that it lies between 4 and 5 as f (4) and f (5) are 
of opposite Signs. 
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Ех. 9. Find the nature of the roots of the equation 
xi—5x3--9x?—7x--2-—0. i (Agra = 
f (х) =1—5х2+9х*—7х+-2, 
f! (х) =4х2—15х02-+18х—7, 
Р(х) =х2—2х4-1. . as shown below. 
| 


EC e цы Je» voce 
—5x3--9x*—']x4-2 Ax8—15x2-+18x—7 | 4х—7: 


4 . у 4x3— 8x? -- Ax 
x Axi—20x:--36:2—28x--8 |—7x°+14x—-7 
' * Mx1—15x3--18x* —"7x — 7х2--14х—7 

Б ee та x 


4—5 220x F 72x2—84x4+32 — 
|— 20х#-Е 75x? — 90x-1-35 
—3x?+ 6x—3 
3x2—6x-+3 

sign .changed 

or xi—2x4-1 

Now fs (x) divides /' (x) without any remainder and as 
such we conclude that x2—2x-+1 i.e. (x—1)* is the Н.С.Е. 
of f(x) and f'(x). Hence (x— 1) must be a factor of f(x 
showing that f (x)=0 has three roots each equal to 1. 


fa); 


ECL 
Го) p - | + ix ILE .2isa root 
[ee rre mme Rr E HE E E 
f'e foe.) = | = "c 
fa (x) B |. NS | + | з 
ar ie is E | 
No. of changes | 2 Tos a | 0 | 
of signs eile: cx 
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From the above table, we find that there are only two 
distinct real roots which are tive. Since f (2)=0, ~. 2 is 
one of the roots and the other root is I which is a triple 
root. Thus the equation has all its roots real, three of them 
being each equal to Land the fourth equal to 2. 


Ex. 9.(b) Prove by sturms method that the equation { 
xi—6xi-13x)—1 2х-Е4==0 has two pairs of equal roots. 


(Agra 57) | 
f G)exi— 68-r13xt— 12х+4 1 
f' Ge 2x8—9x*--13x— 6 (cancelling 2) 
f (х)=2—3х+- 2 asshown below 
Ff (x) f) 
xi—6x34-13x*— 12х+4 2х5—9х4-13х—6 2x-3 | 
2 2x3— 6x? - 4x Е" | 


2 Spe a | ee eT 
арх B,| 3x98 0000 | 
"IRE 184 65 ЕЦ) с=с XO. 
—3x-HI3é—18x-8 |. uc WES 
2 | ’ os 
~3 "6xi--26x2— 36x-4- 16 
— 62--27х°—39х4-18 
=x? 3x—2 | 
FAC) Meee | 
sign changed s | 
From above we conclude that x2—-3x-+2 or (x—2) (x— isthe | 
H. C. F. of f (x) and /' (х). Hence the given equation ..s all i 
the four roots real each root occuring twice i. e. 2, 2, 1, 1, But | 


sturms function will show only distinct type of roots as shown | 
below mA { 


ath. 4 rt y t + Jad + 1209 Ie" 
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| f 
x — оо 0 со 1 2 | 
/ (x) + + + 0 о 1&2 
; | are the 
J' (x) — du et: | roots 
| of f (x) 
А (x) + + + | 
2 2 o ! | 


Ex. 10. Show by the use of Sturm's tleorem that the 
equation 2x®— 18х5--60х1— 120x*— 30x3-- 18x —5—0 has four 
imaginary roots and that its +-ive root lies in the interval (5,6). 

Here proceeding as usual we find that 

fa (x) 2xt4-5x14-220x?--1 
and this expression is always tive for all real values of x 


and ме can divide by it taking f2 (x)=1. Now proceed as 
sual, R 


Ee nel op pspspa 
13 k 3S ШЕШЕГЕ 
ке ТОН peel 
ШАРЕ үр үр | {ү 


Above table shows that there are only two real roots, 

“One tive and one —ive, and the remaining four imaginary. 
Since f (0), f (1), 702), f (3), f (4), (5), are all —ive and as 
Such root cannot lie between апу two consecutive numbers 
from 0 to 5 and we need not compute these columns fully. 
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Again f (5)=—ive and f(6)—-rive; the root lies between 
Sand 6. Similarly f (0)=—ive and f(—1)=+ive; the only 
—ive root lies between (0,—1). Also it may be noted that 
difference in changes of signs corresponding to х=0 and 
=—1 is 2—1=1, showing thereby that one—ive root 
lies between (0,— 1). 
We may als» not compute fully the column for х=6 
and х= — 1 in the above table. 
Ex. 11. Find by Sturm's method the number and location 
of the real roots of the equation 
x*—JI0x*--6x--1—0. (Agra 44, 47, 54) 
Here f (x)2x5—10x?-- 6x 4- 1, 
Г'О\=5х*—30х2+ 6, 
Б (x) =20x8—24x—5, 
fa (x) =96x?—5x—24, 
fa (х)=43651х+- 10920. 
fs (x)=+ive as shown below. 


| f (x) e | f^ (x) 
35—10:3 E 6x4-1 S30 +6 
5 


75x5—50x3-F30x4-5 | 20x1—120x2 4-24 x 
X | 5x5—30x?-4-6x 20x1—24x*—5x 
—20x3-4-24x4-5 —96x?--5x--24 
20x3—24x—5 96x? — 5x —24 
f(x) sign changed sign changed fa (x) 
24 


sx | 48033 —516x—120 
480x?—25x1— 120x 
25x2—456x— 120 
ЕСЕ ын, 1 1 
2400x3-43716x-11520 
25 | 2400x3—125x— 600 
743651510920 
fa(x)| 43651-10920 
sign changed 
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Clearly f; (x) will be numerical and we are concerned 
only with its sign. From fa (х)=0 we get х==—{%% donas 
“slightly greater than —}. Letit be —1--h where h is small. 
2 fa (—14-0) 296 (—d-- 0 —5 (—4+h)—24 
—96/*—531— <. 
For small values of /, fa (—ł+h) is clearly —ive and 
hence fs (x) will be +ive. 


"aues ra |3 | 4 xe ed bene] ey 24 
mE ELE I 
SESS EE sitem 
СОЕ ы |+ +|-|—|-|- 
КОШОК cre pede | + 
ПО є к ыр»! + | —|—|— [= 
ge S|) Se ee р Perera 
КО ++ ++ + +ү+|+[+ |+ 
хли SET ү. 
changes | 5 | 210 | 1 1 0 |a 4 |4 |5 
of signs | | | 


From the above table it is quite clear that the roots are all 
real out of which 3 are —ive and two -Live. One +ive 
root lies between О and 1. We need not compute fully the 
columns for x=2, 3 and 4. * 


t f (1), f£ (2) and f (3) are all —ive and as such the remain- 
ing --ive root cannot іе between any of these numbers. Again 
since f (4) comes out to be tive whereas f (3) is —ive and hence 

‘the only remaining +ive root lies between З and 4 and: the 
column under x—4 also need not be fully tabulated. Again 
from the table it i$ clear that two of the — ive roots іс between 
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О and —1 and we haveto search for one —ive root more. 
Since f (—1), f (—2), f (—3) are all +ive as such the remaining 
—jve root cannot lie between any of them. Agam ancs 
f(—3)=+ive and f (—4) is —ive therefore the remaining —ive 
rootlies between —3 and —4. Hence we need not compute 

' fully the columns for x=—2, —3, —4. 

Ex.12. Use Sturm's method to show that the equation 
x1— 12x 4-7—0 has a root between 2 and 3. 

^ ; (Agra 43. 52, 55, 58) 
f G)-x-—12x-F7, f" (x) =x°— 3, [cancelling 4] 

‚Б (x)=9x—7=0 gives x—7/9. 

&of'cG)9Qp-3iüe —ive. ~. fs (x) tive. 


ee: 
-o ЕЕЕ 
| Fo zE e а 
-ao eE 
No. of changes of signs| ` 2 | 2|0 а | 1 |o 


Above table shows that there are only two real roots 
which are +ive ; one of them lies in tha interval (0, 1) and the 
: other in the interval (2, 3), : 
| Ex.13.(a) Find the number and position of real . 
“зубов of the following equation > xio-15x84-7x— 110. 
i (Agra 52) 
через. Hinte б) = 1x8 p30x +7, fei) = — 302l, 
d Wut! узе, (x) —2837x—217, fs (x) ive. 
| ' Nature. One —ive in (—1, —2), one Live in (0, 1). 
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(b) x*—6x3+-5x2+ 14x—4=0, (Agra 50) 
Л” (x)—233—932--5x—7, № (х)=17х2—57х—5, 
- fa (x)=152x—457, fa (x)= +ive. 
Nature. One —ive in (—1, —2), three +-ive out of which 
one is in (0, 1) and-two in (3, 4). 
(c) x1—4x?]-7x?—6x—4-—0. (Delhi Hons. 49) 
f! (x) —233— 63?--7x—3 (after cancelling 2). 
fe (x) - —x 2x11, Js (x) —2x--1, fı (х) = — ive. 
Nature. One —ive in (0,—1), one -+ive in (2, 3) and 
two imaginary. 
(d) x!—8x3--25x1— 36x-L-8— 0, (Delhi Hon's. 54) 
f! (x)=2x3—12x2+25x—18 (after cancelling 2). 
Je (х)==—х%-Е4х-Е20, fs (х)=—х-Е2,% (x) —ive. 
Nature. Two imaginary, two real --іуе, one in (0, 1) and ` 
the other in (3, 4). 
(e) х%--х°—2х—]7=0. n (Delhi Hons. 52) 
+ /' (х)=3#%+2х—2 р (x)=2x+1, fs (x)=+ive. 
Nature. All real, one -rive in (1, 2), two —ive one in 
(0, —1), and the other in (— 1, —2). 
(f) x4—7x2+ 18x —8-—0. (Punjab 50) 
J” (x)22335— Tx-4- 9, fs (x) 7x* —271x 4-16, 
fa (x) —99x-r-47. 
Js (x) -0 gives x—-1— where h 
is small and this value of x makes f, (x), Th? +-20h-+-32 
Le. tive. Hence f, (x)=—ive. 
Nature. Two imaginary, two real; one -Live in (0, 1) and 
one —ive in (—3, —4), 
Ех. 14. Apply Sturm's theorem to prove that ihe equation 
x*—2x—5=0 has only one +ive real root lying between 2 
and 3. (Agra 35) 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


Sturm's ЛЕГЕ Arya Samaj Foundation Chennai and eGangotri 289 
Ех. 15. Prove that the equation x5—x--16—0 has two 
pa'rs of complex roots. (Delhi Hon's 51) 
f2(x)=x—20 and fs (x)=—ive; one —ive root in 
(—1, —2) and rest four imaginary. 

Ex. 16. Prove by Siurm's method tkat tke equation 
X'—6x'--13x?—12x--4—0 has two pairs of equal roots. 
Sx (х)=(х—1) (x—2) which is the Н. C. F. of f (x)=0 апа 
f' (x)-—0. (Agra 57) 

Roots are 1, 1; 2, 2. 


Ех. 17. Analyse the equation 
x$— 7x$4-15x1— 40x? -48x —16 — 0. 
f' (3)26x0—535x14-60x3— 80x 4-48, . 
fa (x)=13x'— 84x? 4- 192x* — 176x 4- 48, 
f 3 (х) 29x3— 6x? 4-12x — 8:2 (x— 2)? etc. 

Four roots are equal, each equal to 2; of th remaining 
two roots one lies in the interval (0,1) and the other in 
(—2, —1). 

Ex. 18. Calculate Sturm's functions for the quartic 


z4+6Hz?+4Gz+a7}—3H?=0. (Agra 37, 49) 
f (2) =2'+ 6H2+4G62+a31—3 H 
/' (2)=24+3Az+G on dividing by (4). 
234+3Hz+G) z*--6Hz?--AGz -a*1—3H? (2 
24+ 3Hz?4+ Gz 


3Hz*-4-3Gz--a*1—3H* 
„. fs (2) —3Hz2:—3G0z— (à31—3H?) ) 2343Hz+G (— Hz--G 
Multiply by a +-ive quantity 3H? 3H? 
3H*2:--0H*z-3H*G 
3H?z3--3GHz?--(a*HI—3H ) 2 

—3GHz:—(aiIH—12H?*) z--3H*G 
—3GHz:—3G?z—(a*1—3H?) G 

2 (3 (6° --AH9*) —a*LH)--a*1G 
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DPPH yy руу танув o COSI у cae T — aJ). 
Cancelling а? and changing the sign, we get 
ЗН (2HI—3aJ) z-- 3G (HI—3aJ) 
fs (2) —z (2HI—3aJ)—1G)—3Hz3—3Gz—(aM—3H?) ( 
Multiplying by the +-ive quantity (2H/—32J)?, : 
—3H (2H1—3aJ} z2—3G (2HI —3aJ): z — (881—3H3) (2HI —3aJY: 
—3H (2Hi—3aJ)? 22 —3НІС (2HI—3aJ) z 
—3Gz (2H1—3aJ) [H1—3aJ]— (231 —3H3) QCHI —3aJy: 
—3Gz (2H1—3aJ) [HI —3aJ]—3G?I (HI—3aJ) 
3G*I (HI—3aJ) —(a2I— 3H?) (2HI —3aTy: 
,723G* HI? —98G*1J— (a*] —3H?) [AH272 — 12 H1Ja 4- 9а? 7°] 
—3G* HP.—9aG*1— Ag H* 954-12 H'P-4-122?HPJ 
—36H*IJa— 9413-2783 H2? 
—3HT* (G*--4H?)—9a1J (G*--4H?) —4a* T H3 —945]J2 
-H2aH?PJ--27 H*a*J?, 


Putting G?--477—a2 HI— ay, 
=GHP—9alJ) (€ HI— aJ )—4a° ^ H—941]J2 
+-12а%НРЈ--27Н°а7° 
=За®Н?/8— 9а? ЫЈ ЗазНаЈ--9а11Ј . 
— 4a? PH* 9014-12: 1274-27487 
=—@PH?.27H%q2J2, 


Cancelling the --ive factor a2#72 and changing the sign 
we get f; (z)=—27J? which is called the discriminant of 
the biquadratic, [See Ex. 1, P. 197]. 


Ex.19. Verify by means of Sturm’s remainders, the 
condition which must be fulfilled when the biquadratic 


ax" - 4bx*--6cx?--4dx 4-e—0 
is a perfect square and prove in that case 
af (x) ={(ax FEb)*--3Hy. (Agra 39) 
[See Q. 4 P. 194 and Q. 14 P. 239]. 
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Ex. 20. Prove that when the biquadratic о] the wast example 
has a triple factor, it may be expressed in the form 
af (x)—fax--b--V (—H)} fax--b—3V ( — H)). 
[See О. 13 P. 237] 


Ex 21 Find Sturm's functions for the cubic 
24+-3Hz+G=0, 

f(z)=243H2+G, f' (z)=24+H, fo (z)=—2Hz-G, 

fa (2) =—(@+4H8). 


$4. Condition that all the roots of a given equation be 
real and distinct. 


l. Incase the equation has all its roots distinct, then 
the sequence of Sturm’s functions must in general consist 
of (n+1) functions i.e., the given function, its derivative and 
(п—1) Sturm’s remainders. 


2. Incase the equation has all its roots real, then the 
difference of the number of changes of signs when x is put 
co im the sequence over the number when x is put —co 
Should be л. In other words it means that when x is put 
+оо no change of sign occurs i.e. the number of changes 
of signs be zero and -when х=—осо in the (m+1) functions, 
they should be alternately--ive and —ive so that there be п 
change of signs and the difference of these changes of sign 
be n—0=n, the number of real and distinct roots. 


The above conditions are satisfied if we say that the 
leading coefficients of all tbe Sturm’s functions be +ive. (We 
always take the leading coefficients of a given equation to be 
-rive). 

Ex.1. Use Sturm's theorem to show that the equation 
z14-3Hz-4-G—0 has all the three roots real and distinct if and 
only if G^--4H* < 0. (Agra 48) 
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The leading coefficients of all the Sturm’s functions is 

+ive and from Ex. 21, we get the conditions as 
—H +ive and  —(G?--4H?) +ive, 
i.e. Н —ive and G?--AH? —ive. 

But G?--4H? can be —ive only if H is —ive and hence 
the former condition is implied in the latter. Hence 
G*--4H? is —ive i.e. < Oifall the roots of the given cubic 
are real and distinct. 


$5. Nature of the roots of biquadratic. 
By the help of Sturm's theorem, discuss the nature of the 
roots the equation ах 4bx°-+-6cx?+4dx-Le. 
The above equation can be reduced to the form 
f (2)9z*--6Hz*--AGz--a*I—3H2—0, 
where z—ax 4-b and the nature of the roots of the given equa- 


tion and of the transformed equation is same. From Ex. 18 P. 
289, the Sturm's functions are 


J (2)=24+ 6H2+4G2+a2—3H2, 
J’ (2)=2+Hz4+G, 
f (z)=—3Hz?—3Gz—(@I—3H?), 
fs (2)=—2 (2HI—3aJ)—IG, 
Js (2)=12—2772— 4, the discriminant. 
1. All roots real and distinct—The leading coefficient of 
Sturm's functions should be Live. 
Н —ive, 2HI—3aJ —ive, P—27J? 4 ive. 
2. All roots imaginary— 
12— 277° tive, and either H -Five or 2H1—3aJ +-ive. 
In this case corresponding to 2=со, the number of 
changes of sign in the above sequence will be 
27—0» -++—(+ or —)+ 2changes 
==—--—— (+ or —) + 2 changes 
The difference corresponding to the values oo and — «co 
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of z is zero and hence the equation has no real roots. Thus 
all its roots are imaginary. 

3. Two roots real and two imaginary— 

P—27J? —ive: In this case we shall find that the 
difference of the changes of signs corresponding to 2—00 
and —co in the above sequence is always 2. We may glve 
Н and 2HI—3aJ any sign we like. Tnus the equation has 
two real and two imaginary roots. 

4. Two equal roots—In this case clearly P—27J2—0 
and then f; (z)—0 will give us the H. C. F. of f (2) and f’ (2), 
and thus proving the existence of two equal roots. 

5. Three equal roots or two pairs of equal roots :— 

in this case the H. C. F. should be of 2nd degree and also 
a perfect square or composed of two unequal factors according 
as three roots are cqual or two pairs of equal roots exist. 
Hence fz (z) should vanish identically which will happen 
when either (1) J=0 and J=0 
or (2) G=0 and 2HI—3aJ=0. 

When /=0, J=0, we get G*--AH?—a* (HI—aJ)=0 
and f» (2\=0 becomes 3Hz?4-3Gz —3H?—0 
and its discriminant is 9 (G?--47/3) which is zero and hence 
its roots are equal ie. it is a perfect square. Since the 
Н. C. F. is a perfect square, f (z)=0, has three equal roots. 

When G=0 and 2H#—3aJ=0, then / (2) is the H. C. F. 
but is not a perfect square and hence the equation will have a 
pair of equal roots. 


Note :— Now G'-4H?—G*H[—a3J. Putting G—0 and 


= we get AI eHI- a 3 or @7J=12H* and this 


is same as the condition we had found in Ex. 14 P. 239. 

6. All roots equal—If J=0, H=0 and G=0, then f, (2) 
vanishes identically and the Н.С.Е. comes out to be f'(z) i.e. 
z? showing that all the roots are equal. 
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CHAPTER Vili 
SOLUTION OF NUMERICAL EQUATIONS 


$1. Algebraical Equations :—Those equations in which 
the various coefficients are not numerical numbers, but 
algebraical quantities, are calied algebraical equations. The 
roots of such equations are determined in terms of the coeffi- 
cients, just as the quadratic ax?--bx-4-c—0 has for its roots 
PE. t 2— j . . . 
c RETE 9) ас) - The algebraic solutions of cubic and 

a 

biquadratic equations have already been given in Chapter V. 


Numerical Equations :—In the case of numerical equations, 
the coefficients are given numbers and we can find either the 
exact or approximate value of а commensurable root of the 
equation by the methods to follow. 


Commensurable and incommensurable roots :—A real root 
of a given numerical equation is said to be commensurable 
when it is an integer, ora rational function or terminating or 
repeating decimals which are reducible to fractions. The 
incommensurable roots of an equation consist of interminable 


decimals. For examples, 4, 7, 2, 1 are commensurable whereas 
ЖЗ, 413, e, т are incommensurable. 


$2. Theorem :— Ап equation with integral coefficients and 
having unity for the coefficient of the first term, cannot have a 
commensurable root which is not an integer. The integer root 
of such an equation is a factor of the absolute term. 


(Pb. 63, 57, 55, 52) 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


5оішіот у NANAP MAGA EIN Chennai and eGangotri 295 


Let the equation be  x"+-a,x"-2-+-aex"-24+...+4a,=0 
where all the a’s are integers. If possible, let us suppose 


that it has a root =» a fraction in its lowest terms. 


MOORE 


Now multiplying both sides by g"-1, we get 


т 
aD aap 4+ oar CIT S 


Now since p and q have no common factor, hence 
„+ 
L. H. S. ie. = is a fraction in its lowest terms whereas in the 


R. H. S. all the terms are integers. But it is impossible for a 
fraction to be equal to an integer and hence our supposition is 
wrong. 


Hence if the equatign has commensurable roots, they must 
be integers. Or, the real roots of the equation of the type as 
given above are either integers or incommensurable. . 


Note. In case the coefficient of highest term be not 
unity but say ао or other coefficients be not integral, then 
we сал reduce this equation to another by multiplying the 
roots of the given equation by ag or by the L. C. M. of 
the denominators of the various fractional coefficients or a 
number less than that so that all the coefficients of the trans- 
formed equation are integers and the coefficients of Jeading 
term unity [$ 4 P. 58]. The roots of this transformed equation 
will be inte;ers only. Having found them we can find the roots 
of the original equation as y-aex or Kx. 


From the given equation we find that product of all 
the roots is numerically equal to а, which is an integer and 
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the roots too are integers. Hence we conclude that each root 
must be a factor of ap. 


Thus for finding the integer roots of the equation we 
should try a factor K of the absolute term ал for the root 
off (x)=0. If Kisa root, then f (K)=0 i.e. (x—K) divides 
f (x)=0 exactly. We shall give below another method of 
finding out the integer roots of a given equation which is known 
as Newton’s Method of Divisors. 

$3. Newton’s Method of Divisors for obtaining integral 
roots of a given equation. 

(Delhi Hon’s 48, 55, Pb. 32, 36, 39, 51, 63) 

Let h be an integer root of the equation 

/ (х) ax" ax" 4 aax"24 ay ах+а,=0 
where all the a’s are integers, Again suppose that when 
f(x) is divided by (x—h), the quotient is ¢ (x) where 
Ф (x) box" 14 ухраах, where all the 
б'е must be integers. Then we have > 
f (x)&(x—h) à (x) 
=(x—h) (бх"^1-ЕЬ,х”-®-ЬБ»х"73-Ь-...-_Ь„_эх-ЕБ„-л). 

Comparing the coefficients of like powers of x, we have 

the following relations : 
ао== bo, a7 b1— lbo, a2=b2—hby..., | 
а= b,— hb, 1, Qn-2=by_2—hb,,_3 > ..(А) 


Qn-1=b,-3—hb,_» and Q,=—hb,-1 


Rewriting the above relation in reyerse order, we have 


ial De onsite - ) 
h bui Bo Ont | 
berba. zs | 
у= = аар. н 
Am ES 
из ле cA Ud. op and т | 
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The relation B Suggests the following method for testing 
any number / for the root of the given equation. 

Divide a, by Л and the quotient is —b,-1. Add the 
quotient to a,.; and again divide by л and the quotient is 
—0,-з. Add the quotient to Q4.» and again divide Һу л and 
the quotient is —5,.s. Continue the process and you will 
get the last quotient as — which when added to ag must 
give zero in case / isa root. We know that all the b’s i. e. 
various quotients are integer and hence if at any stage of 
division we find that any of the quotients is not an i.teger 
we should conclude that / is not the root and the process 
must stop. 

In the light of relations 4 and B the above procedure can 
be exhibited in a simple way as follows :— 


EJ а An-1 @л-......... az a ao 
бал baaba ЫИ Ы 
= libn-2 161-2 coco —hb, —hbo 0 


Procedure :—The first line denotes the coefficients of the 
given equation written in reverse order (supply the missing 
coefficients by zero). The second line denotes the coefficients 
of the quotients written in reverse order with Sign changed. 
The third line gives the number obtained by adding the 
corresponding numbers of Ist and 2nd lines and all of them 
are divisible by л. If at any stage any number of 3rd row 
is not divisible by /, the process should stop and we should 
conclude that / is not а root. Incase л bea root the last 
` number in the 3rd row should be zero. Divide a, by Л and 
write the quotient in 2nd line. Add it to the corresponding 
number of Ist line and we get the 15 number of 3rd line. 
Divide it by л and write in 2nd line. Adding it to the corres- 


ponding number of Ist we get the 2nd number of 3rd line 
and so on. 
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Note—The above method gives only the integer roots of 
the equation, 
х aox” --a1x"71-- аәхт 24... ta, лх-+-а,=0. ; 
Also we know that if the coefficient of the leading term be unity 
and all other coefficients integers then the integer roots are the 
only commensurable roots. Hence in order to find all the 
commensurable roots of the given equation we should reduce 
the equation to the form in which the coefficients of leading 
terms be unity and the integer roots (as it will have only integer 
roots) of the transformed equation may be found. Having 
found these integer roots, we can find all the commensurable 
roots of the given equation :— 


Note :—Havine found that any integer 15 a root of the 
given equation we should try other integers to bea root of the 
depressed equation whose coefficients will be the elements of 
2nd line in reverse order with sign changed. 


$4. Restricting the number of trial divisors in Newton's 
method. (Pb. 32, 36, 39, 51) 
We have seen that in an equation whose coefficients are 
integers and leading coefficient unity all the integer roots are 
the factors of the absolute term аһ. In case a, be large we 
shall have to test a large number of different factors of a, for 


the roots of the given equation. The following methods will 
be of considerable help :— 


1. Іл bea root of the given equation, then 
J (x)=(x—h) ¢ (x) where ф (x)-is the quotient. 
— ЛО)=(1— Ф (1) or —(h—1) ¢ (1), 
С 1)=(—1—Лл) $ (—1) or —(h4-1) Ф (—1). 

_ Above shows that A—1 must divide f (1) and (k+1) 
must divide f (—1) in case h be a root which will be a factor of 
Of ay. Hence all those trial divisors i.e. factors of аһ Which when 
increased by one fail to divide f(—1) should be rejected, and 
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all those which when decreased by one fail to divide f (1) 
should be rejected. 

2. Find out the upper and lower limitsof the real roots 
of the given equation and all those factors of a, which do not 
fall within these limits should be rejected. 


3. Some of the trial divisors can be rejected by perform- 
ing the Newton's Method mentally as you will find that just 
in the beginning the elements of the 3rd row in Newton's 
method will not be divisible by Л, the trial divisor. 

4. Incasef(1)—0 cr f(—1)—0,then I or —1 is a 
root and we can depress the equation by one dimension. 

5. Repeated roots--In cass h be a double root, then /? 
must bea factor of last coefficient and / that of last but ons. 
IF h bea triple, then /?, 4? and л Should be factors of last, 
last but one and last but two coeficients respectively of the 
given equation. 


Ex. 1. The roots of the equation 
x1—x3— 30x?— 76x —56—0 
lie between —6 and 12. Find them. (Delhi Hons. 59, Pb. 39). 
The possible factors of 56 that lie between —6 and 12 
are +2. +4, 7, 8. 


Also f (1) —162 and f (—1)— —8. 

Reject all those divisors which when increased by one 
fail to divide f(—1), thus rejecting 2, +4, 8 and weare 
left with —2 and 7. Reject all those divisors which when 
decreased by one fail to divide ГО).  —2 and 7 are not 
rejected and we proceed to find whether they are the roots 
Ог not. 


сд | 56 . 760 C ee 


28 24 3 —I 
—48 `—6 2 (0 
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Thus —2 is a root and the depressed equation is 
x3—3x2—24x—28=0 as the second line gives the coefficients 
‘of the depressed equation in reverse order with sign changed. 

Let us try the trial divisor 7 on this depressed equation. 


ESO o4 3 73 
s scd oo 1 
con mpm 


Thus 7isalsoa root, and the depressed equation is 
x?--4x4-4—0 whose roots are clearly —2, —2. 

Thus the commensurable roots (which will be integers 
only) are 7, —2, —2, —2. 

Note :—Since —2 isa triple root it may be seen (—2)?, 
(—2)? and (—2) are the factors of last, last but one, last but 
two coefficients respectively. 

Had we tried any number other than —2 or 7, we 


would have found that the element of 3rd row willnot be 
divisible by that number showing that that number is not 


a root. B 
Ex. 2. Find the commensurable and multiple roots of the 
equation х5— 4x1— 2x3-- 14x? —3x 4- 18—0. (Pb. 45) 
The divisors to be tested are -- (9, 6, 3, 2). 
Again f (01)224, f (—1) 232. 


By the rule explained in last example +9,+ 6 and 2 are 
rejected. Because 9 when decreased by 1 divides f (1) but 
when increased by one does not divide f(—1). Hence we 
are left with +3, —2. 


В 3 M 2  —4 . 1 
d 1 5 1—1 
Geet Sg 1553 0 


Hence 3 isa root, Again 32and 3 are present in last 
and last but one coefficients respectively and as such there is 
а possibility of 3 being a repeated root. We try the trial 
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divisor 3 on the depressed equation хї—х%—5х°—х 6=0 


3 | о EX i 1. 
= = 9) I =) =й 
—3 EN  =® 0 


Thus 3 isa double root. Now we shall try the trial 
divisor —2 on the depressed equation. 


=a 2 i 2 1 
= О] 
EUN ыо 


Thus —2 is а root and the depressed quadratic is 
х+1=0, ^ х=: 
Hence commensurable roots аге 3, 3,—2. 
Ex. 3. Find by Newton's method of divisors the integral 
roots of the equation 6x!—25x3--26x?--4x—8—0 and hence 
Solve it. (Pb. 46) 


In order to make the coefficient of leading term unity 
we have to multiply the roots by 6 which will make the 
absolute term of transformed equation quite big. We first 
find the equation whose roots are the reciprocals of the roots 
of the given equation and ‘that equation is 

8yi—4y3— 26y? 4+ 25y—6=0 
а 25 3 

In order to make all the coefficients integers we should 
multiply the roots of the above equation by 2 and the trans- 
formed equation is 
zi—z3— 13z°425z—12= =0,where 2=2y=2.— 


J (1)=0 and hence 1 is a root and depressed equation is 


l.i Жу m 1 
=. =? 13 D =i 
13-с у agde DI 
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z8—13z+12=0. Again 1 is clearly a root of this equa- 
tion and the depressed equation is 


1| 12 —13 0 1 
D . 12 —1 —1 
—1 —1 0 

Thus 1 is again a root and depressed equation is 
z+z—12=0 or (z+4)(z—3)=0, .. z—3,—4, 
Hence z— 1, 1, 3,—4, and pm 

2.2 2 —1 

X—2, ©з? 72 ms 


(b) Find the commenstrable and multiple roots of 
f (x) =9x4—12x8 —71x?— 40x +16=0. 

In order to make the coefficient of leading term unity 
we multiply the roots of the given equation by 3 and the 
resulting equation is 

$ (y)=yi—4y?— 71 y?—120y+ 144=0. 
where y=3x. 2 

Proceeding as usual the only numbers to be tried for 
roots are 2and —4. 2 can be shown not to be a root 
whereas —4 is a double root as (—4)? and —4 are the 
factors of the last and last but one coefficiznts. 

Ф (y)=(v+4)*(y2—12y+9)=0; 
7. y=—4, —4, 3 (22: V3), 
= Za A -4 and (22-3). 


Hence the multiple commensurab'e root is —£. 
Ex.3. (c) Solve the equation 
6x1— 7x8 +. 8x°—7x+2=0 
given that it has two commensurable roots. (Punjab 57) 
Proceeding exactly as in part (a) put y=1/x and z—2y etc. 
$ (2)=24—725+ 16z*— 282+ 48=.0 where 2=2/х. 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


a 


Newton's Method of Divisors Р 303 
Digitized by Arya Samaj Foundation Chennai and eGangotri 
D.visors to be tested are + (1, 2, 3, 4, 6, 8, 12, 26, 24, 48). 
$ (1)=30, ¢ (—1)=100. 
All those divisors which when decreased by 1 fail to divide 
$ (1) and which when increased by | fail to divide Ф (—1) are 
to be rejected. 


Thus we reject 
2, —3, —4, +6, +8, +12, +16, +24 +48. 

We are therefore to try —2, 3, 4 only. 
We try —2. 

кол :48 ÆR 16 7 1 

TE LU © —o 14 
Thus we conclude that —2 is not a root as the last 

element in 3rd row is not Zero. 

Again try (3). 


3| 48 —28 16 —7 1 
16 —4 24 — 1 
—12 12 —3 0 
3 is a root. о : 


Now we shall try 4 on the depressed equation whose coeffi- 
cients in reverse order will be the 2nd line with sign changed. 


4| —16 d sea 1 
и ао 
ОЧЕ 0 


4 is a root. 
The depressed equation is z24+4—0 ©. 2—2} - 
2=3, 4, x2i—2lx.  .. х=}. 4, +i. 
(d) Find all the commensurable roots of the equation 
6x1—5x3— x°—7x4-4—0, (Punjab 55) 
$ (2) =21— 7235—4z?— 802-1 384—0 were z-—4y-4ix. 
Also Ф (1)=294 and $ (—1)=468, 
where 8 and 3 are shown to be the roots. 


Ans £m 1; а 
З Ер Р Бариу 
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Ex. 4. Find the commensurable roots of the equation 
x5—29x1— 31x34 31x*—32x-+60=0. 
(Agra 60, Pb. 51, 55) 
f (1)=0 and hence 1 isa root and the depressed equation 
as above is ф (х) =х1—28х3— 59x?— 28x — 60—0. 
ф (1)=— 174, ф (—1)=— 62. 


By applying the principle explained їп Ex. 1, we are left 
with divisors —2, 30. 


30] —60 —28 —59 —28 1 
тд ОЕ ЖЫШААН 
—30 —60 —30 0 
Thus 30 is a root. Again try —2 on depressed equation. 
Z2 2 1 2 1 
кейүү Os кү 
0 2 0 


Thus —2 is root and the depressed equation is 
x*+1=0, 2. x-—ci. 
Hence the roots are 1, 30, —2, t i. 
Exercise 


Q. 1. (a) The commensurable roots of the equation 
x5—23x*-4- 160x3—281x?—257x —440—0 
lie between —1 and 24; find them. (Punjab 58) 
Here we have to try as divisors the factors of —440, which 
lie between — 1, 24 and they are 
2, 4, 5, 8, 10, 11, 20, 22. 
Again f (1) —840, f (—1)2 —648. 
Now 10, 20 when decreased by (1) fail to divide f (1); 
hence rejected. Similarly 4, 22 when increased by 1 fail to 


divide f(—1), hence rejected. So now we have totry the 
divisors 2, 5, 8, 11. 


© 


at 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


Newton’ ‘s DAZ A BY SOB iti ge Chennai and к 305 
2| —440 —257 | —28]1 160  —23 І 
—477 


Stop here as —477 is not divisible by 2. 
Now we try the divisor 5. 


Sj. =440 2250 ов Ооз 
= саш A ТЕ 210 
mob. s 0 


The above shows that 5 is a root and the depressed 
equation is 
x4— 18x34 70x24 69x+88=0. 
Now we try 8 on this equation. 


B 88 69 — 0 e MT 
| п 10.7 IO =. 
80-. - 80 SEN 


Thus 8 is a root. E 

Now we shall try 11 on the drpressed equation 
x3—10x3— 10x—11—0. 
ш и -—10  —I10 
— 1 zl 
za cm 

Thus 11 is also a root. 
The depressed equation is 3?--x--1—0 whose roots are 

SEL 3 


D 


4 


1 
х 
0. 


(b) Find th2 integral roots of 
х*ї+х%—2х%-„4х—24=0. _.. (Delhi Hon’s 55) 
/()=—20, f (—1)= —30. 
You will be left with only divisors 2, —3, —4. 
Ans. Integral roots 2, 3; other roots +2], 
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(c) Find the roots of 
f (x) =16x5+-80x'—96x3 4-4x? + 23x—6=9 
given that the roots are all rational. 
Dividing by 16, we get 
f (x) =x5+ Sx4— 6x3 4- 4x24 28x — $ 0. 
In order to remove the fractional coefficients multiply the 
roots by 2. 
ф (y) y*4-10p1— 24y3--2)? 4-23y —12— 0. 
The divisors to be tested are - (1, 2. 3, 4, 6, 12). 
ф (1)=0 апа ¢(—1)=0 .. Тапа —1are its roots. 
or (y+1)(y—1) Le. y®—1 isa factor of ¢ (y). 
< 4$()—0?—1) 9?4-105?—23y-r12). 
We shall now. solve y®+10)?—23y+12=0, 
Again 1 is clearly a root; .'. it can be written as 
(y—1) (7 +11v—12)=0 
or (y—1) (y—1) (v+12)=0. 
$ (y) 20?—1) (/—1» (v-+12)=0- 
y=1, 1, 1, —1, —12-2« 
x=}, 4, 4, —4, —6. 
2. Find the integral roots of the equation 
3x“ — 23x34 35x24 31x—30=0 
having been given that the limits of such roots are —2, 6. 


(Delhi Hon's 41, 58) . 


Ans. —1, 3, 5. 


Multiply the roots by 3 апа the limits of the roots of new 
equation are — 6, 18. 
3. Find all the commensurable roots of 
2x*—31x*4- 112x --64—0. (Punjab 61) 
1 


Ans. mj 8, 8. 
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4. Solve the equation by Newton's method of divisors : 
2х6— 15x54 32x! -- 23x33 — 186x? 4-260x— 120—0, 
beirg given that the roots lie between 3 and —3. (Punjab 53) 


2,2, 2, x V5 


3 
Ans. PE 


Multiply the roots by 2. 
ф (y)= y$— 15y5 + 64y4+92y3— 1488y?2-4160» — 3840 — 0. 
Here you find that 43, 4°, 4 are the factors of last, last 


but one and last but two coefficients. Hence 4 can be a triple 
root etc. 


5. The following equation has only two different roots. 
Find them :— 


х5— 13х1--67х2—171х2-4-216х—108=0. 
Ans. 3, 3, 3, 2, 2. 
$ 5. Horner's Method :— 


By the above method which is due to Horner, we can very 
conveniently find both the commensurable and incommensurable 
roots of a given equation f (x)—0. We first find the integer part 
of the roots and then proceed to find the decimal parts figure by 
figure. Ifthe roots be commensurable then we can find it 
exactly and in case of incommensurable roots the value can be 
determined to any number of places of decimal which are ob- 
tained in succession. 

We shall give below the method of finding the positive 
roots of f (x)—0. In order to find the —ive roots of f(—x)=0 
we shall find the +-ive root of f (—x)=0. 


Let us consider an equation 


f (x)exaox" ахах"... an 3x 4-24 —0...(1) 
and suppose that it has a root say « whose integral part 
isp ie.it hasa single root in the interval (p, р--1) where 
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pisa +0 "integ nm We ave stated here that there isa single 


Toot in the interval (р, р--1) for if it has two roots in this 
interval, then those roots will be nearly equal and this case we 
shall consider later on. Let the root « in the interval (p, p+1) 
be denoted by P'qrs...where q,r, s...are the figures of the 
decimal part of the root. 
15 step. Diminish the roots of (1) Бур as explained in 
$ 5, P. 62 and let the transformed equation be 
box? 4-Byx"-14 ba xn-2.1. | 
Tb, x4 5,—0 where by=ay ...(2) 
The equation (2) has again a single root between 0 and 1 
l.e. a root O-grs... In order to find the value of q, we 
multiply the roots of (2) by 10 [$ 4, P. 58] i. e. we multiply 
the 2nd, 3rd, 4th...terms by 10, 10°, 10*...respectively or we 
affix one zero, two zeros, three zeros, with 2nd, 3rd, 4th... 
coefficients respectively and the transformed equation thus 
obtained is 
ф (x)esbox" + 10р, х"-14- 1025x772... 
T 1052715, 1x-4- 1075, =0......(3) 


Now the roots of (3) are the roots of (2)- multiplied by 
10, i. e. it has a single root between 0 and 10; the root of (2) 
is ‘grs...and hence the single root of (3) is q‘7s...Now diminish 
the roots of (3) by g which is the greatest integer of the root of 
$ (x)=0. 

Important Note— 

Now we diminish the roots of (3) by q and we obtain the 
transformed equation as 

Cox cix? IH сухт 24... сь ix с„=0 ...(4) 

It should be clearly noted that the sign of the last term of 
(4) is the same as that of the last term of (3). 

Why ?—Equation (3) has a single root between 0 and 10 


and the greatest integer that we have found is 4 іе. · 
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it has no root between 0 and qand has a root between д апі 
9+1. А 
Now Ф (0)=last term in the equation (3) and whose roots 
when diminished by q give the transformed equation whose last 
term will be nothing but the value of Ф (9). 
[See Р. 68 or 9] 


Now if ¢ (0) and $ (q) beof opposite signs, then 
naturally a root of 4. (x)=0 will lie between 0 and g which 
contradicts that д is the Breatest integer of the root of (3). Hence 
we conclude that if we are diminishing tbe roots by the greatest 
integer then the sign of the last term ‘of the equation whose 
roots are being diminished and that of the transformed equa- 
tion should be same. 

Effect of diminishing;by a number greater than the grea- 
test integer of the root. 

The sign of the last Терт changes when we diminish the 
roots of (3) bya number greater than the greatest integer of 
the root of (3). For: example, if we diminish the roots by 
(94-1) which is greater than q, the greatest integer of the 
root of (4). then naturally Ф (4) and $ (04-1) i. e. the last terms 
of the transformed equation when the roots of (3) are dimi- 
nished Бу q and (7+1) will be of Opposite signs asa root of 
(3) lies between q and 44-1. Now'¢ (q) has the same sign as 
that of the last: term of (3) andas such $ (44-1) will have 
opposite sign. 


being diminished, we should feel that we have diminished the 
roots by an integer which is greater than the greatest integer of 


the root of the given equation. 
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Note :—In the case of equal roots say 2:347 ; 2-604...... 
when we diminish the roots by 6, we shall find that the sign 
of the last term will change as we shall cross the integer 3 which 
happens to be greatest integer for one of the nearly equal roots. 
The change of sign oflast term will happen only in the case of 
nearly equal roots as will be discussed later, 


‘It will provide a good check іп the calculations. 


Effect of diminishing the roots by a number less than 
the greatest integer of the roots of the equation. 

The roots of (4) will now be'rs ... i.e. it will li: 
between 0 and 1. We again multiply the roots of (4) by 10 
and the roots of the transformed equation wil] be between 
0 and 10 and the greatest possible next integer can be 9 
only. 


Now suppose you diminish the roots of (3) by a number 
less than the greatest integer of the.root of (3) say by (4—1); 
then the root of (4) will be 1'rs... 2. it will lie between 1 and 2. 
We again multiply the roots of the transformed equation by 10 
and the roots of the new equation will lie between 10 and 20 
and as such the greatest integer of the root will be somewhere 
between 10 and 20, i. e. a number greater than 9. 


Similarly if you diminish the roots of (3) by (4—2), 
then the roots of transformed equation will be 27s...i. e. it 
will lie between 2 and 3. We again multiply the roots of 
the transformed equation by 10 and the roots of the new 
equation will lie between 20 and 30 and as such the 


greatest integer of the roots will be somewhere between 20 and 
30. 


Hence we conclude that if at any stage of diminishing 
the number suggested by which the roots are to be diminished 
is greater than 10, we should feel that at the previous stage we 
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had diminished the roots by a number which was less than the 
greatest integers of root of that equation. 

Newton’s method of approximation : 

In the above process after we have diminshed the roots 
2 or 3 times and each time multiplying the roots by 10, it 
will be difficult to find the greatest integer by which the next 
diminishing is to be done. The following theorem gives an 
easy method for finding the digit by which the diminishing 
should be done after two, three stages (or even earlier). 

After two or three transformations the next greatest 
int: ger of the root is obtained by dividing the last coefficient 
by the last but one. 

Suppose a root of f (x)=0 differs from « by a small 

—f (2) 


quantity h ; then h is approximately equal to FO 


Since «+A is а root, .. /(«+h)=0. 
We know that f (0) = +f’ (9)--24 f O=. 


Neglecting higher powers of h, we get 
D mgr («) 
РО)" (®)=0 or ln (2)* 

Now when we have diminished the roots by «, then f (a) 
is the last term of the transformed equation and f? (х) is 
the coefficient of last but one term. Hence the next number 
his obtained by dividing the last coefficient by the last but 
one. 


Again since i is +ive and we are dealing with -ive 
roots, we conclude that f (е) and f" (x) should be of opposite 
signs, i.e., the last two coefficients of the transformed equation ' 
must be of opposite signs before we find the next integer by the 


above process. 
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The last but one coefücient is known as trial divisior 
and the above method is known as the principle of trial 
divisor, 

Conclusions and working rule :— 


(1) Tryto find the integral part of the roots by the 
principle that if f (a) and f(b) be of opposite signs then at 
least а real root of f (x)=0 will lie between a and b. Choose 
a and 5 two consecutive integers. 

(2) Diminish the roots by a and the roots of the trans- 
formed equation will then lie between 0 and 1 because a and b 
аге consecutive. Multiply the roots by 10 by annexing zeros, 
and again find the greatest integer of the root of the equation 
as in (1) and diminish again the root by this number. Continue 
this process. 5 i 

(3) After two or three Stages of diminishing apply the 
principle of trial divisior, i.e, divide the last coefficient by 
the last but one coefficient to get the next integer by which 
the roots are to be diminished and these two coefficients should 
be of opposite signs. 

(4) The sign of the last term should be maintained 
throughout after the first diminishing. In case it changes it 
Should give you an indication that the diminishing is done by a 
number greater than the greatest integer of the root whose roots 
have been diminished. The sign of the last term will change in 
the case of nearly equal roots. 

(5) If at any Stage the greatest integer of the root 
comes out to be greater than 10, it should give you an 
indication that the diminishing is done by a number less 
than the greatest integer of the root whose roots have been 
diminished, | z ‚ 

= (6) While diminishing the roots supply the missing terms 
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by zero coefficient. We shall illustrate all these points, checks, 
cautions in the following examples. 


(7) Important :—It may happen that at any stage the 
trial divisor suggests the next integer to be zero. In such a 
case we should again multiply the roots by 10 by annexing zeros 
and write zero in decimal place of the root. 


Ex. 1 Find the +ive root of the equation 
Xx-Ex?-Ex— 100—0, 
correct to four places of decimal. 
(Agra 48, Delhi Hon's 48, Punjab 63) 
Sf (x)=x°+2x°+x—100=0. ... (T) 
(1) f(4)=—16, f(5)=+55 and hence the -ive 
root lies between 4 and 5. Let the root be 4. qrst... 
(2) Diminish the roots of the given equation by 4 and 
we get the transformed equation as 
x°-+ 13x?-+57x—16=0. ...(2) 
(3) The root of (2)lies between 0 and 1. Multiply its 
ro-ts by 10 by annexing one zero, two zeros and three zeros 
with the 2nd, 3rd and 4th coefficients respectively; we get 
the transformed equation 
ф (x)=2x3+ 130x?-++5700x— 160. 0=0. | ...(3) 
(4) The roots of (3) lie between 0 and 10. Clearly 
ф (2)=—ive and ф (3)=+ive and hence the greatest integer 
of the root of (3) is(2) as is evident otherwise too by the 
principle of trial divisor; if we divide 16000 by 5700, the 
num ber suggested is 2. 
(5) Diminish the roots of (3) by 2and we get the trans- 
formed equation as x?4-136x?.-6232x—4072—0... (4) Tt 
isto be noted that the sign of the last term in (3) and (4) 
is same and the last and last but one coefficients have opposite 
signs. 
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Wreng Steps. 

(a) Suppose we diminish the roots of (3) by 3 which 
is greater than 2, the greatest integer of the root of (3). We 
find the transformed equation as 

x3-- 139x?1- 6507x 4- 2297 — 0. 

We find that the last term docs not maintain the same 
sign as that of (3) indicating that we have crossed the greatest 
integer. Also thelastand last but one coefficients are not of 
Opposite signs. 

(b) Suppose we diminish the roots of (3) by 1, a number 
less than the greatest integer of the roots of (3); then the trans- 
formed equation is 

0 X4. 133x?4-5963x — 101690. 

Multiplying its roots by 10, we get 

x?-- 1330x?-1-596300x— 10169000 — 0. 

The trial divisor suggests a number greater than 10 by 
which the roots should now be diminished indicating that 
we have chosen for diminishing anumber less than the greatcst 
integer of the root of (3). 

Rigid process continued. 

(6) Тһе roots of (4) lie between 0 and 1. Multiply its 
roots by 10 by annexing zeros and the transformed equation 
is x*+- 1360x*+- 623200x —4072000 —0. E) 

(7) The roots of (5) lie betwean 0 and 10 and the trial 
divisor suggests the next number to be 6. 40720000--623200 
Suggests б. : 

- (8) Diminish the roots of (5) by 6 and we get the trans- 
formed equation as 

x+ 1378x?-+ 639628x — 283624 —0. ...(6) 

tis to be noted that the sign of the last term in (6) is 
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the same as that of the last term of (5) and also the last and 
last but one coefficients in (6) are of opposite signs. 


(9) The roots of (6) lie between 0 and 1. Multiply its 
roots by 10 by annexing zeros and transformed equation is 
x34- 137802? -4- 66962800: —283624000 0, (7) 
(10) The roots of (7) lie between 0 and 10 and the 
trial divisor suggests the number 4. 
(11) Diminish the roots of (7) by 4 and we get the 
tranformed equation as 
x3-+ 13792x° 2-64073088x — 27552256 —0. dh) 
(12) The roots of (8) lie between 0 and 1. Multiply 
the roots by 10 by annexing zeros and the transformed 
equation is 
x3-+ 137920x?-+ 6407308800. —27552256000=0. (9) 
(13) The roots of (9) lic between 0 and 10 and the 
principle of trial divisor suggests the next figure to be 4 
which is the fourth place of decimal and we need not carry 
on further process. Hence the +ive root of the given equa- 
tion correct to four places of decimal is 42644. 


Will you be prepared to find out the root of the above 
equation correct to nine places of decimal by proceeding as 
above? I know you will never be ready. We wil give a 
simple method for such a case in the next article. : 

All the thirteen steps done above are put in ‘simple form 
below. [See P. 62-63 for diminishing the roots.] 
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EE 4:2644 
el 1 —100 T 
ds 20 84 4 
4 ор ут De 
1 
9 | ОУ | 4072000 л == 
4 | 264 3788376 6 
[BOSE - 5964 | —283624000 .|— 
2 268 256071744 As 
132 623200 | — 27552256060 
2 8196 
134 631396 - 
2 __ 8232 | 
1360 | + 63962800 — 
6 __ 55136 
1366 64017936 
6 55152 
1372 | 6407308800 
13730 o 
4 
13784 
4 
13788 
4 
137920 


For finding the last number in the decimal plece we need 
not continue the process of diminishing. After annexing 
Zeros, find the integer by trial divisor. 

§ 6. Contraction in Horner’s Method. 

We have seen that if in the last example we were to 
f:i evaluate the Toot correct to nine places of decimal, the usual 
. Process of annexing zeroes will be too lengthy and beyond 
the patience of the students, We shall illustrate the above 
ROLES by taking the last example. We have seen in last 
example that after having found the root correct to three 
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places of decimal and then multiplying the roots by 10,- we get 
the transformed equation as 


x3--13792032-1-6407303800x— 27552256000—0. 
Dividing the L. H. S. by 1020, we get 
*0012x?-4-137:92x? -6407308:8x— 27552256 —0. 


We can assume here that the roots of the above equation 
will not change very much if the fractional parts of the various 
coefficients are approximated to integers i.e. `8 may be takcn 
equal to 1 and :92also equalto 1 and ‘001=0, Hence the 
above equation changes to 


138x?-+ 6407309x—27552256=0. 


Now in order to find the next integer we use the principle 
of trial divisor and the figure suggested is 4. 


The above method can be put as bslow:— 


Instead of annexing zeroes to the coefficients of trans- 
formed equation -we cut off one figure from the right of 
the last but one coefficient (trial divisor), two figures from the 
right of last but two coefficient and three figures from the right 
of last but three’ coefficient and neglect the leading coefficient. 
We shall however mentally take into. consideration the effect 
of figures cut off, ie. fractions greater than -5 to be approxi- 
mated to unity, less than *5 to be neglected. After all the 
figures ofthe last buttwo coefficients have been exhausted, 
the process will reduce to the ordinary process of division and 
can be continued until all the figures ofthe trial divisor are 
exhausted. 


Suppose we apply contraction to the last example after 
we have evaluated the root up to three places of decimals. The 
transformed equation is 

x?-- 1379232 + 64073088x — 277552256 —0. 
Now instead of annexing zero2s we cut off one figure, 
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i.e. 8, from the right of last but one coefficient, cut off two 

figures, i. e. 92, from the last but two coefficient, and neglect 

the leading coefficient and we are left with 


14-264 
13792 64073088 —27552256. 


The trial divisor suggests number 4 and we diminish the 
roots by 4. While multiplying and adding we have to mentally 
take into consideration the effect of figures cut off. We shall 
write a, b,c ...... at places where we have mentally taken the 
effect of the figures cut off and explain them below:— 


14-264, 4.2, 9, 9, 7, 3, 1 


13792 64073088 27552256 4 
552_ (a) _ 25631444 


6407861 (Ы) | — 1920812 ТУ: 
552 _ 1281688 
| 6408415 _ | —639124 E 
uer = (o) 576762 (e) | 
137 640844 (9) — 62362 PS 
3 51676 (f) 
640847 — 4686 (g) I 
| 64084 4486 7 
6408 00 deem 
640 192 3 
64 —8 EE 
6 1 
= 


Explanation for mentally taking into consideration the 
effect of figures cut off. 


(а) 552=(4 x 137)--(4 x :92)— 548-1-3:68— 548-L4— 552. 


'68 is approximated to 1. 


| 


‘8 is approximated to 1. 


. (6) 6407861—6407308:8--552— 6407309-4- 552. 


T 
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(с) 32(2x1)4(2x:37)224-74—3 

"74 is approximated to 1. 
(d) 640844 —640841:3--3— 641844 

*3 15 approximated to 0. 


Other explanations can similarly be accounted for. 

At what stage to begin contraction ? 

If we begin to apply contraction at the stage when the 
trial divisor contains п integers, then we shall be able to 
find (n—1) figures of the root in addition to those already 
found out. Suppose we want to find out the root of a given 
equation correct to ten places of decimal. If after 
evaluating three places of decimal we want to apply 
contraction we should first certify that the trial divisor 
contains 8 digits so that it may give (8—1). i.e., 7 additional 
figures and hence the root will be found correct to ten 
places of decimal. In case the trial divisor at this stage 
consists of 7 digits, then by the process of contraction we 
shall be furnished with (7—1). ie., 6 additional figures and 
in all we shall find the root correct to 9 places of decimal 
whereas we want it correct to 10 places of decimal. Hence 
we should annex zeroes and proceed with one usual step and 
apply contraction at the next step. 

Ex. 2. (a) Find to seven places of decimal the root of 
the equation x*— 12x+-7=0 which lies between 2 and 3. 

(Agra 43, 52,55, 58; Pb. 25, 44; Delhi Hon's 59; 
I. А. S. 53, 59) 
Let the equation be written in complete form as 
x1-4- 0:3 4-033 — 12x 4-7 —0. 
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as [2:04727566 
0 —12 ay 
A 2 4 8 af 0 
2 4 —T | —1,0000,0000 4 
2 8 24 8.38,91456 | 
4 12 { 20,000,000 | —16108544 7 
ОО ТОВБА) 3] 15493415 | ^. - 
6 | 240000 20972864 |T —615129 2 
2 ! — 3216. 985,792 446264 | 
800 243216 | 21958656 ^  ||-168865 |; - 
ET 2 3032 17479 (а) 156227 (Ы) 
В 804 246448 | 2213345. —12638 ; a 
_4 3248 | 17479 11159 (c)| > 
88 249696 25и /—1479 | 
_4 | 2456 150 | 1339(d)| б 
812 24 223132 =o | 
E | дй EET SM 
816 7233182 =k 
22318 
2231 
029 = 


Explanation :— 

A. We will first diminish the roots by 2 and then annex 
zeros. The trial divisor is greater than the last coefficient and 
Suggests the next number zero. We put zero in the decimal 
place and multiply the roots again by 10 by annexing zeros 
and proceed as usual. : 


B. At this stage there are 8 digits in the trial divisor 
and as such we can find seven more decimal places if we apply 
contraction now. We have already, found two decimal places 
and hence the ront will be evaluated correct to nine places of 
decimal by applying contraction at this stage. We cut off 6 
from trial divisor, 96 from last but two coefficients and 1st two 
ccefficients vanish altogether. We now proce:d as if we are 

. dealing with a quadratic, 
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Note:—Small letters denote that while multiplying and 
adding we have mentally taken into consideration the effect of 
digits cut off at the places where these letters are written as in 
Ex. 1. 

Note :—We see that after diminishing the roots by. the 
sign of the last term is changed from + to — showing that 
we have crossed a root, for the equation has another root which 
lies between 0 and 1 as f (U)=+ive and f (1)=—ive. 

Ex. 3. Find the positive root of the equation 

20x3— 121х%—121х— 141—0. (Agra 61) 
Clearly f (x)=—ive for x=0 to 6 as the last three terms 
are —ive. 
f (M=F (140—121)—121 x 7-141 
=7 (1 x7—121)—1412584— 141 —— ive. 
f (8)=8 (160—121)—121 x8— 141 
==8 (312—121)—141 i. e. rive. 
Hence the root lies between 7 and 8. 
Diminish the roots by 7. 


dio [ro — 

20 —121 —121 —141 

140 133 84 

19 12 —57000 000 

140 1113 57000,000 

159 112500,00 0 

140 1500,00 
(a) _ 299,00 11400000 

100 
~ 30000 


. After diminishing the roots by 7, the roots ef the trans- 
formed equation lie between 0 and 1. We multiply the roots 
by 10 by annexing zeros and the transformed equation 
becomes 

ф (х)==20°+ 2990x2-+ 1 12500х— 57000=0. 
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Here trial divisor has six digits whereas the last term 
has got only five. Hence the next digit is zero. Otherwise also, 
here ф (0)=—ive, ф (1)— -Five i. e. the root lies between 0 and 
1 and we again multiply the roots by 10 by annexing zeros. 
The principle of trial divisor suggests the next digit to be 5 and 
we get the exact value of the root to be 7:05. 

Ех. 4. Find the +ive root of the equation 

2x8 —85x2— 85x —87—0. (Agra 60) 

Since thelast three terms are —ive and coefficients are 
big numbers, we observe that {(40)=—ive and f (50)=+ive 
showing that the root lies between 40 and 50. Diminishing the 
roots by 40 we get the transformed equation as 

2x*-- 155x3--2715x —11487— 0. 
The root of above clearly lies between 3 and 4. We 


therefore diminish again by 3etc. The process is shown in 
table form . 


H04-3:5 
ПЫ 2295 —85 > Im Eur 
80. —200 —11400 
—5 —285 | —11487 
80 3000 | 9594 
75 |2715 ^  |—1893000 
80 | 483 —1893000 
155 ЗОВ Lee cg 
c 501 
161 369900 
6 8700 
E 378600 
1730 
10 
1740 


After diminishing the roots by 43, the root will Ше 


PEENE Ce eS н аыл „—_ 


between 0 and 1 and аз аз such we multiply the roots by 10 by © 
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annexing zeros and thé fenetre akoRdiansbyttefadnadivisor to 
be 5. After diminishing by 5 the last term is zero. Thus the 
correct value of root is 43-5. l 


Ex. 5. Find the real roat of the equation 
х3—°—х—2000=0 
correct to seven decimal places. (Agra 41, 60; Pb. 41) 


We find that f(10)=—ive and f (20)=+ive ie. а root 
lies between 10 and 20. We will diminish the roots of 
the equation by 10 and the transformed equation iS 
x3--29x24-279x—1110—0. The root of this equation lies 
between 0 and 10 and since f 2)—-—ive, f (3)=-tive; it lies 
between 2 and 3. We diminish the root by 2 and the roots of 
transformed equation will lie between 0 and 1 and we shall 
multiply its roots by 10 by annexing zeros and proceed as usual. 
The calculations are done in table form on the next page. 
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|10--2:96867240 
1 = —1 —2000 | 
10 90 Sup 
9 89 Блоа ас 
10_ 190 682. | 
19 279 = eR 
i0 | _ 62 | — 428000 E 
29 341 395379 | 
2 66 | 
31 40700 NI 
DRE 3031 —32621000 |, 
= 43931 28481736 | 
3312 
35050 | х | 4139267 |, 
== ш 3818144 — | 
iuc: 6 [—321120 
a 9746958 | 286543 (с) | б 
36: ‚ү = S 
9 | ЕИ 733430 (0) | Д 
ШО ОЕ pog — —— || |-1147 
E 303 6) e ||) 955() 
76 477268 (b) -192 174 
_ 6 . 303 ipae | 
3782 477571 ЖЫП zi T 
шаб. 4715; 0 | 
— 3788 4718 zl 
M йы 
47 ; 


Hence the root is 12:06867240. 


—- 
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Explanation 


(A) After calculating one decimal place i.e. 9 the 
trial divisor 47243 had only five digitsand we could find 
only (5—1) i.e. 4 additional places of decimal i.e. in all 
five places. If we were to calculate the root correct to five 
or four places of decimal we could have applied contraction 
at this stage, but since we are to find out the root correct to 
eight decimal places we apply contraction at the next stage 
i. e. after finding one more decimal place as usual by annexing 
Zeros. 

(B) After diminishing the roots by 6 we fnd that 
trial divisor 4769648 has seven digits and as such it can 
give us (7—1) i.e. 6 additional places of decimal and two 
places of decimal we have already found. Hence if we 
apply contraction at this stage the root will be known 


correct upto eight places of decimal. 
(a) 303—(8x37)--(8 x:88) =296-+ 6:94=296-+7=303, 
(b) 411268—416964:8-1- 303—476965 + 303. 


*8 approximated to 1. 
(с) 286543=6х47157--6х`1 
=286542-+6=286543. 
Ex. 6. х3—2х—35==0 has a root between 2 and 3. Find it 


correct to 9 places of decimal. 
(Agra 35, 44, 63; Pb. 34; Delhi Hons. 55) 
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es [27094551483 
2 4 4 : 
: _4 айкы А ыы eee ЕЕ 
2 : | —1000 0 
4 ors | —1,000,000 TE 
Ee uw | ENS os 
A. 60 | 10,00,00 —50671000 | 4 
... 5481 44517584 | — 
60,0 105481 6153416 | 5 
9 lur 2 BERE | 5578825 
609 11104300 — — —S74591 | 5 
= 25096 (c) 558040 
618 11129396 —16551| 
9 E (d) 11161 | ! 
6270 111545089 ^— || —5390|, - 
4 314 (a) || 4464 © _ 
6274 1115665 (b) ERES 8 
4 En 34 чи (e) 893 
B. 6278 Em 
} 1116075 PEE 
6252 111607 | 
жыны тосук жена) 
62. 11169 | 
111g - 3 
cx А t усе IO 
111 
Hence the root correct upto nine places of decimal is 
2:094551483 
Explanation, 


a жүр рш the trial divisor does not suggest any number, 

1150 the roots by zero and the i 

10 by annexing zeroes, D multiply the roots by 
(В) We apply contraction at this stage as the trial 
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the root upto 7 morc decimal places and three places we have 
already found. We could not have found the root correct upto 
nine places of decimal had we applied the contraction at the 


previous step. 

Explanations a, b, c, d, e are as usual. 

Example 7. The equation x*--4x?—4x —1 Ix+4=0 has 
a root between 1 and 2. Find its value correct to eight places 


of decimals. 
117639691357 


le a —4 —11 à 
21 E Rub —10 
5 1 —10 — 60000 
al ES 7 50976 
6 7 —3000 | — 90240000 
poca MEE. | 72690561 
7 1400 8496 | ——17549439 
d eel 5 (6 Ой NN 15213090 | — 
80 7916 | 23304000 —2336349 | 9 
5 552 926187 || _ 2301606 (d) 
86 2468 24230187 34743 _ 
_6 sgg |? 935601 25602 
92 305600 | 25165788 (8) | —9141 
6 3129 18936 7680 |^ — 
98 308729 | 2535515 — 146 i Е 
6 3138 18972, 128 
1040 311867 2554481 818 
3 3147 285 (b) 17 
103 | 31504 255134 (с) | = 
3 6 285 | 
1046 | 3156 25601 — — 
3 6 25601 
1049 3162 2560 "TE 
Bee ура 256 
1052 3168 29 
31 Li . 
Hence the root correct upto eight places of decimal is 
1:63691357. 
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Ех. 8. Find the real root of the equation x?-- 20x —97 =0 
correct to five places of decimal. 


J (*)=0 has only one change o 


Again f (—x)=0 is X^--29x--97—0. It has no change 
ОҒ sign and hence DO -+ive root. Therefore J (x)=0 has no 
—ive root. Thus the only real 


root is -Live in the interval 
Q, 3). 
[2:6806 
1 0 2025 ес? pe 
2 4 66 
2 33 | 231900: 6 
8 269 
4 4100 ^ | —4024000 m 
2 | 396 3992832 
а) _ б 4496 ~ —31168000000,—9- 
ADS ean ky eames 30331214616| 6 
66 — 492800 836785384| 
_6 6304 
72 499104 
6 | __ 6368 
780 5054720000 
UNS 482436 
788 50552024367 
_ 8 _ . 482472 
T5 | 5055684905 ~ 
(b) ЫЕ 
80406 
6 
50412 
CONS 
(c) 30418 
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Explanation. After diminishing the ‘roots by 2 and 
multiplying the roots by 10 we get the transformed equation 
as x°+ 60x? +4100x—31000=0. 


Here the principle of trial divisor will suggest the next 
Integer to be 7 but since coefficient of x? i.e. 60 is great enough, 
we should verify the next integer by using the principle of f (a) 
and f (b) to be of opposite signs. In case you diminish the 
roots by 7 you will find that the sign of last term changes. 
You will find that f (6)=—ive and f(7)=-+tive. Thus the 
correct integer is 6 by which the roots are to be diminished. 

(b) After diminishing the roots by 8 and multiplying 
the roots by 10 by annexting zeros the transformed equation is 

x3-1-8040x?4- 50547200x— 31168000. 


The trial divisor is greater than the last coefficient and 
as such the next integer suggested is zero. Hence we again 
multiply the roots by 10 by annexing another set of zeros. 

(c) We have caleulated the root upto four places of 
decimal and we apply contraction here i.e. cut off 8 from trial 
divisor and 18 from last but two and the first vanishes. 
The trial divisor suggests the number 1. Here we need not 
show the procedure of diminishing by 1 as we are to calculate 
root only upto five places of decimal out of which four have 
already been calculated. 


Ex. 9. Use Horner's method to find the cube root of 30 
correct to seyen places of decimals. 


Let x-(30); .. 233—30-0. 


763) = —іхе, f(4)=-+ive. Hence the roots lies between 
3 and 4. | 
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3°1072 
1 0 0 30 | 3 
3. 9 
3 79 — 1 1 
3. 18 | 2791 
быз 2700 | | 2205000000 Е: FEE 
3 | 91 202266043 7 
.90 2791 — 6733957 2 
1 92 5792442 — 
91 28830000 |; —941515 3 
1 65149 | 888922 (b) 
92 28895149 || 51725039 | 2 
NEUE C5198 > 57928 _ 
9300 28960347 f | —14665 i 5 
7 186 || __ 14482 | (0) 
9307 | - 2896221 (a) | |; —18: 
П 1862. 186 
9314 2896407 | 
7 ES 7 289640 | Lm 
9321 | 28964 ^ 
$3 ~ 2896 
177289 | 
SO EIE : 
2 


The explanations а, b, c, d, e are as usual denoting that 
atthese stages, we have mentally taken into consideration the 
effects of the digits cut off. 


Root is 3:1072325063 correct to ten places 


or 3:1072325 correct to seven places. 
Ex. 10. Theroot of the equation x?—7x--7-—0 lies 


between $ and 2 ; find it correct to four decimal places. 4 
(Punjab 54; Agra 57, 62) | 
| 
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Multiply the roots of the given equation by 2 and it 
becomes 

y3— 7.22 4-7.23—0 or y®—28y+56=0, 

$ (2) — rive, ф (3)2—ive, ф (4)— ive. 

Above shows that ¢ (y)=0 has a root each іл (2, 3,) and 
(3, 4). 

г. J (x) has a root between (1, 3)and (3, 2. Weare to 
calculate the later and hence we diminish the roots of 4 (y) 


by 3 which is greater root and you will find that the sign of 
the last term will change. 


| _3:384042947 
1 0 —28 56 3 
ar 9 —57 
3 ze — 1000 3 
3 18 | 537 
6 ,  —J100 [9-463010 9001 РЕ 
3 279 437472 
(а) 90 © 179 Eas — 25528000 g 
3 288 25255104 
93 Om = TES “0 
23, 7984 коел. с 
96 54684 —272896 4 
3 8048 254174 (c) 
(b) 990 Od ы SN CIEN — 18722 2 
8 6273200 12709 | íd) 
908 _ 40576 | — 6013 9 
8 6313776 5715 
006 |. 209. || Ou 
s ||. 3G 1| — 292 
635436 —46 7 
10140 — 543 | d 
10144 HENECO TEES. | = 
4 БЕЗЛ ОГЕШ з. 
10148 p E 
4 $ 
10132 
ipi 
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Hence the root of ¢ (y)=0 is 

3:384042947. .. Dividing by 2, we get the root of 
f (x)=0 which lies between $ and 2 as 1:6920214735. Hence 

the value of root correct to four places of decimal is 16920. 

Explanation. 

(a) After;diminishing the roots by 3 and multiplying 
the roots by 10 the transformed equation is 

Ф (y)=y? +90y?— 100y—1000=0. 

Here the principle of trial divisor is not applicable as 
both the last coefficients are of the same sign. 

V (3)=—ive, v (4)—--ive. Hence the root lies between 
3 and 4 ; therefore we diminish the root by 3 at this stage. 

(b) After diminishing the roots by 3 and multiplying 
the roots by 10, the transformed equation is 

y?-4-990)*4-46700y—463000 — 0. 

Here though the trial divisor suggests the number 9 but 
if we diminish the roots by 9 we will find that the sign of the 
last term will change showing thereby that we have diminished 
by anumber greater than the greatest integer. This is due to 
the fact that the coefficient 990 of 2nd term is sufficiently big 
enough i.e. when multiplied by 9 and added to trial divisor, 
itwillchange considerably. Hence we have diminished the 
roots by 8. 

(c; d, e) These stand for mentally taking into considera- 
tion the effects of the digits cut off. 

Ex. 11. Find the other positive root of x3—7x4-7—0 
which lies between I and з. 

Proceed as in Part (a). 1:35689584. 

Note. Both the parts (a) and (b) are calculated in 


Ех. 1 (а\оЁ$ 7 P. 336 by the method of nearly equal roots. 
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Exercises 
Find by Horner's method the +ive roots of the equa- 


tions correct to the number of decimal places given in the 
answer :— 


1. x°+3x—7=0. (I. A. S. 55) 

Ans. 1:406. 

2. xi-x3—2x?—3x--3—0. (Agra 50) 

Ans. 1°73. А 

3. x4—12x?+ 12x—3=0. : (Madras B. Sc.) 

Ans. 2°86. 

4. x1—33?--75x— 1000 —0. (Pb. 40, Delhi 49, 54) 

Ans. . 9:886. 

5. x*—10=0. 

Ans. 2715443. 

6. x5—7-—0. (Pb. 46) 

Ans. 1047577. 

7. x3—2x1—5-0. (Delhi Hon's 57) 

‘Ans. 2:695. ^ 

8. Find all the real roots of the equation x3—3x-- 1—0 
correct to five places of decimal. (Agra 53) 


The given equation has two +ive roots in (0, 1) and 
(1, 2) and one —ive root in (—1, —2). Also —ive root of 
f (x)=0 is +ive root of f (—x)=0. 

Ans. 1:53209; 0:34729, —1:87938. 

9. Show in any way you please that x3--x*—2x—1-0 
has three real roots and determine the value of the greatest 
root. (Delhi Hon's 52) 

Ans. 1724698. 


10. Find the -- ive root of the equation x3—2x3—5—0. 
(Delhi Hon’s 57) 
Ans. 2:695. 
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11. РИЗО? ЙЕР! guida? Coenpsieqe.eGangoui + 3—0 
which is situated between 0 and 1. (Pb. 53) 
: Ans. 03313]. 

12. The equation x1--12x--7—0 has a root between 0 
and —I. Calculate it correct to seven places of decimal. 

(Agra 54) 

Ans. —':59368583. 

13. Find the real root of the equation x?--x-- 1:0. 


Ans. —0:6823. 
14. Find the cube root of 25 correct upto ten decimal 
places. (Pb. 53) 


Ans. 2:92401773821 : 

15. Find the -- ive root of х%®—6х—13=0 to nine places 
of decimal. (Agra 36) 

Ans. 3°176814393. 

16. Find the +ive root of the equation 

x3--2x?!—23x—70—0 
correct to 10 places of decimal. ^ (Agra 43) 

Ans. 5:13457872528. 

17. Calculate to seven places of decimal, the root of the 
equation f (x)=x°+4x?—7=0 which lies between —2 and 
=]. - у 

Ans. — 17728656. 

18. Find the —ive root of the equation 

x!—12x*-- 12x —3—0. 

Ans. —3:9073785. 

19. Find to ten significant figures the real root of 

x3—111-0. 

Ans. 48058955338, 

20. Find by Horner's method the root lying between 2 
and 3 of the equation x*8—0'4x?+-0'06x—20==0. (Agra 49) 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


xe 


Horner. 335 


5 Method. Samaj Foundation Chennai and eGangotri 

Multiply the roots by 10 and the transformed equation is 

x3--4x?--6x— 200000 
f Q0) 2 —ive, f (30)— --ive. 

Diminish by 20 and then again transformed equation 
will be found to have a root between 8 and 9. Find this 
root and then divide your answer by 10. 

Ans. 281471. 


$7. Nearly equal roots. : 

Suppose f(x)=0 has two nearly equal roots say” 
€.By8... and «a ys’... We also know that in case an 
equation f (x)=0 has two roots equal to о, then f(«)=0 
as well as f’ («)—0; when the roots are nearly equal to « then 
both f («) and f’ (о), will be small quantities. Let us dimi- 
nish the roots of f(x)=0 by =; we get the transformed 
equation 


f(x) ог SH ()--25 f" 0... 


° +5 fr@=0 00) 
or ptqxtrx?t+...=0, 
where p=f(a), q-—f' («), 20) and р, q, г are quite 


small. 


Suppose that the roots differ from « by a small quan- 
tity Л, so that «+A is the actual value of the root; then | 


7 («+h)=0 
3 
or MORTIN oer (a)+...=0 
or p-+-qh-+rh?+-...=0. 


Since the equation has two nearly equal roots i.e. f (a) 
and f' (о) aspand q are quite small, we cannot neglect the 
term rh? in comparison to gh as we: neglected in the case 
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when the roots were not nearly equal [see page 310]. Hence 


in this case the transformed equation (1) reduces to a quad- | 
ratic p--qx--rx*—0 and it has nearly equal roots, say equal 


to ‘k’; then 
(2-- qx rxt)er (x—Kkyzr (x?—2kx-L-K2). 
Comparing the coefficients, we get 


Dum 1 
rk? —2r»k 1 
—2p q 
Or sat 2С 
k ES 
| ог j= twice the last coefficient 
Jast but one coefficient 


last but one coefficient 
аана v——— 
twice last but two coefficient 


In case we find that these two values of k are nearly 
equal we should feel that the roots have not been separated 
and they are still equal апа we Should diminish the roots by 
k and again apply above, In case the values of К given by 
above are different, we should feel that the roots have been 


Signs a root lies between them. It may also be noted that 
while calculating the greater root you wil] cross over the 


Smaller root and as such the sign of the Jast term will 
change. 


Ex.1. (a) The equation 33—7x-7—0 has two roots 
berween I and 2, Find each of them to four decimal places. 


(Agra:57) | 


Note. See also Ex. 8 P. 332. 


l. Diminishing the roots of the given equation by 1 we. 
get the transformed equation as хз. 3x7—4x+1=0 whose 


roots lie between 0 and 1. 
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2. Multiplying the roots by 10 we get. the tranformed 
equation x?--30x*--400x--1000—0 whose roots lie between 
0 and 10. 


In order to find whether the roots have been separated or 


not. 
усе 2 last coeff. _ —2000. ; 
last but one —400 
. —]astbut one 400: 
RUD Ee dearly, 


“9 Jast but two 60. 


Since the values of & are-different we should feel that the 
roots have been separated. By calculating / (а) and f (b) the 
two roots are found to lie between 2,4and 6,7. It will be 


seen that while calculating the greater root the sign of the last 


term will change whereas while calculating the smaller root the 
sign will remain unchanged as shown below:— 


^ 
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Ех. 2. The equation x'—14x°4-16x+9=0 has two roots 
between 2 and 3. Find them to three decimal places. (Pb. 37) 


1. Diminishing the roots of the equation by 2, we get 
the transformed equation as x!+8x3+10x?—8x+1=0 whose 
roots lie between 0 and 1. 


2. Multiplying the roots of above by 10 we get the 
transformed equation x'+-80x3+1000x*— 8000x-- 10000=0. 
We do not know whether the roots are still equal in decimal 
places, 7. е. they have been separated or not. 


If k be nearly equal to next digit of decimal place, then 

pe —2 last coeff. — 20000 

last but one — 8000 
75 .,—last but опе coeff. _ 8000 , 
2.last but two 2000 ` 

Since the values of k given are different, we should feel 
that the roots have been separated and their decimal places are 
not equal. a 

Now x*--80x32-1000x*—8000x--10000—0.  . 

Ithas two roots in different regions. By the principle 
of trial divisor the next figure by which the roots be 
diminished is 1, i.e., the root lies between land2. The. 
other root is obtained to be between 4 and 5 as f (4) and 
f (5) are of opposite signs and while calculating this root 
the sign of the last. term will change as you will be crossing 
over the smaller root. Proceeding as usual in Horner's 
method for the different roots we obtain them to be 2:161 and 
2:414. 

Ex. 3. Find to seven places of decimal the value of each 
of the two roots of the equation = 

3х%-Е61х%-„ 127х°--220х—520=0 
which lie between 2 and 3. ; l 


—2 nearly 


CC-0.Panini Kanya Maha Vidyalaya Collection. 


340 Digitized by Arya Samaj Foundation Chennai and аон of Equations 


[2:254 
3 —61 127 220 —520 ™ 
6 —110` . 34 508 
—55 17 ios —120000 — 
б 96,2 _—98 —162 | 114288 _ 
—49 —81 | 92000 | —57120000 
516 —86 | —34856 ‚ 56729375 _ 
—43 —16700 — 57144 — 8390625 
ЕЕЕ —728 —36288 389984 _ 
—370 —17428 ^ | 20856000 ^ —641 
кер: —716 —9510125 
—364 —18144 11345875 | 
6 _—704 —9595875 
—358 —1884800 ^ | 1750000 
6 _—17225 —77504 | 
—352 —1902025 | ^ 97496 
-G —17150 —77560 
—3460 — 1919175 19936 
EAS —17075 : 
— 93445 —1936250 
15 —]4 с 
—3430 —19376 
15 —14 
—3415 — 19390 
15 —14 
—3400 —19404 — 


The resulting equation is now a cubic 
—3x*— 1940432 + 19936x—641=0 
or 3x34-19404x?— 19936x-+641 —0* 
Upto this stage the roots are not separated as shown 


below and now you will find that the roots are separated and 


ме will proceed to calculate each root separately... 
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1. Diminishing the roots by 2 and then multiplying the 
roots by 10, the transformed equation is 
3x1—370x3— 16700x?-1- 92000x — 120000—0 ...(1) 
2(120000) 92000 
K—-pO 0: LOL 
-—92000 7° % 316700 
As the values of kare nearly equal, the roots have not 
been separated and we diminish the roots by 2 as suggested 
by the value of k. 
2. Diminishing by 2 and multiplying ty 10, we get the 
transformed equation as 
3x1—3460x3— 1884800:2—20856000x— 57120000 —0...(2) 
pa! 57120000) _ 5 20856000 — 
20856000 201884800) ~ 
As the the values of k аге nearly equal, we feel that the 
roots have not been separated and we diminish the roots by 5. 
3. Diminishing by 5, we get the transformed equation as 
2x1—34C0x3— 1936250x?+- 1750000x—390625—0. ...(3) 
In order to find k we need not multiply the roots by 10 
as we shall apply contraction. : 
20390625). РЕ Е 1750000 _. 45 
— 1750000 2(1936250) 
The above shows that the roots have still not been 
separated and we diminish the roots by 4 by applying contrac- 
tion and resulting equation is 


=2:6 


зх24-19404:2—19936х+-621=0, NO 
BEC 19936 .. 
Here k=7 9936 06 or 5(19404) 5. 


As the values of k are different, we conclude that the 
roots have been separated. By trial it is seen that the equa- 
tion 4 has one root between 0 and I whereas the other root 
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lies between 9 and 10 and we proceed to find as usual shown 
below. 


4 


Í 


Smaller Root i Greater Root 
[272540333 ` рт. 
19404 —19936 641 19404 —19936 
- IM^ —1993 641 ds 1746 —2232 
6а) —579  , 7 —248| —1591 
ELS 62 1 1746| — 1503 
6 ES | | 1498 | —88 
= Se г 19£ 17a) 74(с) 
1 | —5(с) | -167(b)| |, —i4 
Se | 1 | 17 ШЗ 
Равал ii. | ___|184 | —1 
—1 | 1 
18 
It sheuld be noted that 1 


the last figure is 3. Though 

the numbers 1 and 6 suggest : ot, the 
6 but 1 is actually 1:8 and last ree ү in T. 

when multiplied by 6 it л 

would be 10:8—11 nearly but 

when multiplied by 3 it be- 

comes 5:4—5 nearly. 


Hence the roots are 
2:2540333 and 2:2549947. 


Ex. 4. The equation x*--8x9 4-70 — 144-1.936—-0 kas 
two roots which lie between 4 and 5. Find them correct to 
three places of decimal. 

Ans. 4242, 4:246. 

Ans. 5. The equation x3— 3x2 4x1. 13—Q has two roots 
between 2 and 3. Find each of them correct to two places of 
decimal. 

Ans. 2°36, 2°69. 
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§ 8. Lagrange’s method of expressing the root of a 
numerical equation in the form of a continued fraction :— 

(Agra 45) 

Let the equation be f (x)=0 and suppose its root lies 

between two consecutive integers p and p+1. Let the root be 


1 1 
taken to be —. o e ( +)- , 
p+ 3 f pt, 0 


In order to get f ( Pty) we first diminish the roots of 


the equation by p and then from the transformed equation find 
another equation whose roots are reciprocal of the roots оѓ 
that equation. This equation will give us the value of y. By 
trial we find that ф (y)=0 has a root between q and 4+1; let 


it be gt. Diminish the roots by 7 and then from the 


transformed cquation find another equation whose roots are 
reciprocals of the roots of the transformed equation. This 
equation (у (z)=0 has a root between г and r+1 etc. 
Hence the root of ehe given equation is 
pt : 1 
q+ r4... 3 
Ex. 1. Find by Lagrange’s method the +ive root of 
х24-2х2—23х—70=0. 
(5) = —1хе, f(6)=+ive. Root lies between 5 and 6. 
Let it be 541/7. Diminishing the roots by 5, we get an 


equation. У | B 

1 2 —23 — 70 

bs pees 
1 12 E 10 

5 60 
12 [Е 
Эз са 
17 -— 
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-. The equation x?-- 17x?-- 72x— 10 =>0 has a root 1/у. 
Putting x—1/y we get ф (y)=10y3—72y?— 17y—1=0. 
Its root lies between 7 and 8 and let it be 7-+1/z. 

` Diminishing the root by (7), we get an equation 


[7 
10 —72 —17 —1 
70 —]4 —217 
7—2 —31 |218 
70 476 
68 445 
; 70 | 
138 
-. The equation - 10y?+ 138y?+-445y—218=0 has a 


root 1/2. 
Putting y=1/z, we get, 
F (2)—21823—44572— 1382-10—0, 
Its root lies between 2 and 3. .-. Let it be 2-- 1]u. 
Diminishing the roots by 2, we get 


. |2 
218 —445 — 138 —10 
436 186 _ 312 
—9 — 156 — 322 
436 _ 854 
427 698 
14305; 5. NE 
863 
the equation 21823 863z2+698z—322=0 has a 
root 1/u 
or Y (и) —32245— 698,2— 863;—218—0. 
Its root lies between 3 and 4 and so on. 
Ў Lo gd og 
Root is Mn 234 3- 


Ex.2. Pind in the form of а continued fraction the +-iye 
root of the equation f (x)—x3—Gx— 13=0. 
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Clearly / (3)=—ive and ff (4), oe and such the 
root lies between 3 and 4. Let it be M. Diminishing the 


roots by 3, we get the equation apo aE -0. Its root 


1 
is —. 
y 


Hence y is a root of ф (y)=4y3—21y?—9y—1=0. 
The +ive root of ¢ (y)=0 lies between 5 and 6. 
Since ф (5)=—ive and $ (6)— --ive. 


Let it be 54-1. Diminishing the root by 5, we get the 


equation as 4y?--395?--81y —71—0 whose root is 1/z. Hence 
z is a root of the equation 
7123--8122— 392—4=0). 


Its root lies between 1 and 2 and let it be 141 etc. 


Root 15 3 + i 
pe 


Exereise 
Find by Lagrange’s method the +-ive root of the following :— 


Ex.3. x*—30=0.. Ans. Hor 
Ex. 4. х2—25=0. Ans. 2+ 


1 1 
Ех. 5. xi—2x—5-0. : Ans. 2+ pid TE Ea 
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NAGPUR UNIVERSITY PAPERS 
1962 
1. (a) Find the condition that the roots of the equation 
x3--3px?--3gx-I-r—0 may be in (i) A P. (ii) G P. 
(b) Solve the equation 
x14-2x3—16x?—22x--7—0 
having given that one of its roots is 2-- V 3. 
| 2. (a) Given that x-+-y+z=3, x°+y*+z?=5 and 
x3--y5-2-235—7 find the value of x*--y*--z*. 
(b) If «, B, Y are the roots of the equation 
x3--px?-- qx - r0 
find in terms of p, q, r the value cf 
(8--у— 0) (7 -«— B o («--8— У). 
3. (a) Solve the equation x®—15x?—33x+847=0 
(b) Transform the equation x1—4x?- 12 y3 —3x —2—0 
into one which shall want the third term. 
1963 
1. Find the relation between q andr in order that the 
equation х2--4х--г=0 may be put in the form 
x4=(ax?+bx-+-c)*. Hence solve the cubic equation 
8x3— 36x--27—0. 
Find the sum of the fourth powers of the roots of 
x3i—2x*--x—1-20. 
2. 10, B, ү are the roots of the equation 
x^ px*--qx4-r—0 
form the uu whose e = 


tgp 8+2, А 


If F (х) =0 bea А equation of degree n, find the 
condition for r equal roots. Hence or otherwise write the two 
equal roots of 

ax?-- 3bx*--3cx-- d—0. 
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KARNATAK UNIVERSITY PAPERS 
1962 
_ 1. (a) Explain Ferrari’s method of solving the biquad- 
ratic equation 
ax!--4bx3--6cx?-- 4dx+e=0, 
(b) By Ferrari’s method or otherwise solve the equation ` 
x1+3x3+ x? —2—0. 
2. (a) If «, B, v are the roots of the equation 
ax3--3bx*--3ex--d-0 
form the equation whose roots are 
(8 —1)?, (У—)°, (&—)°. 

(b) If f(x) is a polynomial апда апір are any real 
numbers (а<Ь) then the number of distinct roots of /(х)=0 
which lie between a and (а multiple root -being counted only 
once) is equal to the exzess of the number of changes of sign 
in the sequence of Sturm's functions f (x), fi (x), fa (x), ...... 
J; (x), when x=a over the number of changes of sign in the 
sequence when х=. 

1963 

1. (a What do you understand by a special root of 
the equation x"^—1—0 ? If e be such a root, prove that the n 
roots of the equation are 1, o, e, ..., on-1, 

Prove that the special roots of x?—1—0 are the roots of 

x9--x3-- 120. 
(b) Ifa, b, c are the roots of the equation 
x°—px*+qx—r=0, 
find the equation whose roots аге b-++c—a, c+a—b, a+b—c 
and deduce that 
(ф-Ес—а) (c+a—b) (a+b—c)=4 pq—p*—8r. 
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2. State and prove Newton’s theorem for finding the sum 
of the rth powers of the roots of an algebraic equation, r being 
any integer. 


If s, be the sum of the rth powers of the roots of the 
equation: . ; 
xnl xn-i x 1 
ET 1! tape (n—1) ! + п! =u 
prove that 


1 
$27—58— $4— ......7-5,—0 and s,,1— ei 
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DELHI UNIVERSITY PAPERS © 
1960 (Pass) 
1. (a) Solve the equation х3—12л%--39х—28= 0, «ЖР 
roots аге in arithmetical progression. 
(b) If «, В, У be the roots of the equation x3+-px?-+gx. 
+r=0, find the value of B?y?+-'y2c?-++ 0262, 
2. (a) If«, B, ү are the roots of the equation 
X'-Epx*--gx-4-r—0, form the equation whose roots are 
qos b ЈЕ І 
By Yo’ ^ o 
(b) Find the equation whose roots are the roots of 
—5x3-4-7x*— 17х-Е11=0 each diminished by 4. 
1961 
If a, b, c are the roots of х%-Е@х-Ег=0, form the equation 
whose roots are 52c?, c?a?, a?b*. 
; 1962 
1. (a) Solve the equation x?—6x?--3x4-10—0, the roots 
being in Arithmetical progression. 
(b). If х, В, Y be the roots of x*—-px*+r=0, find the 
equation whose roots are SP es ш 
Г Y B « 
1963 Pal 
1. (a) Solve the equation 3x*—26x?+-52x—24=0, the 
roots being in geometrical progression. 
(b) Ifa, B, Y be the roots of the equation 
x8—px*-+ qx—r=0, 


find the value of (2+2): 
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1960 (Hon’s) 
1. (a) Give Cardan’s method for the algebraic solution 
of a cubic, 
(b) Show that any symmetrical polynomial іп ху, x2-.-Xn 
is expressible as a polynomial in c1, 6»...c, where 
o= Dx, оз==2ХуХо,...› On=UX1X2...Xn» 
2 G92 


x с. 
Find the value of the symmetric function 2 um 


of 


the roots of the equation 
X^-F pix" 71 4 pox"... +p, 1x 4-p4—0. 

2. State and prove Sturm's theorem for locating the 
real roots ofan algebraic equation with real coefficients, no 
two of the roots being equal. 

Obtain Sturm's function and locate the roots of the equa- 
tion 20 x—5x8+5x—4=0, 

1961 

l. (a) Give Euler's method of Solving a general biquad- 
Tatic equation, S 

(b) Given that x,, X2...X, are the л roots of 
aox" Faxit.. ta, xt а„=0, express Xx,2x,? in terms of 
the coefficients Qo, 03,. .. Qn. 

2. (a) Given that f (x)=0 is an algebraic equation having 
*=c as a simple root, show that there exists a neighbourhood 
(c—h, c+-h) of c such that f (x) and f' (x) have opposite signs 
for every value of. x in (c—h, c) and same sign for every value 
of x in (c, с--/). Illustrate this result by means of the graphs of 
y=f (x), yzf' (x). 

(b) Obtain Sturm's functions and locate the roots of 

x3—3x?— 4x 4- 13-0. 
1962 
1. (a) Solve the equation ax’ +-30,x°+3a2x+as=0 by 


Cardan’s method, 
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(b) Solve the equation 27x3--54x 4-198x— 730. 
2. (a) If c, denotes the sum of the rth powers of the roots 
of the equation 


xnl nS 
+ 


xH IT Stet =o, 


show that бә==бз==...... =0, E 
(b) Find the number and positions ofthe real roots of 
the equation x!—2x3—3x?--10x—4—0. 


1963 
1. (a) If o, о, €, ...... ‚ %, bethe roots of the equation 
x^ 4-pı x" 1-H pax?72-- ......+p,=0, find the value of Хот?оз?оз?. 


(b) Solve the equation 
aox d- Aayx? + 6a5x?-1- ¢asx+as= 
by Euler's method. . 
2. (a) Find the number and positions. of the real roots 
of the equation x3— 7x-4- 7 — 0. : 


(b) If a1, оз, оз, ..0..., be the roots of the equation 
X Fp x"-1-L pox" 2+ ...... +pn=0, 
prove that (1+ @1)(1-Е%°)(1-Ез°)...... (1+¢,”) 
=(1—рг--ра—...... PA (pi Pat eves )Hs 
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CALCUTTA UNIVERSITY PAPERS 
^ 1962 
1. Show that if the equation x?—ax?--bx—c-—0 has a- 
pair of roots of the form « (1-Е7), where « is teal and i=V —Ipf 
then (a?—2b) (b?—2ac)=c?, | 
Hence or otherwise find the roots of the equation I 
х#—7х%--20х—24=0. | 
2. Explain the method of Tartagalia and Cardan inj 
solving the general cubic equation, | 
аох%-1-За\х®--Зазх-Еаз==0, as 0. | 
Hence or otherwise solve the equation tf 
33—33--12x 4-16— 0. | 
3. Use Sturm's functions to separate the roots of thé 
equation x°+x?—2x—1=0, and use Horner's method to find 


the positive root of the above equation correct to four decimal V 
places. ^ 


| 
1963 [o 
1. Find by Horner's method or otherwise, the positive 
root of the equation x3—2x—5-0. С 


2. Find the condition that the roots «, B, y, 8 of the 
biquadratic x4+px34 qX*--rx--s—0 are connected by the rela: f 
tion «+8=y+5. = | 

Given that the equations | 

2x3— 5x*—17x--20—0, 5х2—14х2—26х+8=0 | y 
have а common root, find it. | 
3. Reduce the general cubic ax®+-3hx*+ 3cx-+d=0 to 
the form 2°+3Hz+G=0 and hence find the solution. | 

. Provethatif H be negative, the cubic will have its roots 
(i) all Teal, (1) two equal or (iii) two imaginary roots according 
as G? is (1) less than (ii) equal to or (iii) greater than —43. 


] 
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PUNJAB UNIVERSITY PAPERS 
` 1960 
aS a- 1. (a) Obtain relations between the roots and coefficients 
— ])f an algebraic equation of nth degree. in 
| (b) Ifa, B, v, 8 be the roots of x!—axi--bxt— cx d—0, 
ind the value of xXo?py. | a 
2. (а) Obtain Descarte's solution ofa biquadratic solu- 
inion. | 
(b) Solve the equation x!— 8x2 — 24x 4-120. | 
3. (a) Explain Newton's method of divisors for finding. 
the integral roots of the equation 


the Sa,x0-7=0 
r=0 
E h all integers 

| ате Я 5 
а" TO The equation д2——\2х+1=0 has a yeaa 
10 and 1. Find it to three decimal places by Horner 


irs 
ive 4, (a) 1 A 6H + AG kar 73H77 has two pair 
of equal roots, prove that G=0 and 4o n an lam 
he (b If a+b+c=l], @-„%-4-@=2„ а 
JEU A А, 
1a) find a4-+-b*+¢ 561 | к 
1. (a) Give а practical method for finding the equ 
‚ (a E 


uation 
whose roots are less than the roots of the eq 


! 
| 
| 
| 
n п—т-=() 
a | | 
| Ъумар с are the roots of ax? +3bx?+3cx+d=0, 


) SE ts are 
| find the equation P уг (+o) У (2+6). 
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2. (a) Explain Cardan's method of solving the cubic 
equation ‚ gx? + 3aix?--3asx 4-83 — 0. 

(b). Solve by Cardan's method or otherwise the equation 

2x3— 7x2+-8x—3=0. : 

3. (a) What is a commensurable number ? Give examples 
of commensurable end incommensurable numbers. In what 
way is Horner's method superior to Newton's method of 
divisors ? 

(b) Find the commensurable roots of 

233—31x?--112x4-64—0. 

4. Prove that if the cubic ex3-L-3aix?--3asx--a3— 0 has 
two equal roots, they are given by the equation 


ах+а =v 
where G and H have their usual meanings. 
1962 


` 


1. (a) Solve хї-Ех?-Е-7х?--4х-Е12=0, given that one of 

the roots is a pure imaginary. Е 

(b) Evaluate 22-? (ог 4x4— 12x34 5x2— 3x4-1—0. 

2. (a) Give Descartes? solution of the biquadratic 
aox^--4aix3 + 6a2x" + 4asx+-aq= . 

(b) Solve X хї—2х%-Ь8х—3—0. 

3. (а) If the equation 
aox” ax" |. +a, 1x-+a,=0, 


where a’s are all integers, has a root of the form т, reduced to 


its lowest terms, prove that g is a divisor of ay and p that of ap. 
7 Deduce that if an equation with integral coefficients and 
the coefficient of its highest term unity, has a rational root, it 
must be an integer, 

(b) Find the rational roots of x*--x3—2x?--4x— 24-0 


pone method of divisors, given that the roots lie between 
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4. (a) Find by Horner’s method the only positive root 
of the equation 4x3—21x?+41x—102=0. 
(b) Remove the second term from the equation 
хї—8х%-4-х%—х-Е3==0. 
1963 
1. (а) Solve x3-+ax+5=0 by Cardan’s method. Prove г 
that for two roots to be equal the condition is 
р? 
4 + а 0, 
(b) If о, 8, y are the roots of x?—x—1—0, find the 
equation whose roots are 
1+ En Lon 
i-e Te and —— т-у 
2. (а) Establish relations between the roots апа coeffi- 
cients of the equation X" Ep; x"-14 pe х"24...+-ра=0. 
(b) Solve the equation 
x4—2x8—22x?4 62x—15=0, 
having given that one root is 2--V3. 


3. (a) Prove that if an equation with integral coefficients 
and the leading coefficient unity, has a rational root, it must be 
an integer. 

‘Indicate how this result is helpful in finding the rational 
roots of an algebraic equation by Newton’s method of divisors. 

(b) Find the value of the symmetric function a*B for 
the biquadratic equation x*-+-px°-+-gx*+rx+s=0. 


4, Find the positive root of the equation 
x3-+-x2-4x—100=0 correct to four decimal places. 


MÀ — 


e 
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SAGAR UNIVERSITY PAPERS | 
1962 


Y 
| 
| 
1. (a) State Descarte’s Rule of Signs and apply it to find . | 
the least possible number of imaginary roots of the equation | 


x3 x5-- x14 - x-- 120. | 


(b) Find the sum ofthe fourth powers of the roots of ' 
‚ Ше equation x*+qx+r=0. | 


(c) Show that x'--gx*--S-0 cannot have three equal 
roots, 


2, (a) Ifa, B, Y are the roots of x?--qx--r-0, form the © 


€quation whose roots are ^ 4 
1 1 1 1 
Вү+--—, ETE, SUIT | 


(b) If the equation x'-Fax*4-bx?--cx--d—0 has three 
equal roots, show that each of them is equal to 
6c—ab 
3a*— 8b А 
; 3. By Horners method, find the real root of the equa- 
tion х#—4х—-7==0, correct to five places of decimals.. — 


1963 


1. (a) Prove that for an equation whose coeff.cients are f 
real quantities, imaginary roots occur in pairs. { 
(b) Find the minimum number of imagiaary roots which f 
| 


‘the equation 2x7—x4--4x3-— 5—0 must possess. 
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г ^c) If a, B, ү be the roots of the equation 
x8—px'+-qx—r=0, find the value of 
1 1 1 
2. (а) Solve the equation 2x3—xi—22x--24-0, two of 
the roots being in the ratio of 3 : 4. 


(b) Ifa, B, У be the roots of the equation 
X3-- px?-+-gx+r=0, form the equation whose roots aro 


1 
B» B ya 7—08 
3. (a) Define a reciprocal equation. 
Solve the equation  x4—10x°-+26x*—10x+1=0. 
(b) Find, by Horner’s method, the positive root of the 
equation x*—3x—4=0 correct to two places of decimals. 
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VIKRAM UNIVERSITY PAPERS 
1962 | 
1. (a) Ifa, B, У be the roots of Xx*--qx--r-—0 find the 
equation whose roots are 
ВИТ 1а 
eA AL SLOT 0 
Geb a yr g 
(b) Ifthe equation whose roots are the squares of the 
Toots of the cubic x*—33?-- bx— 1— 0 is identical with the cubic, 
show that either a=b=0 or a=b=3 or a,b are the roots of 
J +y+2=0. ; 


2. (a) ЈҒо, B, Y are the roots of x8-+gx-+r=0 find the 
2 
value of xs zB. | 
(b) Transform the equation 5335—2x?— 3x--1—0 into 
another equation with integral coefficients and unity for the 
coefficients of first term. 


ДОР. 
& 


3. (a) Solve the biquadratic equation 
x1--2x3—'1x?— 8x--12—0 
by expressing it as the difference of the squares, 
(b) Find the relation between and G, so that the 
equation x°+3Hx+G=0 may be put in the form 
T (ха ax+ by. 
Hence solve the equation 8x3?—36x--27—0. 
1963 


1. (а) lfe,B,v, 8 Ье the roots of x4—px?+gx2—rx 
+s=0 form the equation whose roots are c?, B2, y*, 82, Hence 
find the value of о? and x о2р?ү?, 
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(b) Iff(x)=0is a cubic equation, whose roots are 
a, D, У, and « is the harmonic mean of the roots of f" у= 0, 
show that 22—27, 


2. (a) Transform the equation 722—54x3--45x —7—0 
into another equation with integral coefficients and unity for the 
coefficient of the first term. 


(b) If«, B, ү are the roots of the equation хз ex4-d=0" 
show that 


3(02--8#--у°) (a5 4-B515)— 5 (084+ 34-3) (044-64-72). 


3. State Sturm’s theorem and use it to find the number 
of real roots of the equation x?—3x-- 1=0, and locate them. 
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RAJASTHAN UNIVERSITY PAPERS 


1962 
1. (a) Solve the equation 6x?—1132—3x4-2—0, given 
that the roots are in H. P. 
(b) Show that the equation 
х%-Ьх5— x! — x3-- x*— x 4-1—0 
has all six roots imaginary. 


(c) If о, B, У,......ате the roots of the equation 
a xnl xn-2 1 
x Tp pee "mi 
show that Zer=0 for r—2, 3, 4......n. 


2. (a) Show that the cubic u—ax3--3bx?--3cx--d can 
be expressed as the sum of two cubes, u— A(x— AP -r- B(x— py, 
where А and и are the roots of the Hessian Н given by 

H=(ac—b*)x?+ (ad— bc)x-- (bd — c?) —0. 
Use this method to solve the equation 
46x?4-72x?-18x—1 1—0. 

(b) Show that the cubic equation 4x3?—27x—27--0 has 
two equal roots, ' 

3. (а) Explain Ferrari’s method of solving а biquadratic 
equation and use the method to solve the equation 

x*+12x—5=0. 
(b) Prove that the equation x*--4rx--3s—0 has по 
real roots if r4 < 53, 2 
4. (а) State, without proof, Sturm’s theorem regatding 
the zeros of a polynomial prime to its derivative, and use the 
theorem to show that the equation x4—4x3x2-1=0 has two 
real roots lying in the intervals (—1, 0) and (3, 4). 

(b) Show that the equation x3—7x--7—0 has all three 
roofs real, lying in the intervals (—4, —3), (1, 4) and (з, 2), and 
apply Horner's method to evaluate the larger positive root 
correct to three places of decimals. 
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. 1960 
1. (a) Ifthe roots of the equation 


n (n—1 "T" 
AX" --1aix?714- ES a,x"? 4 ...3-a,4,—0 


be in arithmetical progression Ds du they can be obtained 


, from the expression 
SA A erem (a? — ma) ] 
Gy M n+] 
i by giving t? r all the values 1, 3, 5,...(п— 1), when п is even; 
and all the values 0, 2, 4, 6...(n— 1), when л is odd. 
(b) If «, B, y. be the roots of the equation 
axx? I-3ayx?4- 3asx 4-430, 
{лш the equation whose roots are 
(«—8) («—»). (B—») (8—9), 0^—2) (ү—Ё). 
„2. (a) Ifthe cubic Uzzawx?--3aix?--3asx--as—0 — has all 
its roots unequal, show that it can be expressed in the form 
=A (x—-A)®+B (x—#)3, where А and & arethe roots ofa 
certain quadratic equation. 
(b) Solve the cubic x3--3x?— 27x - 104—0. 
3. (a) Give Ferrari’s method of solving a bi-quadratic 
equation. Hence or otherwise, solve the equation 
2x1--6x!—3x?4-2—0. 
(b If «-JB--Y—6, c?-- 8? -3*—14, o3 - 33-13 —36, 
prove that o!-4-p*--1*—98. 
4. (a) Find the real root of the equation 
x?—x5—x—2000—0 
correet to flve decimal places. . 
(b) Find the commensurable roots of the equation 
x5—29x1—31x3--31x?— 32x 4-60 —0. 
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1961 
1. (а) If two numbers a and b, substituted for x in Ње. 
polynomial f (х), give results with contrary signs, an odd 
number of real roots of the equation f (x)=0 lies between 
them; and if they give results ‘with the same sign, either no 


real root or an even number of теа] roots lies between them, 

Prove this,  : | 

If «, В, y are the roots of the equation i 

doX?-- 3a1x?-- 3ax 4-23— 0, |. 

find the value of X (В—+)?, EN | 
(b) The roots of the cubic x°+2x?+3x+1=0 are a, f, 

Y. Form the equation whose roots are 


limes eee lt ey ү 


RTP e pia Poimp 
2. Explain a method for the algebraic solution of a bis 
quadratic equation. Hence, or otherwise, solve the equation 
x!—6334-3x2--22x 5-0. | 


3. (a) Prove that the sums of the similar powers of the 


roots of an equation can be expressed rationally in terms of 
the coefficients. 


(b) If «, B, Y be the roots of the equation | 
X*--2x-4- 620, ES | 

prove that $7— 2(54— ss). | 
| 


. ы fs , 
4.(a) State Sturm's theorem and obtain the Sturm's 


auxiliary functions for the equation 


(b) Find the positive root of the equation 
20x*—121x2—121x— 141-0 
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1962 
1. (a) Express the relation between the roots and 
coefficicnts of an algebraic equation. 
If «, B, Y, 8 are the roots of the equation 
z!- pz? -qz4-r—0, 
find the value of Zo?g2. 
г (b) 1f«B,Y-are the roots of x?—x—1—0, find the , 
equation whose roots are 
! Lte 148 1+7 
1—« 1—8’ |—y: 
Hence write down the value of 
1+-, 
I—« 
2. Explain Cardan's method of solving the cubic equation 
ax?--3bx*-3cx 4- d — 0. 
Hence solve the equation z3—67-—9—0. 


3. (a) Find the equation whose roots are the roots of 
xí— 5x34-7x2— 17x -11—0, 
each diminished by 4, 
(b) State Sturm's theorem and apply it to find the 
nature of the roots of the equation . : 
х%-Е2х1-ЕхЗ—х°—2х—1=—0.` 
4. Explain Horner’s ‘method of solving the algebraic 
equation. Find to seven decimal places the largest real roct 
of the equation хз—7х-7=0. 
1963 
1. (a) State Descartes’ rule of signs. 
Find the equation whose roots are those of 
3x°— 2x?-- x —9—0, 
each diminished by 5, 
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(b) Ifa, @, y are the roots of 8x*—4x*+6x—l 
find the equation whose roots are «4-3, Ё--%, Y+3. 


| 
2. Explain a method for solving а biquadratic equas 
Hence or otherwise solve the equation, x*4-12x— 5—0. 


3. Apply Horner's method to find correct to three Pi 
of decimal the positive root of the equation, 


x9—2x—5-—0. 


Е 


1 


Р - 
№. 
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